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ABSTRACT 
Epoxy bonded fibre reinforced polymer (FRP) composites are widely used for the retrofit of 
ailing reinforced concrete structures, for both shear and flexure. This technology provides 
unique features compared with conventional retrofitting systems. Among these FRP has good 
corrosion resistance, lightweight and excellent mechanical properties. Furthermore, the manual 
lay-up system allows using the FRP reinforcements to any member’s shape.  
 
A significant amount of research has been carried out to understand the shear behaviour of 
normal weight concrete (NWC) members strengthened with FRP composite. Increasing 
interfacial (shear) and normal stresses with increasing plastic deformation lead to FRP 
debonding and/or FRP rupture failures. The response of strengthened concrete members 
subject to load is governed by the bond strength and the material characteristics of the epoxy 
bonded FRP reinforcement and the concrete. However, lightweight concrete (LWC) beams, 
which use Pulverised Fuel Ash (Lytag) instead of normal aggregates, retrofitted to increase 
shear capacity with epoxy bonded FRP have not been studied comprehensively to understand 
the characteristics of FRP/ lightweight concrete joining and the shear resisting mechanism. 
 
This study comprises of experimental, numerical and analytical investigations of the interface 
behaviour between carbon fibre reinforced polymer (CFRP) reinforcement and lightweight and 
normal weight concrete. In addition, the shear behaviour and failure modes of LWAC and 
NWAC beams is studied. The influence of various variables on the response of the 
CFRP/lightweight concrete joint and the shear response of reinforced concrete beams are 
examined by testing large numbers of the experimental series.  
  
Three-dimensional non-linear finite element and mathematical models are employed to study 
the response of the CFRP-to-lightweight concrete interface and the FRP contribution to the 
shear resistance of lightweight concrete beams have been proposed in this study. Proposed 
finite element models and relationships were compared with experimental results. The results 
III 
 
of the finite element and analytical models demonstrated the capability of these models in 
predicting the interface behaviour of lightweight concrete/FRP joints and the shear strength 
gained due to CFRP reinforcement used to retrofit lightweight concrete beams in shear. 
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  CHAPTER ONE  
INTRODUCTION 
1.1. Research Background 
 
Many modern civil engineering constructions are sophisticated and constructed for long-time 
behaviour. Since, there are many old RC members which are now not fulfilling the design 
requirements, for example, reinforced concrete member has been under-designed or wrongly 
constructed. Occasionally, to avoid their deterioration and to meet recent increases in service 
loads such as bridge subject to increased vehicle loads, it is important to increase the strength 
of these structures to meet the new loading requirements (Sas, 2009). In some cases, it may 
not be economically feasible to replace old structure with a new one. Therefore, the 
maintenance of serviceability and upgrade of members during its life can be one of the 
biggest issues facing the civil engineer (Al-Juboori, 2011). 
 
Various strengthening or repairing system have been successfully used to upgrade the 
strength of the old RC structures. Previous retrofitting systems concerned on applying steel 
plate to the surface of concrete (Täljsten, 1991), so that the materials act compositely. For the 
time being, the steel plates have been substituted by externally attached fibre reinforced 
polymers (FRP composites) (Sas, 2009). FRP reinforcement represents a potential solution to 
upgrade and strengthens existing RC members either in shear or flexural reinforcement (Al-
Rousan and Issa, 2011; Lu et al., 2009; Täljsten, 2003 and Khalifa and Nanni, 2000). 
 
FRP plates or sheets have used as a popular method for shear and flexure strengthening of 
reinforced concrete (RC) elements. This technology provides unique advantages compared 
with conventional retrofitting systems such as steel jacketing or externally attached steel 
plates and external post-tensioning. Among these FRP has good corrosion resistance, 
lightweight and excellent mechanical properties. Furthermore, the hand lay-up allows 
adaption of FRP reinforcements to the shape of any structural members. (Abdalla, 2002 and 
Matta et al., 2009, Al-Rousan and Issa, 2011) 
 
A significant amount of research has been carried out last two decades with an objective of 
providing the best methods of using FRP reinforcement to retrofit RC members. From these 
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research, meaningful conclusions were reported in different design codes and guidelines (fib 
Bulletin 14, 2001; CNR-DT-200, 2004 and ACI 440.2R08, 2008). 
 
Various methods and objectives have been employed using FRP composite for repairing or 
retrofitting reinforced concrete elements in different places around the world. Such field 
applications have been adopted in Great Britain, Japan, China, Germany, France, Italy, 
Greece, Switzerland, Poland, Sweden, Canada, and the United States on structures and 
structural elements such as RC beams, columns, walls, arches, decks/slabs, and tunnels 
(Bonacci and Maalej, 2000). Figure (1.1) illustrates the reported objective of using the FRP 
reinforcement in a different field. 
 
 
Figure (1.1): Objectives of using FRP External Reinforcement (Bonacci and Maalej, 2000). 
 
There is a wide range of recent, current, and the possible applications of using FRP 
reinforcements to strength the new and existing structures. Some of the widely used FRP 
applications in civil engineering structures are shown in Figure (1.2). 
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Figure (1.2): Application of FRP used for repairing and strengthening RC structure (Al-
Juboori, 2011). 
 
 
 
(b): Strengthening of a concrete deck of a building using FRP strips on the top and 
underside of the deck. 
(c): FRP sheets and strips that are bonded to existing reinforced deficient concrete 
bridge structural members. 
(a): Application of FRP fabrics on concrete columns for seismic retrofitting. 
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Flexural and shear failures are the main critical failure patterns of the RC members. Flexural 
failure of under-reinforced sections is ductile and develops progressively with significant 
cracking and displacements, which show a warning of failure. On the contrary, shear failure 
is extremely brittle and does not allow significant redistribution of shear forces; therefore, 
shear failure develops without warning and is usually disastrous. Shear-deficient beam failed 
in shear prior to achieving the full flexural capacity. Thus, RC structures should have 
sufficiently more margin with regards shear capacity when compared with flexural capacity. 
Therefore, retrofitting and repairing of the reinforced concrete members could be required to 
improve the shear capacity of the reinforced concrete structures. Structures that are deficient 
in shear can be strengthened or repaired by using FRP composites (Bellamkonda, 2013). 
 
Many experimental and theoretical studies have been conducted regarding the shear 
strengthening of normal weight reinforced concrete (NWRC) structures retrofitted externally 
with FRP. Limited studies were found in the literature review for FRP strengthening of 
lightweight reinforced concrete (LWRC) structures tested for shear failure, in spite of the 
shear capacity of lightweight concrete (LWC) being lower than normal weight concrete 
(NWC). 
 
LWC has become established as an important and versatile material in modern construction. 
The reasons for development taking place in this field are technical and economic. The use of 
lightweight concrete has shown that it has many advantages. It's lower density means that the 
dead weight of the structure can be reduced with a consequent reduction in the size of 
foundations. Alternatively, the dimensions of elements can be considerably enlarged without 
having to alter erection systems, or the geometric shape of an element can be greatly 
simplified without increasing its overall weight (Lytag UK, 2011).  
 
The surface dry density of LWC ranges between 60-85% of that of NWC. The density of 
LWC is about 55% lower than that of NWC when immersed in water (Concrete Society, 
1978 and Madandoust, 1990). This increased the ability to float in water which is a clear 
feature for use in marine structures, for example, offshore production platforms and floating 
docks. LWC has excellent fire resistance and insulating properties, the required thickness of 
the walls cast with LWC is roughly 20% lower compared with NWC. Heat transfers through 
LWC walls are reduced by about 20% compared with NWC walls and can be reached up to 
50%, depend on the density of the LWC (Zunz, 1968). 
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Conversly, LWA are not strong as conventional aggregates. When the cracks star to develop; 
theses cracks will pass through th aggregate particles without any resistance. The failure is 
developed by the tensile stresses initiated within the aggregate particles as well as by the 
failure developed in the concrete paste surrounding the aggregate particles. The crack width 
and intensity are higher in LWC compared with NWC. Briefly, LWC is weak compared with 
NWC. Furthermore, the cracking strength or the tensile strength of LWC is significantly 
lower than the NWC of the same grade of concrete. This issue also influnce the shear 
capacity of LWC, bond between steel and concrete as well as the anchorage strength, etc. 
(Clarke, 2002). LWC has been used increasingly over the past decades (Aljaafreh, 2016). 
Table (1.1) summarises the most important LWC buildings constructed in the last 70 years. In 
the coming decades, it is therefore expected that structures constructed using LWC will 
occupy a significant proportion of the concrete infrastructures. When deteriorated, these 
structures may be retrofitted using efficient systems such as FRP reinforcement.  
 
Table (1.1): Applications of lightweight concrete in tall buildings, bridges and recent 
applications (Zareef, 2010). 
Project Year Concrete 
grade 
(MPa) 
Density 
Kg/m3 
Tall Buildings: 
Towers of Marina City, USA 
Building of Australia Square, Australia 
Tower of Lake Point, USA 
Building of the Standard Bank, South Africa 
Building of the BMW administrative, Germany  
Extension of the post office I, Germany 
 
1962 
1967 
1968 
1968 
1973 
1992 
 
25 
30 
25 
35 
30 
20 
 
1680 
1870 
1730 
1950 
1850 
1500 
Bridges: 
Woodrow Wilson Bridge, USA 
Martinez Benicia Bridge, USA 
Silver Creek Overpass Bridge, Utah 
The Friarton Bridge, UK 
Cooper River Bridge, USA 
 
1961 
1962 
1968 
1988 
 
35 
28 
29 
30 
 
1840 
1840 
1600 
1700 
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Recent Applications: 
Auditorium Maximum, Germany 
House of Youth Center, Berlin, Germany 
German Technical Museum, Berlin, Germany 
Gartmann Family House, , Switzerland 
Amts- and Landgericht, Frankfurt/Oder, Germany 
MPU Heavy Offshore Lifter, Rotterdam, Netherland 
 
 
1994 
2001 
2001 
2004 
2006 
2009 
 
25 
15 
25 
8 
15 
35 
 
1600 
1200 
1400 
1100 
1200 
1250 
 
This study will focus on the interface response of the carbon fibre reinforced polymers 
(CFRP)/LWAC joints and the shear retrofitting of lightweight reinforced concrete beam 
(LWRC) externally strengthened using CFRP. Designer knowledge concerning the response 
of RC members strengthened in shear with FRP reinforcement is still an area where the 
conventional design concepts are concisely addressed (Al-Juboori, 2011), particularly for 
lightweight concrete structures. Not only strengthening and repairing of these members 
constructed from NWC but also, in the future, strengthening and repairing of LWC members 
will be a serious challenge for engineers due to the deterioration of structural elements cast 
from LWC (Al-Rousan et.al. 2011). 
1.2. Research Motivation 
 
Shear strengthening of reinforced concrete structures with FRP is widely recognised as an 
economic and efficient technique of retrofitting. The shear strengthening of LWRC structures 
with FRP has not received any attention even though the shear capacity of LWRC structures 
is less than the shear capacity of NWRC members. Therefore, the concrete contribution to 
design shear resistance is reduced for LWRC elements. 
 
Previous experimental studies showed that there is a considerable variance in shear response 
between lightweight and normal weight concrete members especially after the occurrence of 
diagonal shear cracks. NWC elements were able to sustain much shear forces till the flexural 
failure, whereas the LWC was unable to achieve enough shear strength and suddenly failed in 
extremely brittle failure modes (Juan, 2011). Shear failure of LWC members has been one of 
the critical problems that may cause structural collapse (Tang et al., 2009). The major 
challenge facing the construction industry nowadays is how to provide higher-strengths 
concrete and lighter in weight appropriate for various engineering applications such as 
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offshore and marine structures, slabs and joists in tall buildings and bridge structures (Al-
Rousan et.al. 2011).  
 
Unfortunately, there is limited data available in the literature reviews which addresses LWRC 
members retrofitted with FRP and this highlights the issues concerning the validity of current 
FRP design codes and guidelines for different types of concrete, especially for LWAC. Thus, 
better assessment of the current FRP design codes and guidelines to establishing the use of 
FRP reinforcement as an efficient shear strengthening system. The current design codes and 
guidelines used to examine the FRP behaviour are empirically derived based on data from 
testing normal weight concrete, a new study to examine the FRP performance with LWRC 
beams deserves investigation.  
 
Studying the interface response of FRP/ LWAC joints and the shear response of reinforced 
lightweight concrete beams is very important to understand the effectiveness of using CFRP 
composites to strength LWAC. Previous studies showed that the tensile strength of concrete 
and aggregate interlock have a significant effect on the FRP- normal weight concrete 
interface (Pan and Leung, 2007). The fundamental difference between NWRC and LWRC 
members having the same compressive strength in shear behaviour is due to lower concrete 
tensile strength and aggregate interlock which may influence the effectiveness of 
strengthening reinforced concrete members with FRP composites.  
 
Lower stiffness of lightweight aggregate particles (LWA) and higher cement ratio result in 
large plastic deformation. In addition to larger crack widths in LWAC, compared with those 
members constructed from NWAC, they are likely to increase the stresses in FRP 
reinforcements and at the concrete-FRP interface. In general, increasing in shear and normal 
stresses leads to CFRP debonding and unexpected CFRP rupture failures while contributing 
to the overall load carrying capacity, thus the effectiveness of using FRP reinforcement for 
shear retrofitting LWRC structures may be influenced by this issue.  
 
This study investigates experimentally, numerically and theoretically, the bond behaviour of 
LWAC samples reinforced with CFRP composites and the shear strength of LWRC beams, 
considering the main variables identified to evaluate the full behaviour of CFRP with LWRC. 
The direction of this research will contribute to knowledge by providing new test data 
regarding the shear strength of (LWAC) structures retrofitted with CFRP sheets.   
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1.3. Scope of Research  
This study aims to provide new data concerning the behaviour of shear strengthened LWRC 
beams using CFRP reinforcement. It is necessary to study the bond characteristics and the 
performance of using CFRP to retrofit LWRC beams compared with companion NWRC 
beams.  
 
The objective of this study is to provide a comprehensive investigation of the response of the 
FRP-to-concrete interface for samples cast with LWAC. In addition, the study will 
investigate the shear behaviour and failure modes of LWRC beams strengthened with CFRP 
composites experimentally, numerically and theoretically, with the aim of improving the 
current understanding, the objective of this study can be summarised by the following points:  
 
1. To provide a full literature review regarding the response of the FPR/concrete joints and 
the shear behaviour of RC beams strengthened with CFRP composites.   
2. A new strategy of the double lap shear tests was adopted in this study to get an accurate 
behaviour of the FRP/lightweight concrete joints. 
3. To investigate the influence of different variables on the behaviour of the FRP-to-
lightweight concrete interface and to includes their effects on the current design codes 
and guidelines.  
4. To evaluate the performance of CFRP used to improve shear strength of LWRC beams 
and to examine the validity of the existing theoretical models and design equations to 
predict the shear resistance of FRP. 
5. To propose new mathematical models to estimate the interface relationships, taking into 
consideration the effect of the LWC properties on the interface behaviour and the 
contribution of CFRP reinforcement to shear resistance of the RC beams depending on 
the experimental results through an extensive program of work. 
6. To simulate the interface behaviour in finite element software and the shear capacity of 
LWRC beams to predict the maximum bond strength of the CFRP/LWC joints and the 
serviceability and shear strength and failure modes of LWRC beams. The outcomes of the 
experimental and theoretical investigation were compared together and general 
conclusions concerning the response and the prediction of the FRP-to-concrete interface 
as well as the behaviour of the LWRC strengthened with FRP reinforcement in shear will 
be presented.  
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1.4. Layout of this Thesis 
 
This thesis is divided into seven chapters as follows: 
 Chapter 1  
Presents the general background regarding this study and aims and the objective of this 
thesis.  
 Chapter 2  
 
Provides a full review of the available studies related to this research, the characteristics of 
the FRP/concrete joint are presented and discussed in details. In addition, to the experimental, 
theoretical and finite element analysis investigations using FRP materials in strengthening 
reinforced concrete beams for shear are presented and discussed. 
 Chapter 3  
Describes the CFRP-concrete bond test Programme. The effect of various variables on the 
behaviour of CFRP/concrete joint is presented here. Results analysis and discussion are 
presented in this chapter.  
 Chapter 4 
Details related to the lightweight and normal weight reinforced concrete beams, their design 
and fabrication, the test setup, and the instrumentation used in the experimental program are 
presented in details. The test results and the findings from those results are analysed and 
discussed in this chapter. 
 Chapter 5 
The FE models proposed for the analysis of the experimental bond-slip tests and the beam 
shear test are examined in details. The comparison between the experimental and theoretical 
results is also presented in this chapter.  
 Chapter 6  
Develops new theoretical models to predicate the interface behaviour between the FRP and 
lightweight/normal weight concrete substrates. Two different models are proposed in this 
study. The first method (simplified model) and the second proposed model (modified CEB-
FIP 1990 Bond-Slip models). A new design proposal to predicate the shear contribution of 
the FRP reinforcement was developed in this chapter.  
 Chapter 7 
Presents a summary of the main outcomes of this study and recommendation for future work. 
The structure of the thesis is illustrated schematically in Figure (1.3). 
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Figure (1.3): Outline of the thesis.  
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CHAPTER TWO 
LITERATURE REVIEW 
2.1. Introduction 
 
Externally bonded carbon fibre-reinforced polymer (CFRP) systems present a potential 
solution to upgrade different types of reinforced concrete members. This thesis focuses on the 
interfacial behaviour between the CFRP and the substrate of LWAC. In addition, the shear 
strengthening of LWRC beams will also be studied. This chapter is concerned with issues 
found in the literature related to existing knowledge of FRP and lightweight aggregate 
concrete (LWAC) structures. Also studied are previous research on the interfacial 
characteristics of FRP/concrete joints, the shear behaviour of NWC beams retrofitted in shear 
with FRP reinforcement and the shear behaviour of beams made from LWC. 
 
2.2. FRP Composites 
The composition of the FRP sheet is a fibres reinforcement and epoxy primer material. Figure 
(2.1) shows the typical composition of an FRP system. A wet lay-up method is the widely 
used FRP strengthening system. In this method, the FRP sheet is soaked with epoxy primer 
and attached to the surface of the concrete with an extra amount of epoxy primer or epoxy 
adhesive. Another two methods such as pre-cured and Pre-preg methods which also utilised 
to install FRP sheets to the concrete surface. In the latter two methods, the FRP sheets have 
been previously soaked with epoxy primer and require an extra amount of epoxy primer or 
epoxy adhesive to attach the FRP reinforcement to the surface of concrete (Colalillo, 2012). 
 
A multi-directional or uni-directional FRP composite are the main two type of reinforcement, 
FRP reinforcement available in three different types which are carbon sheet/plate (CFRP), 
glass sheet/plate (GFRP), or aramid sheet/plate (AFRP). The modulus of elasticity and the 
tensile strength of the CFRP reinforcement are significantly higher than the GFRP and AFRP 
reinforcement. Choosing the best type of the FRP reinforcement for shear and flexural 
strengthening depends on the material’s cost and the environmental behaviour. For instance, 
GFRP reinforcement is now cheaper and more chemical resistance compared with CFRP 
reinforcement, (Colalillo, 2012). The ISIS Design Manual 4 (2008) and CNR-DT-200 (2004) 
both present a full discussion of the features and specifications of various types of FRP 
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systems. Figure (2.2) shows the properties of different FRP reinforcement and typical steel 
reinforcement. 
  
 
 
Figure (2.1): Representation of FRP material (Al-Juboori, 2011). 
 
 
Figure (2.2): Properties of various FRP reinforcement compared with steel reinforcement 
(Sas, 2011). 
 
2.3. Externally bonded reinforcement (EBR) system  
 
The main FRP retrofitting system is a wet lay-up method which is widely used to attach the 
FRP reinforcement to the surface of concrete. For adhesively bonded system, the following 
procedures are adopted: Firstly, a grinding is applied to remove the weak cement paste (the 
beam’s corners should be rounded in case of shear retrofitting); Secondly, the dust, grease or 
mud should be removed by a vacuum or washing by water; Thirdly, a thin layer of epoxy 
primer is applied to improve the bond capacity of the surface of the concrete; and Finally, an 
extra amount epoxy resin material is used to attach the FRP strips or sheet to the surface of 
the beam. An alternative procedure for installing FRP strips which is similar to this used for 
EBR sheets are adopted, but adhesive epoxy can be used to cover the FRP reinforcement in 
both side in addition to epoxy resin to achieve full bond capacity between the FRP 
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reinforcement and the concrete surface (Barros et al., 2007), as shown in Figure (2.2). The 
Wet Lay-Up system will be used for shear retrofitting in this present study. 
 
Figure (2.3): Strengthening with EBR reinforcement technique (Barros et al., 2007). 
 
2.4. Strengthening Schemes 
 
FRP reinforcement can be attached in different retrofitting systems with various direction, 
free ends anchorage, and the bonded area. The external reinforcement can be installed as 
strips with a suitable distance from center-to-center of the FRP strips and FRP width or as a 
full sheet along the shear span of the beam. The shear strength provided by fully bonded 
FRP sheet are significantly higher than those samples strengthened with wider FRP strips. 
FRP reinforcement should be oriented to get the required shear strength improvement. For 
instance, FRP reinforcement attached in a perpendicular direction to the longitudinal axis of 
the beam showed a good shear resistance. However, FRP inclined in a perpendicular direction 
to the compressive strut inclination showed a better shear retrofitting compared with 
transverse FRP reinforcement. (Colalillo, 2012). A multi-directional FRP reinforcement 
gives the required shear retrofitting in each orientations with respect to the longitudinal axis 
of the beam, this type of reindoecment is useful for seismic retrofitting when the shear 
stresses and crack orientations may alter (Chen et al., 2003). 
   
The common types of FRP shear configuration systems can be classified in three main 
strengthening techniques: (i) Closed-shaped system, (ii) U-shaped system and (iii) Side-bond 
system. Wrapping the FRP reinforcement around all the faces of the beam (Closed-shaped) 
system shows the most practical retrofitting system. An overlap length of 150 mm was 
recommended by ISIS Design Manual, 4 (2008) to secure a full connection between the FRP 
reinforcement (Colalillo, 2012). Rounded edges are required for shear retrofitting to prevent 
FRP rupture due to high-stress concentrations developed in the FRP reinforcement close the 
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beam corners. The minimum recommended corner radius was 35 mm (CSA S6-06) and 20 
mm as suggested by other design codes such as (CSA S806-02) and (CNR-DT-200). 
 
It is not possible to attach closed-shaped strengthening system for T- section beam and U-
shaped system may be applied as an alternative strengthening configuration. The shear 
performance provided by U-shaped techniques are significantly lower than closed-wrapped 
configurations leading to one free edge on each side of the beam, which reduces the required 
length to achieve the full bond strength between the FRP reinforcement and concrete. The 
lowest shear strength is provided by side-bond retrofitting, the FRP reinforcement attached 
to the sides face of the beam, leading to two (top and bottom) free end on both sides of the 
beam which increase the possibility of the FRP debonding from concrete surface (Colalillo, 
2012). Figure (2.4) illustrates the different retrofitting schemes which are used to strength 
reinforced concrete beams.  
 
 
Figure (2.4): FRP shear strengthening configurations (Al-Juboori, 2011). 
Free end anchorage is one of the possible solutions to prevent or delay the global debonding 
of the FRP reinforcement from the surface of the concrete. This can be applied at the free 
edges of the FRP reinforcement to enhance the bond strength between FRP reinforcement 
and concrete.  
 
There are several types of the free ends anchorage techniques, for example, (i) adding of 
horizontal FRP sheet applied over the free ends of the FRP reinforcement were developed to 
minimise the possibility of FRP debonding, (ii) using mechanical anchorage/sandwich panel 
anchored to the surface of concrete at the free end of the FRP reinforcement and (iii) inserting 
the FRP anchors through the beam web to fasten the free ends of the FRP reinforcement (ISIS 
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Design Manual 4, 2008). Using fully wrapped configurations system for seismic retrofitting 
or developing an appropriate free ends anchorage with U-shaped configurations are very 
important to get the required shear strength and to eliminate the bond failures (Colalillo, 
2012). Averting the use of side-bond configuration system for the seismic application was 
recommended by Monti and Liotta, (2007) in order to achieve the full confinement effects 
and to prevent precocious debonding failures. 
2.5. Lightweight Aggregates (LWA) 
There is a wide range of different lightweight aggregates. These differ in raw material, 
chemical and mineral composition, specific gravity, water absorption, strength, physical and 
chemical properties and pore structure as well as the process of manufacturing. In spite of 
this fact, their properties can be estimated with simple formulae These, in general, depend 
on the particle densities.  
 
Lytag aggregate is used as the coarse aggregate to produce Lightweight concrete in this 
study. The choice of this type of aggregate was made because it can provide the engineer 
with better strength/density ratios. Previous studies have shown that it had good response in 
different structural uses (Madandoust, 1990).  Lytag is produced in the UK from pulverised-
fuel ash (PFA). Large quantities of suitable PFA are produced in the UK as a powdered by-
product of pulverised-fuel (bituminous coal) operated furnaces of power stations. The waste 
material is produced from the power station in the UK which is usually unburnt carbon in the 
form of coke. Fine coal and a suitable amount of water (generally about 12-15%) are added to 
the PFA in a mixer and this mixture is then fed at a controlled rate to the specially 
manufactured dish pelletising pans. A small amount of water is added as a fine spray through 
the process of pelletisation to form rounded green pellets. The size and the degree of 
compaction of the green pellet depend on the feeding rate, amount of water, the rotation 
speed and the angle of inclination of the pan. The green pellets are then fed onto a sinter 
strand and heated to a temperature ranging between 1000°C and 1250°C. The final product is 
took the shape of a block of hard brick-like rounded nodules, lightly linked by fusion at their 
points of contact (Clarke, 2002).  
2.6. Lightweight Aggregates Concrete (LWAC) 
 
Structural lightweight concrete defines as a concrete with a density range of approximately 
1100 – 2000 kg/m3 with 28 days concrete compressive strength of 17 MPa. The compressive 
strengths of LWC are usually correlated with the density of the material and is of importance 
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for structural use (ACI 213R, 2003).  LWC can be cast from the lightweight fine aggregates 
and coarse lightweight aggregates or lightweight coarse aggregates with conventional fine 
aggregate (Clarke, 2002).  
2.6.1. Density 
  
The density of the LWC is significantly lower than the NWC which is 15-40% lower but 
with crushing strength equal to that achieved by NWC. The response of LWC is closely 
related to its density which is affected by the various parameters such as the relative density 
of the lightweight aggregates, aggregate moisture content, entrained air, the cement content, 
and the environmental conditions such as drying or wetting conditions (Chandra and 
Berntsson, 2002). Figure (2.5) illustrates the influence of the concrete oven-dry density on the 
cube crushing strength of lightweight concrete cast with various types of aggregates.   
 
Figure (2.5): Cube strength versus oven-dry density (Clarke, 2002). 
 
2.6.2. Compressive Strength 
 
The crushing strength of LWC depends on several variables including type of LWA,  the 
cement quantity, water/cement ratio, and concrete age (Clarke, 2002). Overall, the strength 
of the LWC correlates with the lightweight aggregate density. Due to the higher water 
absorption of LWA, the water/cement ratio in LWC mixes is not directly comparable to 
NWC. But, the influence of free content water in the mix is identical to that in NWC. In 
short, higher water content reduces the concrete strength.  
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Overall, as cement content increases the concrete compressive strength increases. A greater 
cement contents are needed for LWC compared with NWC.  For example, A 10% higher 
cement content will increase the concrete strength by about 5% (Clarke, 2002). AS for 
NWC, the uniaxial concrete compressive strength of LWC increases with time. However, 
the increase is less influenced by poor moisture curing or dry environment. The reserve of 
water within the internal pores of the LWA provide the internal curing (Chandra and 
Berntsson, 2002). 
2.6.3. Tensile Strength 
 
Conventionally, the tensile strength of concrete is defined as a function of compressive 
strength. The rigidity of the lightweight aggregates particles, the concrete’s moisture content 
and aggregates distribution are the main variable effect the lightweight concrete tensile 
strength (ACI 213R-03). The shear resistance, diagonal tension cracks strength, bond 
between the steel and concrete and anchorage strength capacity of the reinforced and 
prestressed concrete are considerably influenced by the tensile strength of concrete. The 
tensile/compressive strength ratio for LWAC with compressive strength over 20 N/mm2 
ranges from 5-15% (EuroLightCon, 1988). 
 
2.6.4. Modulus of Elasticity 
 
The stiffness of the concrete is generally related to the stiffness of the coarse aggregates and 
the concrete mix proportions. The modulus of elasticity of the concrete will decrease with (a) 
a decrease in the stiffness of the mortar which is lower than the NWC due to higher cement 
ratio and (b) a decrease in the stiffness of the coarse aggregate, since the modulus of elasticity 
of LWA is generally lower than those of NWC. It also follows that concretes made with fine 
and coarse lightweight aggregate will have a lower modulus of elasticity compared with 
LWC made from lightweight coarse aggregate and normal sand (Clarke, 2002). 
 
Generally, the modulus of elasticity for LWC is ranged between 0.5 to 0.75 o f  that of 
NWC. Strength variations in LWA grading usually have a marginal effect on the static 
modulus of elasticity if the mix volumes of concrete keep constant (ACI 213R, 2003). 
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2.6.5. Bond and Anchorage 
 
The bond strength of LWC is like that of NWC but, as for normal weight concrete, higher 
water contents should be eliminated. Anchorage strength in LWC is significantly lower than 
that in NWC due to the lower bearing capacity developed by the relative weakness of LWA 
particles which needs special detailing (BS8110-2, 1985). The bond strength required to 
calculate the design anchorage and lap lengths for LWC are assumed as 80% of those for 
the same grade of NWC (BS8110-2, 1985). 
 
2.7. The Bond between FRP and the Concrete 
External bonding of FRP reinforcement is widely used for the retrofit of ailing reinforced 
concrete structures. In this system, the behaviour of retrofitted concrete structures is governed 
by the bond strength and the material characteristics of the epoxy bonded FRP and the 
concrete which provide an effective stress transfer.  
 
Several failure modes in FRP-retrofitted reinforced concrete structures are directly caused by 
FRP debonding in a thin layer of concrete adjacent to FRP composite. Therefore, for the 
economic and safe design of externally bonded FRP systems, the behaviour of the FRP-to-
concrete joint requires full understanding.  
 
The bond of FRP composite to the concrete is a vital issue influencing the effectiveness of the 
technique of strengthening and repairing existing structures.  
 
2.8. Failure Patterns in FRP Retrofitted Members  
 
Failure in the bond between the FRP reinforcement and concrete surface develops in different 
modes, for example, concrete surface failure, FRP debonding, a bond failure between 
concrete and adhesive material or debonding in the adhesive material (Hadigheh, 2014) as 
shown in Figure (2.6).  
 
Debonding can lead to a precocious failure as well as cause a significant decreasing in the 
maximum bond strength between FRP and concrete (Wu et al., 2006).  The joint failure relies 
on the quality of bond between FRP reinforcement and the concrete surface which is affected 
by many variables (Gunes et al., 2013).  
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Figure (2.6): Debonding mechanisms between FRP and concrete (Pellegrino and Cruz, 
2015). 
The highest normal and shear stress occurring in the loaded RC members lead to FRP 
debonding which is one of the prevalent modes of failure in EBR strengthened members 
(Hadigheh, 2014). Debonding failure for laminates or sheets used for flexural and shear 
retrofitting may be classified into the following four categories: 
1. Free end debonding. 
2. Concrete cover separation. 
3. Intermediate crack debonding. 
4. Diagonal crack debonding. 
 
Longitudinal steel reinforcement yielding and crushing of concrete are the typical failure 
modes of the reinforced concrete beams. However, for the beam strengthened with FRP 
reinforcement, the failure is extremely brittle, FRP fibre rupture develops immediately after 
crushing of concrete (Hadigheh, 2014). 
2.8.1. Free End Debonding 
  
Due to the curvature of the beam, and where, because the FRP reinforcement is simply trying 
to stay straight, debonding occurs at the end of the FRP reinforcement and extends gradually 
through the FRP/concrete joint till the global debonding of the FRP reinforcement from the 
surface of concrete (Oehlers, 2006). This failure is extremely brittle and named as free end 
debonding. The stresses developed in the FRP/concrete joint are shown in Figure (2.7). 
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Figure (2.7): Free end debonding in RC beam retrofitted with FRP reinforcement (Oehlers, 
2006). 
 
2.8.2. Concrete Cover Separation  
 
Once a crack develops in the concrete close to the end of the FRP reinforcement, the crack 
extends to the level of the longitudinal tension steel reinforcement and then gradually 
progresses in a horizontal direction along the level of the reinforcement, leading to the failure 
in a thin layer of concrete adjacent to the longitudinal steel reinforcement (Smith and Teng, 
2002a) as shown in Figure (2.8). 
 
Figure (2.8): Concrete cover separation with FRP debonding (Smith and Teng, 2002b). 
 
 
 
Concrete cover 
separation 
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2.8.3. Intermediate Crack Debonding 
  
When FRP reinforcement bridges a flexural or shear crack developed in the surface concrete, 
stress concentration initiates in the FRP reinforcement around the location of the crack. These 
stresses cause FRP debonding along the bond agent. Flexural crack debonding is the typical 
failure mode when the FRP reinforcement intersects flexural cracks developed in the concrete 
surface, or intermediate debonding when the FRP reinforcement bridges shear-flexural cracks 
(Hadigheh, 2014). 
 
Figure (2.9): Intermediate cracks debonding (Hadigheh, 2014). 
2.8.4. Diagonal-Crack-Debonding  
  
Loss of friction and aggregate interlock at the interface of the diagonal shear cracks causes 
this debonding failure.  This debonding failure develops at the location of the diagonal shear 
cracks and progressively extends towards the far end of the FRP reinforcement (Oehlers et 
al., 2003) (Figure 2.10). In this failure mode, FRP reinforcement prevents the initiation of the 
diagonal shear crack debonding compared with non-strengthened members. 
 
Figure (2.10): Critical diagonal shear crack propagation (Oehlers, 2006). 
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2.9. Bond- Slip Test 
For FRP- retrofitted members, FRP debonding usually causes the potential failure patterns. 
The failure in bond between FRP and concrete could influence the safety of the member 
assuming that the required ductility enhancement and the maximum bond strength cannot be 
reached (Hadigheh, 2014). The potential failure mode for retrofitted structures is a 
sophisticated mechanism due to the complexity of the in FRP-concrete joints behaviour (Wu 
et al., 2002).  
 
A significant amount of experimental tests (Chajes et al., 1996; Täljsten, 1997; Ueda et al., 
1999; Bizindavyi and Neale, 1999; De Lorenzis et al., 2001; Nakaba et al., 2001; Seracino, 
2001; Nehdi et al., 2003; Perera et al., 2004; Xiao et al. 2004; Guo et al., 2005;  Dai et al., 
2005; Xia and Teng, 2005; Foster and Khomwan, 2005; Yao et al., 2005; Cao et al., 2007; 
Pan and Leung, 2007; Subramaniam et al., 2007, Camli and Binici, 2007; Iwashita et al., 
2007; Yang et al., 2007; Zhao et al., 2007; Cao et al., 2007, Mazzotti et al., 2008; Bilotta et 
al., 2009; Woo and Lee, 2010; Grande et al., 2011; López-González et al., 2012; Serbescu et 
al., 2013; Hosseini and Mostofinejad, 2014, Hadigheh et al., 2015 Daud et al., 2015; 
Mertoglu et al., 2016 and Barbieri et al., 2016) and numerical studies (Brosens and Van 
Gemert, 1998; Dai et al., 2006 and Ferracuti et al., 2007) have been accomplished by 
researchers to examine the response of the FRP-concrete joints, but standard behaviour has 
not been agreed.  
 
Once the failure of the FRP-to-concrete interface develops, small interfacial cracks start 
widening, and bond failure is developed between FRP reinforcement and the surface of 
concrete, the debonding failure is followed by a relative slip between the concrete and the 
FRP reinforcement (Hadigheh, 2014). The response of the FRP-concrete joint can be 
described by the shear stress-slip trends or from load-slip curves, although both methods have 
drawbacks in predicting actual local stress-slip behaviour (Lu et al., 2005).  
 
Various experimental test models had been proposed to investigate the response of the FRP-
concrete joint. A small-scale sample had been used to investigate the response of 
FRP/concrete joint due to the difficulty of testing of large-scale samples (Hadigheh, 2014). 
The widely-adopted models available in the literature can be classified as; double-lap shear 
single-lap shear test, and beam tests. 
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2.10. Previous Experimental Studies on Bond-Slip Behaviour  
 
FRP reinforcement represents one of the possible solutions to increase the load capacity of 
the externally retrofitted reinforced concrete members. The normal and interfacial shear 
stresses will be created in the FRP reinforcement due to interfacial cracks developed and 
transferred by bond action from the concrete surface. A good bond between FRP and the 
concrete surface is needed to obtain the required bond stress transference through the 
FRP/concrete joints. The bond strength of the adhesively bonded joint is affected by different 
variables for example, the concrete cracking and concrete crushing strength, concrete surface 
treatment, the axial rigidity of the FRP reinforcement, the bonded length and width of the 
FRP reinforcement. the influences of these variables might be investigated through the 
retrofitting systems (Hadigheh, 2014). 
2.10.1. Concrete Strength  
  
The concrete strength is one of the most important parameters that influence the maximum 
bond strength of the FRP-concrete joints. (Chajes et al., 1996) concluded that the peak shear 
stress is correlated linearly with concrete crushing strength. Dai et al., (2005) examined the 
effect of concrete strengths on the response of the FRP/concrete joint. It was concluded that 
the fracture energy required to cause the local debonding of the FRP-to-concrete joint is 
significantly influenced by the crushing and tensile strength of concrete (Dai et al., 2005).  
 
Conversely, no noticeable relation was obtained between the concrete crushing strength and 
the maximum bond strength of the joint as concluded by Pan and Leung, (2007). They noted 
that the concrete surface tensile strength had significant effect on the maximum bond strength 
of the FRP-concrete joint whilst the concrete crushing strength or the cracking strength of 
concrete had marginal effect on the maximum load capacity of the tested samples cast with 
different crushing strengths of concrete ranging between 35 to 60 MPa 
 
Several samples manufactured with a various thickness of the adhesive layer and concrete 
compressive strength was examined by LópezGonzález, (2012) to investigate the influence of 
compressive strength of concrete on the maximum bond strength. LópezGonzález, (2012) 
noticed that the maximum bond strength was significantly enhanced for samples cast with 
high strength concrete. LópezGonzález, (2012) observed that the samples cast with low 
crushing strength, the fracture of concrete develops in a thick layer of concrete while for the 
samples cast with high crushing strength, the fracture of concrete develops in a thin layer or 
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just in the interface between the concrete and the adhesive layer (LópezGonzález et al., 
2012).  
2.10.2. Concrete Surface Treatment  
 
Surface preparation of concrete is also an important parameter influencing bond strength.  
Even before research had developed on the use of FRP, surface roughness has been 
considered as a crucial factor in the FRP-to-concrete joint. A significant reduction in bond 
strength of the FRP-concrete interface due to the existence of the dust or other harmful 
materials developed in the surface of the concrete. Thus, before attaching the FRP 
reinforcement, the surface of concrete should be grinded and a thin layer of concrete paste 
should be removed to enhance the surface preparation of the concrete and to get the required 
bond stress transference between FRP and concrete in bond-slip tests (De Lorenzis et al., 
2001). Concrete fracture basically develops in a very thin layer of the concrete adjacent the 
FRP composite (Dai et al., 2006).  
Chajes et al., (1996) investigate the influence of two preparations: (smooth finish) and 
mechanical abrasion (aggregate slightly exposed). Grinding with a stone wheel gave the best 
bond shear stresses (10% better than without preparation). (Yoshizawa et al., 1996) 
investigate two concrete surface preparations: water jet and ordinary sander.  They concluded 
that the water jet on the concrete surface showed higher bond strength (about 37% higher 
than the sander). A similar study was carried out by Toutanji, (2001) in which they had used 
an ordinary sander and water-jet for surface preparation. The water-jet method revealed 
higher bond strength compared with the sanding method. 
 
2.10.3. FRP Bonded Length  
 
The previous studies have shown that there exists a critical bonded length after which there is 
no significant increase in the maximum load carrying capacity of the FRP-concrete joints. 
Researchers have described this length as the effective bond length (Taljsten 1997; Yao et al., 
2005 and Cao et al., 2007). Tensile stresses in concrete are transferred to FRP reinforcement 
mainly through shear stresses in the adhesive layer in a short length close to the loaded end of 
the FRP reinforcement. As the load increases, small interface cracks start to develop and 
extend from the loaded end toward the far end of the FRP. The active bond zone moves to a 
new area further away from the loaded end, indicating that only part of the bond is effective. 
This part is defined as the effective bond length.  
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The concept of the effective bond length is also described from the strain distribution along 
the length of the FRP reinforcement for which the effective bond length is defined as the 
distance from the maximum strain point to the point of zero strain. The anchorage or effective 
bond length of the FRP reinforcement carries the total bond strength at which the local 
debonding of the FRP reinforcement debonded locally at the loaded end, causing the effective 
bond length to move to another active bonding zone. This shifting continues till the FRP is 
totally deboned from the concrete surface, this develops when the FRP reinforcement length 
is greater than the effective bond length (Parth Athawale, 2012) and (Ouezdou, 2008).  
In cases where the length of the FRP is less than the required bond length, the failure 
develops before achieving the maximum bond strength. Thus, it was recommended to use 
enough length of the FRP reinforcement in the bond-slip test in order to achieve the required 
stress transferring through the FRP/concrete joint. It is well known that the using of the larger 
length of FRP may increase the debonding process before the global failure. In other word, 
the ductility of the FRP/concrete joint will significantly increase with application of the 
longer bond length of the FRP system (Chen and Teng, 2001 and Woo and Lee, 2010). The 
influence of the FRP bond length had been extremely investigated in lap-shear test (Taljsten, 
1997; De Lorenzis et al., 2001; Nakaba et al., 2001; Seracino, 2001; Xiao et al. 2004; Yao et 
al., 2005; Yang et al., 2007; Camli and Binici, 2007; Cao et al., 2007; Mazzotti et al. 2008 
and Woo and Lee, 2010). 
2.10.4. Bonded Width of the FRP Reinforcement 
 
Many studies had been carried out to investigate the influence of using wider FRP 
reinforcement on the response of the FRP/concrete joint. Studying the influence of FRP 
bonded width is crucial as it gives an idea about the suitable width of the FRP reinforcement 
required in the flexural retrofitting system and the required distance between the FRP strips in 
retrofitted shear elements (Subramaniam et al., 2007). Subramaniam et al., (2007) observed 
that the overall behaviour of the load-displacement trend for samples attached with various 
FRP bonded width is identical in shape with significant difference in maximum load capacity 
of the joint (see Figure (2.11)).  
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Figure (2.11): Influence of the FRP bonded width on the maximum load capacity of 
FRP/concrete joint (Subramaniam et al., 2007). 
2.10.5. FRP Stiffness  
 
De Lorenzis et al., (2001) concluded that the axial stiffness of the FRP reinforcement had a 
significant effect on the response of the FRP/concrete joint. The area of the bond versus local 
slip trend is kept constant with the application of different thicknesses of the FRP 
reinforcement. But, the ductility of the joint decreases for higher axial rigidity of the FRP 
reinforcement. 
 
Pull off tests were carried out by Barnes and Mays, (2001) on concrete samples strengthened 
with steel reinforcement. Barnes concluded that the bond capacity of the steel-concrete joint 
increases with thicker steel reinforcement or thicker adhesive material used to bond the steel 
plate to the concrete surface. Hadigheh, (2014) concluded that the maximum applied a load of 
the FRP-concrete joint increases by application of higher thickness of the FRP reinforcement. 
after a certain thickness, the bond strength of the FRP/concrete joint did not increase 
significantly for samples with thicker FRP reinforcement (Hadigheh, 2014).  
 
2.10.6. Adhesive Properties 
 
The existing data in the literature regarding the effect of the adhesive material properties in 
the maximum bond strength is limited. It was concluded that the shear modulus of the 
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adhesive material has a significant effect of the behaviour of the FRP/concrete joints (Dai et 
al. 2005).  A rubber modified resin was used by Gao et al., (2004). Results showed that a 20 
% rubber (including 26 % acrylonitrile and 32 % carboxyl) mixed with resin improved the 
bond strength by 12 %. However, the failure pattern did not change.  
2.11. Theoretical Bond–Slip Models  
 
The assumptions adopted for local bond stress-slip relations are important to understand the 
bond behaviour of the FRP-concrete joint. In the last decade, different mathematical models 
had been proposed to obtain the local shear stress–slip interfacial behaviour of the bonded 
joints. These models are derived based on the results of pull tests. Bond-slip models which 
have been established by (1) (Nakaba et al., 2001; (2) Sato and Vecchio, 2003; (3) Lu et a., 
2005 and (4) Pellegrino and Modena, 2008) are presented in this section. 
(1) Nakaba et al., (2001) 
An interfacial shear stress-slip model derived from the results of the double-lap shear test was 
developed by Nakaba et al., (2001) which was assumed to take the form of a Popovic's trend. 
Two identical blokes of concrete mortar pre-attached by FRP reinforcement on both sides of 
the sample were tested and examined by Nakaba et al., (2001) to investigate the behaviour of 
the FRP/concrete joint using double-lap shear model. Concrete compressive strength and FRP 
axial rigidity are the main variables considered in this test. The local shear stress-slip 
relationship can be expressed as follows (Equation (2.1) and (2.2)): 
߬௕
߬௕,௠௔௫
=
ܵ
ܵ௠௔௫
∙
݊
(݊ − 1) ቀ ݏݏ௠௔௫ 
ቁ
௡                                                                                                   (2.1) 
߬௕,௠௔௫ = 3.5 ௖݂ᇱ
଴.ଵଽ                                                                                                                             (2.2) 
Where, ߬௕ is the interfacial stress in (MPa) at the slip ܵ in (mm) and ߬௕,௠௔௫ is the peak 
interfacial shear stress at the peak slip ܵ௠௔௫ which was assumed as 0.065 mm. ݊ is a 
coefficient assumed as 3.0, which obtained from statistical analysis using the least squares 
method. 
(2) Sato and Vecchio, (2003)   
 
Sato and Vecchio, (2003) derived a new interfacial shear stress-slip models based on the 
crack tension stiffening effect and the crack width principles. They assumed a bilinear 
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interfacial shear stress-slip form. The maximum interfacial shear stress and the maximum slip 
can be obtained by the following equation (Equation (2.3) and (2.4)):  
 
߬௕ி௬ = 6.6ඥܩ௙                                                                                                                      (2.3)    
ܵி௬ = 0.057ඥܩ௙                                                                                                                                 (2.4)   
Where, ߬௕ி௬ is the maximum shear stress in (MPa) at the maximum slip ܵி௬ in (mm) and ܩ௙ 
is the interfacial fracture energy needed for local deboning of the FRP reinforcement from the 
surface of concrete. They noted that shear stress relationships may differ for samples cast 
with similar concrete strength and have the same strengthening configuration due to 
heterogeneity nature of concrete. 
(3) Lu et al., (2005) 
 
Three different shear stress-slip models with a various level of sophistication were proposed 
by (Lu et al., 2005). The bond stress-slip relationships are given by the following models: 
(a) Precise model  
Lu et al., (2005) used the meso-scale finite element model to predict an accurate bond-slip 
model of the FRP-to-concrete bonded joints. The bond stress-slip relationships are given by 
the following equations (Equation (2.5) and (2.6)): 
߬ = ߬௠௔௫ ቌඨ
ݏ
ݏ଴ܣ
+ ܤଶ − ܤ  ቍ               ݂݅  ݏ ≤  ݏ଴                                                                       (2.5) 
 ߬ = ߬௠௔௫ ݁
ିఈቀ ೞೞ೚
ିଵቁ                                ݂݅  ݏ > ݏ଴                                                                         (2.6) 
Where, 
 ܣ = (ݏ଴ − ݏ) ݏ଴⁄                                                                                                                                (2.7) 
ܤ = ݏ௘ ሾ2(ݏ଴ − ݏ௘)ሿ⁄                                                                                                                          (2.8) 
߬௠௔௫ = 1.5ߚ௪ ௧݂                                                                                                                                   (2.9) 
 
 ݏ଴ = 0.0195ߚ௪ ௧݂ + ݏ௘                                                                                                                   (2.10) 
ߚ௪ = ට൫2.25 − ݓ௙ ܾ௖⁄ ൯/൫1.25 + ݓ௙ ܾ௖⁄ ൯                                                                                 (2.11) 
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ݏ௘ = ߬௠௔௫ ܭ଴⁄                                                                                                                                    (2.12) 
Where, ௧݂ is the concrete tensile strength in (MPa), ߬௠௔௫ is maximum bond stress in (MPa) 
which occurs at maximum slip ܵ଴ in (mm), ߚ௪ is the width ratio factor, ݓ௙  is the width of 
FRP strips in (mm) and ܾ௖ is the width of concrete element in (mm), ܵ௘ is the elastic 
component of ܵ଴. The terms ܭ଴, ܭ௔ and ܭ௖ are defined as (Equation (2.13), (2.14) and 
(2.15)): 
ܭ଴ = ܭ௔ܭ௖ (ܭ௔ + ܭ௖)⁄                                                                                                                    (2.13) 
ܭ௔ = ܩ௔ ݐ௔⁄                                                                                                                                        (2.14) 
ܭ௖ = ܩ௖ ݐ௖⁄                                                                                                                                         (2.15) 
Where, ܩ௖ is the elastic shear modulus of concrete in (GPa), ݐ௖  is the effective thickness of 
the concrete in (mm), ܩ௔(GPa) is the elastic shear modulus of the adhesive, and ݐ௔ is the 
adhesive layer thickness in (mm).  
(b) Simplified model 
A new simplified model was derived by Lu et al., (2005) to predict the bond-slip response of 
the FRP-to-concrete bonded joint. This model defines the local shear stress (or the bond 
stress) at any location along the length of the FRP reinforcement in terms of the relative slip 
at that point as (Equation (2.16) and (2.17)): 
߬ = ߬௠௔௫ඨ
ݏ
ݏ଴
                ݂݅  ݏ ≤  ݏ଴                                                                                                  (2.16) 
߬ = ߬௠௔௫ ݁
ିఈቀ ௦௦೚
ିଵቁ     ݂݅  ݏ > ݏ଴                                                                                                   (2.17) 
Where: 
ݏ଴ = 0.0195 ߚ௪ ௧݂ + ݏ௘                                                                                                                   (2.18) 
ܩ௙ = 0.308ߚ௪ଶ  ඥ ௧݂                                                                                                                          (2.19) 
ߙ =
1
ܩ௙
߬௠௔௫ݏ଴
−
2
3
                                                                                                                              (2.20) 
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In which τ୫ୟ୶ and β୵ can be calculated with Equations (2.9) and (2.11) respectively. G୤ is 
the interfacial fracture energy in (MPa mm), equal to the area underneath the bond–slip 
curve.  
(c) Bilinear model 
To propose a simple design model, a new bilinear bond–slip curve was developed by 
employing further simplifications to the simplified model. The man variable in this model 
such as the maximum bond stress and total interfacial fracture energy are similar to those 
proposed in the simplified model. This bilinear model is described by equations (2.21), (2.22) 
and (2.23): 
߬ = ߬௠௔௫
ݏ
ݏ଴
                   ݂݅  ݏ ≤  ݏ଴                                                                                                 (2.21) 
߬ = ߬௠௔௫
ݏ௙ − ݏ
ݏ௙ − ݏ଴
         ݂݅  ݏ଴ ൏ ݏ ≤ ݏ௙                                                                                        (2.22) 
߬ = 0                               ݂݅  ݏ >  ݏ௙                                                                                                 (2.23) 
Where: 
ݏ௙ = 2ܩ௙ ߬௠௔௫⁄                                                                                                                                 (2.24) 
τ୫ୟ୶, β୵ and G୤ can be calculated by using Equation (2.9), Equation (2.11) and Equation 
(2.19) respectively. Figure (2.12) shows the difference between the three bond-slip models 
which were proposed by Lu et al., (2005). It can be noticed that there is little difference 
between the precise and simplified models, the prediction of the bilinear model is also shown 
in this Figure. 
 
Figure (2.12): Bond–slip models adapted from (Lu et al., 2005). 
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(4) Pellegrino and Modena (2008) 
Based on the outcomes of the pull off shear and beam tests, a non-linear empirical local shear 
stress-slip model was proposed by Pellegrino and Modena, (2008). Pellegrino and Modena, 
(2008) noted that the FRP axial rigidity (the multiplication of the thickness and the modulus 
of elasticity of the FRP reinforcement) can affect the joint response and the maximum load 
capacity of the FRP/concrete interface. The ascending and the descending trend of the bond-
slip model is characterised by equations (2.25) and (2.27): 
 
ܵ = ߬௠௔௫(ܵ/ܵ௣௘௔௞)଴.ହ଻ହ                                   ݂݋ݎ    ܵ ≤ ܵ௣௘௔௞                                                 (2.25) 
ܵ = ߬௠௔௫(ܵ∝ − ܵ௨௟௧∝ )/(ܵ௣௘௔௞∝ − ܵ௨௟௧∝ )           ݂݋ݎ   ܵ > ܵ௣௘௔௞                                             (2.26) 
Where,  
∝= −1.3162/(݊௙ݐ௙ܧ௙)଴.ଵ଼଻                                                                                               (2.27) 
Where ߬௠௔௫, is the maximum shear stress at the maximum relative slip, ܵ௣௘௔௞  and the 
ultimate achieved relative slip, ܵ௨௟௧. ܵ is defined as the slip at any point along the bond 
length.  
Where,  
߬௠௔௫ = 3.1(݊௙ݐ௙ܧ௙)଴.ଷଶ                                                                                                     (2.28)               
ܵ௣௘௔௞ = 0.075/(݊௙ݐ௙ܧ௙)଴.ଶ                                                                                                            (2.29)                     
 ܵ௨௟௧ = 10.5/(݊௙ݐ௙ܧ௙)଴.଺                                                                                                    (2.30)      
 
Where, ݊௙ is the layer’s number of FRP reinforcement, ݐ௙ is the thickness of each layer in 
(mm), and ܧ௙ is the FRP modulus of elasticity.  
2.12. Proposed Bond strength models 
 
Many theoretical models have been proposed to predict the bond strengths of FRP-Concrete 
bonded joints. The summary of some available bond strength models namely (i) Yang et al., 
(2001), (ii) Izumo et al., (1999), (iii) Sato et al., (2003) and (iv) Iso et al., (2003) is presented 
in this section were the following units are used: Newtons for bond strength, MPa for stresses 
and elastic modulus, and mm for lengths and widths. 
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(i) Yang et al., (2001) 
 
The bond strength model proposed by Yang et al., (2001) is given by (Equation 2.31): 
P୳ = ቌ0.5 + 0.08 ඨ
E୤ t୤
100f୲
ቍ τ୳ w୤  Lୣ                                                                                          (2.31) 
 
Where, τ୳ = 0.5 f୲,  Lୣ = 100 mm 
In which, ௨ܲ is the bond strength, ߬௨ is average bond stress, ܮ௘ is the effective bond length, 
ݓ௙ is the width of FRP sheet, ܧ௙ is the elastic modulus of FRP, ݐ௙ is the thickness of FRP 
sheet, ௧݂ is the tensile strength of concrete and  bୡ is the width of the concrete prism, 
    (ii)  Izumo et al., (2003)  
 
JCI (2003) published two equations of bond strength model depending on FRP type proposed 
Izumo et al., (1999). These equations are given as (Equation (2.32) and (2.33)): 
For carbon-fibre reinforcement sheets: 
௨ܲ = ൫3.8 ௖݂
,ଶ/ଷ + 15.2൯ܮ ܧ௙ ݓ௙ ݐ௙  ×10ିଷ                                                                              (2.32) 
For Aramid-fibre reinforcement sheets: 
௨ܲ = ൫3.4 ௖݂
ᇱଶ/ଷ + 69൯ܮ ܧ௙ ݓ௙ ݐ௙  ×10ିଷ                                                                                 (2.33) 
 
Where L is bond length and ௖݂ᇱ (MPa) is the compressive strength of concrete. 
 
    (iii) Sato et al.,  (2003)  
The bond strength model given by Sato et al., (1997); Sato et al., (2001) and JCI, (2003) is 
described by the following equation (Equations (2.34) to (2.37)): 
 
߬௨ = 2.68 ௖݂ᇱ଴.ଶܧ௙ ݐ௙  ×10ିହ                                                                                                          (2.34) 
ܮ௘ = 1.89 ൫ܧ௙ ݐ௙൯
଴.ସ
                                                                                                                        (2.35) 
If  ܮ௘ > ܮ , then ܮ௘ = ܮ                                                                                                      (2.36) 
 
௨ܲ = ൫ݓ௙ + 2∆ܾ൯ܮ௘ ߬௨                                                                                                                    (2.37) 
Where ∆ܾ is the working width of concrete and it is equal to 3.7 mm, Lୣ is the effective bond 
length, τ୳ average bond stress. 
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(iv) Iso (2003)  
 
The bond strength model proposed by (Iso, 2003) and published in (JCI, 2003) is given by 
(Equations (2.38) to (2.40)): 
 
߬௨ = 0.93 ௖݂ᇱ଴.ସସ                                                                                                                                (2.38) 
ܮ௘ = 0.125 ൫ܧ௙ ݐ௙൯
଴.ହ଻
                                                                                                                    (2.39) 
௨ܲ = ߬௨ ݓ௙  ܮ௘                                                                                                                                   (2.40) 
 
2.13. Finite Element Simulation of FRP-concrete Joints  
  
Many techniques had been used to simulate the interface response between the FRP and the 
concrete; (Arduini et al., 1997; Barnes and Mays, 2001; Wong and Vecchio, 2003; Lu et al., 
2005b; Chen et al., 2007; Coronado and Lopez, 2006; Chen et al., 2011; O'Mahoney et al. 
2013 and Xu and Wei, 2013). Chen et al. (2011) used a band crack model to model the 
behaviour of the concrete element in conjunction with interface elements to model the 
interface between FRP and concrete. 
 
Lu et al. (2009) used COMBIN39 (a nonlinear spring element) in ANSYS (ANSYS, 2009) 
software to simulate the interface between the FRP elements and the supports. The study of 
Lu et al. (2006) provides a numerical study of the FRP stress distribution at debonding failure 
in U-jacketed or side-bonded beams using a rigorous FRP-to-concrete bond–slip model and 
assuming different crack width distributions.  
2.14. Shear Failure Mechanism in Reinforced Concrete Beams 
 
Shear failure of shear reinforced concrete beams is caused by the initiation of diagonal 
tension cracks within the web of the beam which can become unstable and fail. In order to 
resist the shear stresses produced by the applied loads, the beam web develops several shear 
transfer mechanisms that include:  
a) Shear strength provided by compression zone of concrete ( ௖ܸ௖);  
b) Aggregate interlocking at the crack faces ( ௖ܸ௔);  
c) Shear strength or the dowel action provided by longitudinal reinforcement ( ௗܸ), the 
resistance provided by the dowel action is dependent on the amount of flexural 
reinforcement (ߩ); and  
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d) The shear reinforcement resistance ( ௦ܸ) from shear links for beam with shear 
reinforcement.  
Figure (2.13) shows the shear force transfer through a reinforced concrete section 
(MacGregor and Wright, 2005). The mechanism of shear failure in reinforced concrete beams 
is affected by many factors such as the ratio of shear steel reinforcement, the longitudinal 
tension steel reinforcement ratio, concrete strength, shear span ratio, type and size of the 
aggregates and the geometry of the beam cross section (Sas, 2011). The total shear capacity 
of reinforced concrete section can be calculated from the following equation:  
ܸ = ௖ܸ௖ + ௖ܸ௔ + ௗܸ + ௦ܸ                                                                                                                  (2.41) 
 
Figure (2.13): Mechanism of shear force transfer (MacGregor and  Wright, 2005). 
 
A truss model was developed by Swiss engineer Ritter and The German engineer Mörsch in 
1899 and 1902, respectively, this model provides a good concept to describe the forces 
developed in a cracked concrete beam. Therefore, this model became the basis of the current 
design codes and guidelines such as the ACI code, British Standards and the Eurocode. The 
truss model, also named as the strut-and-tie model postulates that after cracking of the 
concrete, the response of an RC beam becomes analogous to that of a truss with a top 
longitudinal compression cord, a bottom longitudinal tension cord, vertical steel ties and 
diagonal concrete struts as shown in Figure (2.14) (Al-Juboori, 2011). The figure shows the 
possible failures partners of the RC and the typical truss model. 
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Figure (2.14): (a) Some of the potential failures for reinforced concrete beams (b) The truss 
model with struts and ties (Al-Juboori, 2011). 
2.15. Shear Failure Mechanism in Reinforced Lightweight Concrete Beams 
 
Much research has been carried out on reinforced LWC members and they have been shown 
to have a similar response as for members cast with normal aggregates with some differences 
to an extent in performance. Especially from the shear and diagonal tension resistance, these 
properties are sufficiently different to require design modification. The current design codes 
and guidelines treat this problem by introducing reduction factors to NWC equations. This is 
because LWC has lower cracking strength compared with NWC of similar grade concrete 
(Hanson, 1961 and Juan, 2011).  
The shear failure mechanism of the LWC beams is similar to those beams cast with a 
conventional type of the aggregates until the development of diagonal cracking. After that, 
the NWC beams are unable to resist shear cracks and attained the required shear strength to 
develop flexural modes of failure. The crack development and propagation in LWAC are 
quite different from that in NWAC. In LWC under tension force, the failure is developed by 
tensile stresses in the LWA as well as by failure in the concrete matrix surrounding the 
aggregates. Generally, the tensile strength of LWA is significantly lower than the concrete 
matrix. In the case of NWC, the failure usually develops by breaking the bond at the 
boundary between the concrete matrix and the surface of the aggregate. Diagonal shear 
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cracks of LWC is random and its position cannot be precisely expected. The shear 
mechanism of LWC is significantly complex and indeterminate causing to the usefulness of 
empirical formulas in predicating the shear strength of the lightweight concrete members 
(Juan, 2011). 
2.16. Current Code Treatment for Lightweight Concrete Beams Shear Strength 
 
The concrete contribution of the LWC beams is treated by the current codes and gridlines as a 
function of normal weight concrete contribution which has a similar concrete grade 
(compressive strengths). The easiest way to calculate the shear strength of the LWC by 
introducing a constant reduction factor for the equivalent grade of NWC shear strength 
including the wide range of  normal and manufactured lightweight aggregates and aggregate 
properties available (Juan, 2011). The ACI 318-08 and Eurocode 2 treatment are addressed in 
this section, as too are the superseded code BS8110.  
2.16.1. ACI 318-08 Treatment for Lightweight Concrete Beams Shear Strength 
  
The American Concrete Institute’s Building Code (ACI-318, 2008) addresses the shear 
design of lightweight aggregate concrete beams by reducing the concrete contribution 
component in the shear strength equation by using two approaches. In first approach, 
ඥ ௖݂
,  was replaced by ( ௖݂௧/6.7). The coefficient 6.7 was derived from tests by Hanson, 
(1961).  
 
An alternative approach when estimating the design shear capacity of a LWC section may be 
used if an engineer is unable or hesitant to determine the cylinder splitting strength. 
Reduction factors are available that determine the shear capacity of LWC beam as a fixed 
percentage of NWC shear strength. Two reduction factors, A 0.85 for concrete cast with sand 
and coarse lightweight aggregates and 0.75 for concrete cast with lightweight coarse and fine 
aggregates is provided because research on tensile strength of lightweight concrete obtained 
from splitting test shows an enhancement in tensile strength when conventional sand is used 
instead of lightweight fine aggregates (ACI-318, 2008). 
2.16.2. BS 8110 Treatment for Lightweight Concrete Beams Shear Strength 
  
The British Standard (BS8110, 1985) assumes that the total shear resistance of a beam is the 
sum of the shear capacity of the concrete cross-section and that of the shear reinforcement. 
The LWC cross section shear strength is assumed as 0.8 of the value for the NWC 
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compressive strength. This reduction factor is also used to the maximum limit of shear stress 
that can be carried by the concrete section, either 0.63ඥ ௖݂௨ or 4 MPa whichever is lower, 
even when shear reinforcement is provided. It also limits the maximum allowable 
compressive strength to 40 MPa. 
 
Ahamad et al., (1994)  noted that allowing the concrete compressive strength to exceed 40 
MPa in calculating the maximum shear strength provided by LWC section. they noted that 
this value provides an adequate margin of safety and the coefficient of reduction can be 
increased to 0.85 simultaneously. 
 
2.16.3. Eurocode 2 Treatment for Lightweight Concrete Beams Shear Strength 
  
The Eurocode 1992 (Eurocode 2, 2014) treatment of LWC is also based on the same principal 
for NWC. The first term in the concrete shear capacity equation is multiplied by a reduction 
factor due to the lower tensile strength of LWC with no change in the second term which 
accounts for axial compression in the member. The partial factor of concrete ܥோௗ,௖ is also 
reduced for lightweight concrete from 0.18/ߛ௖ for normal weight concrete to ܥ௟ோௗ,௖ =
0.15/ߛ௖ for lightweight concrete.  
 
Eurocode 2 addressed two variables to treat the lower shear strength of the LWC. In the first 
variables, a constant reduction is assumed in the ܥ௟ோௗ,௖ term while the second reduction 
variable , ߟଵ classify the lightweight aggregates into different density as shown in Equation 
(2.42) (Juan, 2011):  
  
ߟଵ = 0.40 + 0.6ܿ/2200                                                                                                     (2.42) 
 
The shear capacity formula for the LWC addressed by Eurocode 2 for beams without shear 
reinforcement and not subject to axial loads is shown in Equation (2.43) below with 
recommended values and lightweight concrete adjustments.  
 
௟ܸோ஽,௖ = ൣ0.15/ߛ௖݇(0.40 + 0.06ܿ/2200) (100ߩ ௖݂௞)ଵ/ଷ൧ܾ௪݀                                          (2.43) 
 
Where, ߛ௖ is partial factor of concrete and ܿ is the density class, giving factors listed in Table 
(2.1). 
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Table (2.1): Tensile strength reduction factors in the draft European code (Eurocode 2, 
2014).   
Density class Maximum oven-dry density (Kg/m3) Factors 
2.0 1801-2000 0.9 
1.8 1601-1800 0.85 
1.6 1401-1600 0.8 
1.4 1201-1400 0.75 
 
2.17. Shear Behaviour of RC beams Strengthened with FRP 
In retrofitted members, the complexity of shear mechanism is significantly increased by 
adding FRP reinforcement. Many variables affect the response of the RC beams retrofitted 
with FRP shear reinforcement. The effect of these variables was assessed by examining data 
from various experimental studies and new design models were proposed by other 
researchers to estimate the shear strength gained due to FRP reinforcement based on this 
experimental data. FRP debonding and FRP rupture are the main failure patterns of the RC 
beams strengthened with FRP reinforcement. Debonding failure is developed by the 
properties of the weakest materials in the FRP/concrete joint, that is, the concrete, between 
the concrete and adhesive or in the adhesive layer. Rupture failure develops when the normal 
stresses in the FRP reinforcement increase further than the maximum tensile strength of the 
fibre. Rupture failure can be distinguished by a sudden extending of failure until the 
occurrence the global debonding of the FRP from the surface of concrete (Sas, 2011). 
 
2.18. Previous Studies on Shear Strengthening of (RC) Beams with (CFRP) 
   
A considerable amount of experimental and numerical studies were reported in the literature 
over twenty years ago to investigate the shear behaviour of reinforced concrete beams 
retrofitted with externally attached FRP reinforcement. Most of them focused on the shear 
response of FRP-strengthened or repaired NWRC beams with different geometry, shear 
reinforcement ratio and FRP retrofitting techniques.  
2.19. Existing Experimental Studies and Parameters Studied  
 
An extensive literature survey containing the details of tests were carried out on NWRC beam 
specimens repaired or retrofitted with FRP reinforcement. Details of the most available 
studies classified according to the parameters investigated are described in this section.   
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2.19.1. Strengthening Techniques 
 
In RC beams (with or without shear reinforcement) failed by FRP debonding, U-wrapped 
provided significantly better shear performance over side-bonds. While for RC beams failed 
by FRP rupture, closed-wrapped provided significantly better shear performance over U-
wraps due to the anchorage provided around the beam corners. The studies by Triantafillou, 
(1998) and Adhikary et al., (2004) provide direct insight regarding the effect of strengthening 
configuration on shear behaviour of RC beams.   
 
A series of tests was carried out by Triantafillou, (1998) to increase the experimental 
database for the shear strengthening of RC beams using FRP. Eleven shear critical concrete 
beams were loaded, nine of them strengthened externally with side bond shear CFRP 
reinforcement, the other two samples were employed as control samples without CFRP 
reinforcement. Triantafillou, (1998) noted that the shear strengthening of reinforced concrete 
beams using CFRP reinforcement reveals a highly effective retrofitting system. Within the 
limit of the conventional design code of practise, based on ultimate limit states, the design of 
the RC members retrofitted with FRP reinforcement can be addressed in analogy with the 
conventional design method used for shear reinforcement links, provided then an effective 
FRP strain is used in the formulation.  
Adhikary et al., (2004) tested eight RC beams strengthened with continuous sheets of CFRP 
reinforcements. Many variables such as strengthening configuration, direction or depth of 
CFRP, the number of layers and the effect of using two perpendicular sheets were examined 
to assess their effects on the shear strength of the RC beams. It was observed that the 
diagonal shear crack in beams strengthened with side bond occurred at a higher load than for 
the control beams. Beams retrofitted with double horizontal and vertical layers of CFRP 
sheets showed slightly higher diagonal shear crack resistance than those beams with a single 
layer. Adhikary et al., (2004) also observed that the beams with full sheet depths failed by 
splitting and crushing of the concrete layer behind the CFRP sheets which caused debonding 
failure in some beams, while in beams strengthened with double-layers of sheets, ruptures in 
the parallel direction were observed. Adhikary et al., (2004) concluded that the depth of sheet 
layers across the beam significantly increase the shear strength of RC beams. The highest 
shear strength gains in RC beams retrofitted with vertical full U-wrapping were observed 
with up to 119%. increase in shear capacity as compared to the control beam without shear 
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retrofitting. The test results showed that the shear strength of beams did not increase with 
additional sheet layers. 
2.19.2. Fibre Inclination and FRP Width  
 
Results from previous studies listed below revealed that the width of the FRP reinforcement 
attached to the concrete surface has a significant effect on the maximum shear strength of the 
reinforced concrete beam. The FRP should be oriented to get the desired strength, thus, the 
fabric used in FRP strengthening systems generally has the highest tensile strength in the 
direction of the principal fibres. Studies by Monti and Liotta, (2007) and Sundarraja and 
Rajamohan, (2009) are described herein to represent those found from the literature review 
which focused on the effect of orientation and width of  FRP on the effectiveness of this 
strengthening techniques.  
 
Monti and Liotta, (2007) tested twenty-four beams under-reinforced in shear, strengthened 
with side-shaped and U-shaped strengthening system with different width of FRP 
reinforcement and CFRP orientation as shown in Figure (2.15). Monti and Liotta (2007) 
concluded that the oriented  FRP reinforcement showed a good shear behaviour compared 
with samples retrofitted with vertical strips. Monti and Liotta (2007) noted that the FRP 
reinforcement oriented perpendicularly to the compressive strut inclination show the best way 
to cross the diagonal shear crack as well as the higher shear contribution to the total shear 
strength of the tested beams. They also noted that reducing the distance between the FRP 
strips or using wider FRP reinforcement revealed a significant improvement in shear strength 
provided by FRP.  
 
Figure (2.15): Specimens strengthening scheme details (Monti et al 2007). 
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Sundarraja and Rajamohan, (2009) used vertical and inclined GFRP strips in the form of 
side-bonds and U-wraps to retrofit reinforced concrete beams in shear. The main objective of 
this study was to increase the experimental data regarding the response of RC beams 
strengthened with FRP. In addition, to evaluate the effect of inclined GFRP strips bonded 
externally to concrete beam webs to retrofit RC beams failing in shear. The parameters 
investigated in this test were the spacing and width of GFRP and the spacing of internal steel 
strips. Sundarraja and Rajamohan, (2009) observed a slight variance in the behaviour 
between samples retrofitted with side-bonds and U-wrapped. They also concluded that the 
shear strength is significantly increased by using wider FRP reinforcement. A significant 
enhancement in the shear strength of the strengthened tested samples by altering the FRP 
reinforcement direction from 90° to 45°. 
 
2.19.3. Shear Reinforcement ratio  
  
The behaviour of the strengthened beams with FRP reinforcement is affected by the shear 
reinforcement ratio. The previous study showed that the shear strength gained due to CFRP 
reinforcement decreases as the shear steel reinforcement increased for both modes of failure 
(debonding and rupture of the FRP reinforcement). The study by Pellegrino and Modena, 
(2002) is described herein to represent those found in the literature review which focused on 
the interaction between the transverse shear reinforcement and the FRP composite. 
 
Pellegrino and Modena, (2002) provided new insight into the complex failure mechanisms 
that investigate the shear capacity of RC elements with shear steel and FRP reinforcement. 
Eleven rectangular beams designed with a different ratio of the shear reinforcement and FRP 
were tested. The experimental test samples were divided into two groups: the first group 
composed of four samples without shear reinforcement, and the second group composed of 
seven samples reinforced with the same ratio of shear reinforcement. Various thickness of 
side-bonded FRP reinforcement was applied along the length of the tested samples.  
 
Shear failure due to loss aggregate interlock or shear failure due to CFRP debonding were the 
failure modes of the control sample without shear reinforcement and the strengthened 
samples respectively. It was observed that the samples with shear reinforcement developed 
many diagonal shear cracks compared with the control sample. In this study, the crack 
distributions did not considerably alter for samples retrofitted with FRP reinforcement and 
the all the strengthened samples developed many shear cracks similar to those observed in 
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samples with shear links. Pellegrino and Modena, (2002) noted that the FRP had the same 
effect on beam crack distributions as for internal shear reinforcement and the shear strength 
provided by FRP reinforcement decreased with an increase of the shear steel ratio. 
 
2.19.4. Shear Span to Depth Ratio 
  
The shear span to effective depth ratio (a/d) has a significant effect on the shear behaviour of 
the reinforced concrete beams retrofitted with FRP reinforcement. The efficiency of the FRP 
system increases with the (a/d) ratio up to span to depth ratio equal to 4; after this ratio, the 
shear strength gains become steadily smaller. Two studies by Khalifa and Nanni, (2002) and 
Lee et al., (2011) are now described in this section. 
 
Twelve full-scale RC beams retrofitted with CFRP were tested by Khalifa and Nanni, (2002) 
as simply supported rectangular RC beams failing in shear by four–point bending to study the 
shear behaviour of RC beams designed with shear deficiencies. The transverse steel ratio, the 
shear span to depth ratio and CFRP distribution were the main factors investigated in this 
study. The test specimens were divided into two groups according to the presence of shear 
stirrups in the half span, the first series consisted of four beams reinforced with 10 mm steel 
stirrups, while eight beams without steel stirrups in the half span were tested in the second 
series. Both test series were further subdivided based on the shear to span ratio which was 
selected as a/d=3 and 4, also different CFRP strengthening configurations (U-warp and two 
sides bond), the number of layers and CFRP direction. The results obtained by Khalifa and 
Nanni, (2002) showed that the gain in the shear capacity of RC beams strengthened 
externally with CFRP increases by between 40-138% dependent upon the variables 
investigated. They also concluded that the CFRP contribution is effected by the shear span to 
depth ratio and the presence of steel stirrups.  
Lee et al., (2011) tested fourteen reinforced concrete (RC) T-section deep beams shear 
retrofitted with a CFRP composite. Lee et al., (2011) concluded that the CFRP sheets 
strengthening length have a noticeable effect on the shear behaviour of retrofitted deep 
beams. Hence, the shear strength gains from externally attached CFRP reinforcement 
increases as the retrofitting development length increases. Also, they observed that the CFRP 
sheets orientation have a considerable effect on the shear response of the loaded deep beams 
in ultimate carrying capacity and ductility. As compared to the (90o/90o), (90o/0o) and 
(450/135o) fibre direction combinations, the two horizontal layers of CFRP sheets may 
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provide a greater contribution to the shear strength of the inclined compression strut by arch 
action. Using anchorage techniques for U-wrapped configuration of CFRP composite was 
shown to be very effective in increasing the maximum shear strength, initial stiffness, and 
ductility, due to an anchorage effect.  
2.19.5. Effect of Beam Size 
 
Leung et al., (2007) carried out an extensive experimental program in which fifteen 
rectangular beams were tested under the four-point bending scheme to evaluate the effect of 
size on the failure of geometrically similar concrete beams retrofitted with FRP 
reinforcement. The objectives of this study were to provide data on beams of large size to 
examine the validity of design equations for practical size beams and to investigate if the 
strengthening effectiveness for different depth beams was similar. Leung et al., (2007) noted 
that the maximum load capacity provided by U-wrapped reinforcement significantly 
decreased as beam size increased. While samples with closed-wrapped reinforcement did not 
considerable influence by this issue, the increase in load capacity attributed to the U-wraps 
was up to 60% for the small size specimens, while this was between only 3% and 7% for the 
medium size and large size samples, respectively.  
2.19.6. Effect of Concrete Type  
  
Al-Rousan et.al. (2011) investigated the shear behaviour of pre-cracked reinforced concrete 
beams cast with expanding slate used as a coarse aggregate. Expanding slate is a lightweight 
aggregate manufactured by the rotary kiln processes. The experimental programme was 
conducted in two stages. In the first stage, a reinforced concrete beam was cast with 
conventional aggregates retrofitted with CFRP reinforcement in shear. The beams had a cross 
section of 150 x 225 mm width and depth respectively, and a length of 1500 mm. The shear 
strength of CFRP reinforcement was examined in this test. In the second stage, the 
experimental test was carried out to study the shear behaviour of RC beams cast with 
expanding slate. The effect of shear span to depth ratio (a/d) and the effect of concrete 
compressive strength was investigated in this programme. The RC beams had a cross section 
of 200 x 250 mm width and depth respectively and a length of 3600 mm. The RC beams in 
the second stage of this test were tested to failure to study the shear contribution. The beams 
that failed at one end due to shear failure were repaired with CFRP reinforcement and tested 
again for shear to study the shear contribution of CFRP. Al-Rousan et.al. (2011) concluded 
that the modes of failure for RC beams repaired with CFRP changed from shear to flexure 
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after being strengthened with CFRP reinforcement. The Shear strength of RC beams cast with 
expanding slate increases with the decrease in a/d ratio. However, this study didn’t provide a 
comparison between RC beams cast with expanding slate and samples cast with conventional 
aggregates. The main focus of this study was to study the response of the repaired samples 
with different variables.  
 2.19.7. Loading Type 
 
Most of the available studies were tested under monotonic loads. Only three studies by Anil, 
(2006); Anil, (2008) and Colalillo and Sheikh, (2014a) were found to loaded under reversed 
cyclic loads and the study by Carolin and Täljsten, (2005) used fatigue loads. 
2.19.7.1. Previous Studies with Monotonic Loads 
 
Two identical shear deficient rectangular beam samples were loaded by Sheikh et al., (2002. 
These samples were designed similar to those located in a tall building which required 
retrofitting. The shear reinforcement ratio was increased in one half the beam as shown in 
Figure (2.16). The samples were loaded in three-point loading condition; the monotonic loads 
were applied at the mid-span of the beam. The control sample was tested up the maximum 
applied load of 1750 kN. The control sample failed in shear due to diagonal shear cracks. 
Another sample was loaded up to shear cracking load of 1100 kN which was identical to that 
recorded in the control sample.  
The applied load was sustained for three days and during this time the FRP reinforcement 
was applied along the shear span using closed-shaped strengthening techniques. After that 
then the sample was loaded again until sample flexural failure at a maximum applied load of 
2500 kN. FRP rupture was developed at the corner close the centre of the beam due to high 
normal and shear stresses occurred close to this region. Sheikh et al., (2002) noted that the 
strengthening was effective in enhancing the maximum load carrying capacity of the 
strengthened samples by an approximately by more than one and half times over the control 
sample. Flexure failure was the failure pattern of the strengthened samples compared with 
control samples which were failed in shear.  
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Figure (2.16): Beam and reinforcement details (Sheikh et al 2002). 
 
2.19.7.2. Previous Studies with Reversed Cyclic Loads 
 
There are few experimental studies with FRP retrofitted beams tested under reversed cyclic 
loading conditions. The studies by Anil, (2006) and (2008) are described in this section to 
represent those studies found in the literature review which focus on the performance of RC 
beams retrofitted with CFRP subject to reversed cyclic loading.  
 
Anil, (2006) examined the effect of cyclic load on the shear response of T-beams 
strengthened externally with CFRP reinforcement, the effect of the free ends anchorage was 
studied in this study. Anil, (2006) tested two control samples and four samples strengthened 
with various types of free end anchorages and FRP strengthening techniques were tested in 
shear. Anil, (2006) concluded that the shear capacity of samples with end anchorage were 
significantly higher than samples without this technique. The typical test setups are shown in 
Figure (2.17). 
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Figure (2.17): Arrangement of FRP strips on strengthened specimens (Anil 2006). 
Another six T-beams samples were tested by Anil, (2008). The sample’s geometry and the 
test setups were similar to that tested in the earlier study by Anil, (2006). The tested samples 
were cast with low concrete crushing strengths. In the earlier study by Anil (2006), the FRP 
reinforcements were attached in complicated strengthening configurations, while in this study 
the FRP reinforcement was installed perpendicularly to the longitudinal axis of beam. Anil, 
(2008) noted that the samples cast with low crushing strength of concrete strength failed in 
lower load compared with anchoraged samples. 
 
2.19.7.3. Previous Studies with Fatigue Loads 
  
Carolin and Täljsten (2005) tested a number of rectangular concrete beams 3.5 m to 4.5 m 
long. Different parameters, such as fatigue and free end anchorage were studied. In this study, 
different failure modes had been identified, for example, CFRP rupture, anchorage failure, 
and combinations thereof.  It was concluded that samples tested under fatigue loads showed a 
higher shear capacity compared with a control sample. The higher crack intensity for fatigue 
tested samples are likely to induce more stresses in the FRP reinforcement which increase the 
shear contribution provide by CFRP reinforcement. 
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2.19.8. Anchorage System  
 
Many studies have revealed that structures strengthened with CFRP reinforcement 
experienced premature failure due to FRP debonding. As a result, a number of studies were 
conducted to provide some sort of anchorage for the CFRP reinforcement to prevent or delay 
debonding failure and to improve the structural performance of the strengthened structures. 
Various anchorage systems were investigated in the literature, most commonly: adding 
horizontal CFRP strips, using CFRP anchors, using near surface mounted (NSM) strips, and 
various types of mechanical anchorage systems that use steel bolts and plates. 
Hutchinson and Rizkalla, (1999) investigated the use of horizontal strips on top of diagonal 
CFRP strips to provide anchorage for the main strengthening FRP reinforcement There was 
an increase of 16% in shear strength due to the addition of the horizontal strips. This was 
compared to a 10% increase in shear strength for samples without FRP anchorage was 
provided.  
Belarbi et al., (2012) investigate the efficiency of using various mechanical anchorage 
systems. Tests were carried out on full-scale T-beams strengthened with CFRP reinforcement 
that was anchored with 1) horizontal strip, 2) mechanical anchorage, or 3) sandwich panel 
mechanical anchorage. All three systems showed anchorage that resulted in improving the 
total shear capacity. However, samples with anchored sandwich panel mechanical anchorage 
system showed the best shear performance compared with other systems. Figure (2.18) show 
the typical arrangement of the mechanical anchorage system developed by Belarbi et al., 
(2012). 
 
Figure (2.18): The typical arrangement of the sandwich panel mechanical anchorage system 
(Belarbi et al., 2012) 
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2.20. FRP Design Proposals 
Several design models were proposed many years ago to predicate the shear contribution 
provided by FRP reinforcement which used to strength RC members, some of these models 
are proposed by different authors using a simple approach, and some of them are addressed in 
current design standards and guidelines (Colalillo, 2012). The details of the effective 
variables for the different design models for FRP shear retrofitting are shown in Table (2.2). 
The debonding or the rupture models are the main design proposals considered in the current 
design code and guidelines or the models proposed by authors as specified in Table (2.2). The 
effect of the bonded length of the FRP reinforcement (effective bond length), the axial 
rigidity of the FRP, and the dimensions or the shape of the FRP reinforcement are also 
addressed in most of the available debonding failure models. Finally, the influence of the 
shear steel reinforcement and the compressive strut inclination are included in the last two 
parameters for both debonding or rupture models There are a limit number of models 
developing an equation for estimating the shear contribution provided by the FRP 
reinforcement for fully wrapped samples. Debonding models for side-shaped and U-shaped 
has received much attention in the current design code and guidelines, the anchorage length 
which is a function of the FRP axial rigidity and the concrete tensile or compressive strength 
is the main variable in the current debonding models (Colalillo, 2012).  
Table (2.2): Summary of design models effective parameters (Colalillo, 2012). 
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Concrete Society TR-55 (2000) Y  Y Y Y    
fib Bulletin 14 (2001) Y Y  Y  Y  
JSCE-CES-41 (2001)  Y      
CNR-DT-200 (2004) Y Y Y Y Y Y  
CSA S6-06 Y  Y Y  Y  
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ACI 440.2R-08 Y  Y Y    
Chen and Teng (2003a, b) Y Y Y Y Y Y  
Deniaud and Cheng (2004) Y  Y Y   Y 
Cao et al. (2005) Y  Y Y Y   
Monti and Liotta (2005) Y Y Y Y Y   
Kim et al. (2008) Y     Y Y 
Pellegrino and Modena (2008) Y  Y Y   Y 
Mofidi and Chaallal (2011) Y  Y Y Y Y Y 
 
2.20. Current Design Guideline Provisions for FRP Shear Contribution 
The objective of this section is to review the design provisions of the major design guidelines 
related to the shear retrofitting of RC beams with FRP. Various FRP design methods 
including international design are used to predict FRP shear contribution, standards, such as 
(1) fib Bulletin 14, 2001; (2) TR-55, 2000; (3) ACI 440.2R-08 and (4) CSA S6-06, 2006. 
These are now considered in order. 
(1) Fib Bulletin 14 (2001)  
 
A technical report for externally attached FRP reinforcement was published by the 
International Federation of Structural Concrete (fib). The FRP shear strength provided by the 
FRP reinforcement can be calculated from the following equation (Equation (2.44)): 
 
௙ܸ = 0.9ߩ௙ܧ௙ߝ௙ௗ௘ܾ݀൫cot ߠ + cot ߚ௙൯ sin ߚ௙                                                                              (2.44) 
 
Where, ߝ௙ௗ௘ is design effective strain which is obtained by dividing the effective strain ߝ௙௘ by 
a safety factor of 0.8. The effective strain is governed by the FRP retrofitting configuration 
and the FRP material type. The guidelines state that the effective strain is a function of the 
axial rigidity of FRP (ߩ௙ܧ௙) and the compressive strength of concrete as follows: 
 
For full carbon-FRP (CFRP) wraps (Equation (2.45)): 
ߝ௙௘ = 0.17 ൭
௖݂௠
ଶ/ଷ
ܧ௙ߩ௙
൱
଴.ଷ
ߝ௙௨                                                                                                                (2.45) 
 
For side-bonded or U-shaped CFRP reinforcement (Equation (2.46)): 
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ߝ௙௘ = min ቎0.65 ൭
௖݂௠
ଶ/ଷ
ܧ௙ߩ௙
൱
଴.ହ଺
ݔ 10ିଷ; 0.17 ൭ ௖݂௠
ଶ/ଷ
ܧ௙ߩ௙
൱
଴.ଷ
ߝ௙௨ ቏                                                    (2.46) 
 
For Full aramid-FRP wraps (Equation (2.47)): 
 
ߝ௙௘ = 0.048 ൭
௖݂௠
ଶ/ଷ
ܧ௙ߩ௙
൱
଴.ସ଻
ߝ௙௨                                                                                                          (2. 47) 
Where, ܧ௙ is in GPa, ߝ௙௨ is the ultimate FRP tensile strain and ௖݂௠ is the cylindrical 
compressive strength of concrete in MPa. 
 
(2) ACI 440.2R (2008) 
 
In the ACI code (ACI 2008), the FRP contribution is given by (Equation (2.48)): 
 
௙ܸ =  
ܣ௙ ௙݂௘ ቀsin ߚ݂ + cos ߚ݂ቁ ݀௙
ݏ௙
                                                                                                 (2.48) 
 
For fully-wrapped FRP systems, the limit of the maximum effective-strain is depending on 
limiting the shear crack widening to ensure sufficient aggregate interlocking at the crack 
faces, while the effective strain for the U-shaped and side-bonded FRP systems is computed 
based on FRP configuration system as follows: 
 
For Full FRP-Wrapped reinforcement (Equation (2.49)): 
 
ߝ௙௘ = 0.004 ≤ 0.75ߝ௙௨                                                                                                                   (2.49) 
 
And for side-bonded or U-shaped FRP reinforcement (Equation (2.50)): 
 
ߝ௙௘ = ݇௩ߝ௙௨ ≤ 0.004                                                                                                                       (2.50) 
 
Where, 
݇௩ =
݇ଵ݇ଶ ௟೐
11,900 ߝ௙௨
≤ 0.75; ݈௘ =
23,300
൫݊௙ݐ௙ܧ௙൯
଴.ହ଼                                                                             (2.51) 
                                                
And, 
݇ଵ = ൬
௖݂௠
27
൰
ଶ/ଷ
                                                                                                                                  (2.52) 
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݇ଶ = ൞
ௗ೑ି௟೐
ௗ೑
   ݂݋ݎ ܷ − ݆ܽܿ݇݁ݐ݅݊݃ 
ௗ೑ିଶ௟೐
ௗ೑
 ݂݋ݎ ݏ݅݀݁ ܾ݋݊݀݅݊݃ 
 (2.53) 
                                             
Where ݈௘ is the effective length of the FRP reinforcement, ݇௩ is the bond-reduction factors 
and the terms ݇ଵ, ݇ଶ are modification coefficient that includes the effect concrete strength and 
the strengthening configurations system, respectively. The effective depth of FRP 
reinforcement is taken as the distance from the center of the bottom flexural reinforcement to 
the top free end of the FRP reinforcement. ௙݂௘ , is the effective stress of the FRP 
reinforcement. 
 
(3) CSA S06-06 (2006) 
 
The CSA S6-06 assumes a full model to estimate the total shear capacity of the reinforced 
concrete section retrofitted with FRP reinforcement. Equation (2.54) is addressed in this code 
to evaluate the shear contribution of the FRP reinforcement. 
 
௙ܸ = ௙݂௘ߩ௙ܾ௪݀௙൫cot ߠ + cot ߚ௙൯ sin ߚ௙                                                                                      (2.54) 
 
The Effective strain limits are similar to that reported in ACI, 2008. The maximum limit of 
the effective FRP strain is assumed as 4000 µm/m for Close-shaped samples to avoid the loss 
of friction at the diagonal shear crack faces, as expressed by Equation (2.48). The same limit 
was assumed for U-shaped and the ݇ଶ was only derived for the samples retrofitted with U-
wrapped. In this equation, the effective depth of the FRP reinforcement, ݀௙ is assumed as the 
higher value between 0.9d and 0.72h. 
 
(4) Concrete Society TR-55 (2000) 
  
The Concrete Society TR-55 (2000) published a technical report for the externally 
strengthened RC concrete members. The effective length (݈௘) is a function of the FRP 
modulus of elasticity (ܧ௙) (GPa) and the thickness of the FRP (ݐ௙) (mm). The formula is 
expressed as (Equation (2.55)): 
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ܮ௘ =  
461.3
(ݐ௙ܧ௙)଴.ହ଼
                                                                                                                                (2.55) 
According to the CSA S6-06 and ACI 440.2R-08 design guidance, the maximum effective 
strain was assumed as 4000 µm/m. For the fully-wrapped beam, the effective FRP strain can 
be expressed as follows (Equation (2.56)): 
 
ߝ௙௘ = ߝ௙௨ ቀ0.5622൫ߩ௙ܧ௙൯
ଶ
− 1.2188൫ߩ௙ܧ௙൯ + 0.778ቁ                                                        (2.56) 
Where, ߝ௙௨ is the ultimate rupture strain of FRP, ܧ௙ is the Young modulus and ߩ௙ is the 
reinforcement ratio. However, the multiplication of these two parameters should not exceed 
1.1 MPa. For the U-wraps and sides only, the effective strain formula is different compared to 
the full wraps of the beam. This formula is expressed as (Equation (2.57)):  
 
ߝ௙௘ = 0.0042 
(0.835 ௖݂௨)
ଶ
ଷݓ௙௘
(ܧ௙ݐ௙)଴ହ଼݀௙
                                                                                                   (2.57) 
Where, ௖݂௨ is a cube compressive strength (MPa), ݓ௙௘ , is the effective FRP width. The 
effective width is calculated based on the FRP retrofitting system and the compressive strut 
inclination. Assuming θ = 45°, the effective FRP width is equal to (݀௙ − ݈௘) for U-wrapped 
reinforcement and (݀௙ − 2݈௘) for FRP reinforcement attached externally on both side of the 
beam. The shear contribution of the FRP depends on six parameters which are the effective 
FRP strain, the modulus of elasticity of the FRP, the gross-sectional area of FRP, the spacing 
from the centre-to-centre of FRP strip and effective FRP depth. This can be calculated by 
using the formula below (Equation (2.58)): 
 
௙ܸ = ߝ௙௘ܧ௙ ቆ
ܣ௙
௙ܵ
ቇ ݀௙ ቀ1 + cos ߚ݂ቁ sin ߚ݂                                                                                      (2.58) 
2.22 Existing Finite Element Studies 
 
The Finite Element method is a numerical method which can approximate and solve complex 
structural problems to within acceptable boundaries. Finite element analysis was first 
developed by the aircraft industry to predict the behaviour of metals forming for wings.  The 
ANSYS (2009) finite element program has been comprehensively developed to the extent 
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that it has applications across the whole engineering spectrum (Lawrence, 2003). Civil 
engineers are frequently interested in modelling materials such as steel and concrete, the 
latter requiring complex methodology in its representation. As concrete is an orthotropic 
material that exhibits nonlinear behaviour during loading, this behaviour is numerically 
implemented in ANSYS (Barbosa and Ribeiro, 2004). A number of previous researchers have 
used the finite element method to provide insight into the behaviour of the CFRP 
strengthened RC beams.  
 
Al-Mahaidi et al., (2001) used nonlinear finite element modelling and analysis with DIANA 
(DIANA, 2000) to investigate the response of three shear deficient T-beams retrofitted using 
web-bonded CFRP plate by assuming perfect bond between the CFRP reinforcement and the 
concrete surface. Finite element analysis was shown to be capable of predicting the ultimate 
shear strength, the stiffness of the beams and strain levels in CFRP plates with acceptable 
accuracy. The cracking patterns and crack inclinations produced by the finite element model 
were also comparable to the patterns observed from testing. The experimental results have 
shown that repairing beams with CFRP plate improves their shear strength. The increase in 
strength ranged between 68% and 87%.  
 
A numerical study was presented by Santhakumar et al., (2004) to simulate the behaviour of 
RC beams retrofitted with CFRP laminates using ANSYS  software. The effect of retrofitting 
on un-cracked and pre-cracked reinforced concrete beams was investigated, and there was 
good agreement between the results obtained from the numerical study with the experimental 
data. In this study, it was noticed that there was no considerable difference in response 
between the un-cracked and pre-cracked strengthened beams using the FE models. 
Abbas, (2010) used nonlinear analysis of reinforced concrete beams strengthened with plate 
steel or Carbon Fibre Reinforcements Plastic Plates. Abbas, (2010) modelled six beams three 
of them tested experimentally by Zarnic, (1999) and he used them as a case study (one) and 
the other three overhanging beams were presented as case study two. One beam from each 
case study was considered as a control beam and the other two beams in each case study were 
strengthened externally with CFRP and steel plates. There was good agreement between the 
finite element results in this study compared with experimental results obtained from 
previous studies and the other available numerical results.   
Fathelbab et al., (2011) investigated the flexure, shear and combination flexure and shear 
behaviour of simply supported beams retrofitted externally with FRP using ANSYS 
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(ANSYS, 2009) software. Different configurations of FRP sheets in flexure, shear and 
flexure/shear were used as the main parameters of this study. The results were compared with 
a control beam model of a simply supported RC beam without strengthening. It was noticed 
that all the retrofitted RC beams have a greater shear strength, ductility, and delay the failure 
and deboning failure as compared to the control beam. 
Mahmoud (2012) proposed finite element models to analyse reinforced concrete beams with 
and without and CFRP reinforcement using ANSYS version 9 (ANSYS, 2009). Three-
dimensional concrete elements (Solid65) and (Solid46) element for representing CFRP 
laminate were used to simulate the RC beams. The numerical results had been compared with 
previous experimental studies and FE model results which were obtained using ANSYS 
version 5. The obtained FE results showed a success for the proposed model to analyse the 
ultimate strain values for concrete and steel at failure loads, for different opening sizes with 
the experimental data from other researchers which proved the efficiency of the proposed 
models. 
Jayajothi et al., (2013) used non-linear finite element analysis (FEA) to simulate the failure 
modes of RC beams retrofitted with CFRP laminates in flexure and shear. ANSYS (ANSYS, 
2009) was used to model four beams, two beams used as control beam without and the other 
two beams strengthened with CFRP. The experimental results were compared with the results 
of load deflection relationships and crack patterns were obtained by analysis and they found 
good agreement between experimental and numerical results. Also, they found a difference in 
behaviour between the models of RC concrete beams without CFRP and with beams 
strengthened with CFRP. 
Obaidat et al., (2010) used non-linear finite element analysis to simulate the response of the 
reinforced concrete beam strengthened with CFRP reinforcement using ABAQUS software 
(ABAQUS, 2007). Elastic orthotropic and isotropic material properties were assumed to 
represent the CFRP reinforcement; also a cohesive model was used to simulate the behaviour 
of the FRP-concrete interface. Obaidat et al., (2010) concluded that the change in length of 
CFRP reinforcement may result in various responses of strengthened samples. The beam with 
higher CFRP bonded length showed a high stiffness and high shear load compared with 
samples retrofitted with CFRP strip did not cover the full depth of the beam. Obaidat et al., 
(2010) recommended using a CFRP reinforcement covering the whole beam depth when 
strengthening for shear. 
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2.23. Previous Studies on Shear Behaviour of Lightweight Aggregate Concrete 
 
Shear failure of lightweight concrete elements has been a serious issue that may lead to 
structural collapse; the characteristic parameters for this complex issue have been suggested 
over the last 50 years. In general, these variables include the LWA type, the compressive and 
tensile strength of concrete, flexural steel ratio, slenderness ratio, etc. which have been 
studied by many authors. Based on the results of much research, the (ACI Committee 213R-
03) concluded that LWC structures, subject to shear and diagonal tension, show basically the 
same response as NWC elements. A significant reduction in maximum shear capacities or 
tensile due to lower tensile strength and the aggregates interlocks at the diagonal shear cracks 
interfaces. In other words, LWCs would generally have a lower shear strength than NWC of 
the same compressive strength (Tang et al., 2009).  
 
The shear capacity of LWA concrete cross sections is assumed as 0.7 of the value for the 
similar grade of NWC according to the Japanese Society of Civil Engineers (JSCE, 2007). 
This value for reduction was developed based on the experimental test results carried out on 
NWC and LWC beams (Tang et al., 2009). Information about how the ACI-318-08, (2008); 
BS 8810, (1985) and Eurocode 2, (2004) codes deal with lightweight concrete which is 
addressed in section (2.9), a summary of previous studies which were carried out on shear 
behaviour of LWC beams is described in this section.  
    
Hanson (1958 & 1961) tested fifty-seven RC beams cast with lightweight coarse aggregates 
using expanded clay, expanded slate, expanded shale, expanded blast furnace slag and 
carbonaceous shale from coal processing for coarse aggregate. For design purposes, Hanson 
(1958 & 1961) suggested that the diagonal tension cracking load be considered as the 
unfactored shear strength. Compared to concrete beams cast with conventional aggregates, 
the diagonal cracks resistance of NWC varied from 60% to 100% of the shear resistance for a 
given compressive strength, with the variation based on the type of lightweight aggregate. 
Hanson (1958 & 1961)  developed a new method to calculate the shear resistance of the LWC 
gross section. This method was identical in shape to that for NWC. However, the effect of 
lower diagonal crack strength was included by introducing a constant reduction factor due to 
lower splitting tensile strength.  
Evans and Dongre (1963) studied the response of reinforced concrete lightweight concrete 
beam using Aglite coarse aggregates. The aim of this study was to assess the structural 
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behaviour of reinforced concrete beams cast with Aglite, in addition, to investigate the 
mechanical properties of Aglite concrete. Evans and Dongre (1963) noted that the LWC had 
a splitting tensile strength of about 75% of that of NWC. Furthermore, Evans and Dongre 
(1963) suggested that the maximum shear stress carried by concrete cross sections was 0.4 
MPa with  for concrete samples cast with concrete cube strengths of approximately  20 MPa. 
This limits the maximum shear stress to 2 MPa for concrete reinforced with shear links. 
 
Swamy and Bandyopadhyay (1979) tested twenty-four lightweight T-beams made from 
Lytag and expanded slate and compared them with control samples cast with conventional 
aggregates. Swamy and Bandyopadhyay (1979) concluded that the shear mechanism in 
compression zone of concrete was similar for all LWC beam and compared with identical 
control beams. The initiation and propagation of diagonal shear cracks were the same in 
LWC samples as for NWC specimens, the LWRC generally had higher crack widths 
compared with their corresponding control normal weight. In this study, the samples cast 
with Lytag aggregates revealed lower cracking load compared with control NWRC beams. 
While the samples cast with expanded slate aggregate cracked at the same load as those 
recoded in NWRC beams. Swamy and Bandyopadhyay (1979) concluded that the maximum 
shear capacity of the LWRC beam cast with expanded slate was  about 75% to 95% of those 
samples cast with NWRC and was about of 83 to 95% for samples cast with Lytag.  
 
Juan, (2011) tested sixty-four lightweight and normal weight concrete beams without 
transverse reinforcement and sixteen reinforced concrete beams cast with NWC used as 
control samples. All the beams were loaded under monotonically increasing third point 
loading until ultimate shear failure. The aim of this study was to investigate the shear 
behaviour and crack patterns of lightweight concrete beams. The results were analysed and 
compared with available design codes and guidelines as well as the empirical formulas for 
LWC. In this study, diagonal shear cracking developed at lower loads compared with control 
normal weight concrete and lightweight aggregate concrete due to the lower splitting tensile 
strength of the LWC beams compared with NWC had the same grade of compressive strength 
of concrete. Nevertheless, after the diagonal shear cracking occurrence in foamed concrete 
and lightweight aggregate-foamed concrete could keep resisting a significant amount of shear 
before ultimate shear failure. The may be attributed due to the irregular and angular cracking 
path at the visible level compared to the smooth crack texture at the micro level.  
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2.24. Critical Discussion  
 
Different variables have been addressed to investigate their effect on the interfacial response 
of FRP-normal weight concrete joints. The main variables, which are addressed in the 
literature, are a concrete strength, FRP bonded length, FRP stiffness, FRP bonded width and 
the properties of the adhesive material. However, the bond between the lightweight concrete 
and FRP has not received much attention. Hence, this study presents the pull-off 
experimental results obtained from lightweight concrete prisms with epoxy bonded Carbon 
FRP (CFRP) materials. The bonded length, width, thickness and the orientation of CFRP 
sheets were varied, in order to examine the characteristics of the CFRP-to-concrete interface 
and the efficiency of using CFRP reinforcement to retrofit the LWAC structures. A modified 
double-lap shear test arrangement is used to investigate the fracture failure of the FRP-
concrete interface to minimise errors and provide more reliable results. 
 
Issues concerning the study of the shear behaviour of reinforced beams strengthened with 
carbon fibre reinforced polymer (CFRP) sheets/strips contained in various codes of practice 
have been critically discussed. It was observed that the material properties of CFRP 
influenced the provisions contained in equations of the codes and guidelines.  
A significant amount of research has been carried out to study the shear behaviour of RC 
concrete beams retrofitted with FRP composites, the influence of the strengthening 
configurations, the bonded length of the FRP reinforcement, the orientation of the FRP 
reinforcement, shear reinforcement ratio, the dimension and shape of the beam, shear span to 
depth ratio and the type of loading also investigated in some of them. The outcomes of these 
studies showed that the increasing of the FRP axial rigidity had a marginal effect on FRP 
debonding failure, but it can enhance the rupture failures resistance (Triantafillou, 1998; 
Pellegrino and Modena, 2002). Increasing the ratio of FRP reinforcement by increasing the 
bonded area of the FRP reinforcement provides more shear capacity and significantly 
enhanced the bond strength between FRP reinforcement and concrete. 
Oriented FRP reinforcement showed better shear performance compared with those installed 
in a perpendicular direction to the longitudinal axis of the beam. The studies by Monti and 
Liotta, (2007) revealed that the FRP reinforcement perpendicular to the compressive strut 
inclination had a significant influence on crack patterns and the total shear resistance of the 
reinforced concrete beam. A summary of the most important studies available in the literature 
summarised in Table (2.3) (Belarbi et al., 2012). 
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The shear capacity of the strengthened sample was subtracted from the shear capacity of a 
control sample to quantify the shear strength enhancement due to FRP reinforcement. This 
analysis has been adopted by other researchers to calculate the shear contribution provided by 
FRP reinforcement. This method of calculation does not explicate changes in the reinforced 
concrete shear resistance when FRP is included (Colalillo, 2012). The alternative analysis 
should be used depend on the FRP strain to account the exact shear strength provided by FRP 
reinforcement.  
Limited studies available in the database investigated the interaction between the longitudinal 
tensile and the FRP reinforcement in retrofitted beams with or without shear stirrups to 
provide information about the effect of dowel action of the longitudinal reinforcement on the 
FRP performance. 
 
Testing large-size samples have not studied compressively to investigate the influence of this 
variable on the shear response. About 80% of the previous studies tested small-scale samples. 
In the literature reviews, there are two studies by (Leung et al., 2007) and (Belarbi et al., 
(2012), testing samples with 720 mm 900 mm depth respectively. A considerable difference 
in specimens strengthened with U-shaped systems was noticed compared with small-scale 
samples. Further study is important to investigate the response of CFRP used to retrofit 
practical sizes of beams.   
Studying the influence of the concrete compressive strength as one of the most important 
variables affect the behaviour of the RC beams strengthened with FRP reinforcement has not 
received any attention. It is necessary to evaluate the applicability of design guidelines and 
codes for shear deficient RC beams with low strength concrete retrofitted with CFRP. 
The majority of reviewed experimental, numerical and theoretical studies consisted of 
samples subject to monotonic loading. Those studies primarily examined the static response 
of the FRP strengthened beams under monotonically increased loading. There were very 
limited studies which examined the shear behaviour of RC beams retrofitted with FRP under 
cyclic loading, especially under repeated cyclic loading although many structures such as 
bridges and marine structures are subjected to cyclic loads rather than static ones. This is 
often overlooked in the analysis and design of RC beams strengthened with FRP sheets.  
The effect of shear crack inclination on the contribution of CFRP should be considered and 
further experimental study should be carried out by incorporating original shear plan such as 
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steel plate at an angle of inclination between 21.8° and 60° in RC beams strengthened with 
CFRP to examine the effect of shear crack inclination on the CFRP shear contribution to the 
ultimate strength of reinforced concrete beams.  
 
Limited studies investigated the shear retrofitting of lightweight aggregate concrete by using 
FRP reinforcements instead of normal aggregate concrete in spite of the shear capacity of 
LWRC beams being less than the shear capacity of NWRC. The absence of data for LWRC 
beams retrofitted in shear with CFRP increases the issue concerning the applicability of 
current FRP design guidelines and codes for the different type of concrete and especially for 
LWRC. The validity of current design guidelines and codes procedures to predict the shear 
strength of CFRP used to retrofit LWAC should be considered and the shear behaviour and 
failure modes of LWAC should be investigated to inform the industry regarding this type of 
concrete. This study examines experimentally, numerically and theoretically, the interfacial 
FRP–LWAC joint, and the shear behaviour of LWRC beams reinforced with CFRP 
sheets/strips, to assess the full behaviour of CFRP with LWRC structures.  
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Table (2.3): Test variables of the available studies. 
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Al-Sulaimani (1994) 3 Y    Y      Y Y Y     
Chajes (1995) 8  Y   Y      Y Y Y Y    
Chaallal (1998) 2 Y    Y      Y   Y    
Triantafillou (1998) 9 Y    Y      Y   Y    
Grace (1999) 9 Y    Y     Y Y Y Y Y    
Khallifa (1999) 2 Y    Y       Y  Y    
Khallifa (2000) 5 Y    Y       Y Y Y    
Deniaud (2001) 10  Y Y Y Y    Y Y Y Y  Y   Y 
Chaallal (2002) 10  Y    Y   Y   Y  Y    
Khallifa (2002) 8 Y  Y  Y    Y  Y   Y    
Pellegrino (2002) 8 Y    Y    Y   Y  Y    
Sheikh (2002) 1 Y     Y        Y    
Diagana (2003) 4 Y     Y     Y Y  Y    
Wong (2003) 3 Y  Y  Y      Y   Y    
Adhikary (2004) 7 Y    Y        Y Y   Y 
Adhikary (2004) 8 Y    Y     Y   Y Y   Y 
Carolin (2005) 18 Y    Y    Y  Y Y Y Y Y   
Zhang (2005) 6 Y  Y  Y      Y Y  Y    
Anil (2006) 4  Y         Y Y    Y  
Bousselham (2006a) 16  Y Y  Y Y   Y   Y  Y    
Bousselham (2006b) 8  Y Y  Y Y   Y   Y  Y    
Pellegrino (2006) 8 Y    Y    Y   Y  Y    
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Leung (2007) 12    Y Y       Y  Y    
Monti (2007) 19 Y    Y      Y Y  Y   Y 
Mosallam (2007) 6 Y     Y    Y  Y  Y    
Anil (2008) 5  Y   Y      Y Y Y   Y Y 
Grande (2008) 7 Y  Y  Y       Y  Y    
Kim (2008) 9 Y  Y   Y     Y Y  Y    
Pellegrino (2008) 4 Y    Y    Y   Y  Y     
Sundarraja (2008) 8 Y     Y   Y    Y Y    
Grande (2009) 7 Y    Y    Y   Y Y Y    
Sundarraja (2009) 8 Y    Y      Y Y Y Y    
Lee (2011) 14  Y Y   Y     Y  Y Y    
Mofidi (2011) 14  Y       Y   Y Y Y    
Lee (2012) 10 Y    Y      Y   Y Y    
Belarbi (2012) 6  Y   Y      Y   Y   Y 
Panda (2013) 18  Y   Y    Y    Y Y   Y 
Bousselham (2013) 12  Y  Y       Y Y  Y    
Alsayed (2013) 6 Y    Y      Y Y  Y    
 
 
Colalillo (2012, 2014a) 15 Y    Y    Y   Y    Y   
Mofidi (2014) 10  Y       Y   Y  Y     
Ozden (2014) 10  Y        Y    Y   Y 
Mostofinejad (2016) 7 Y          Y Y Y Y   Y  
Robert Foster (2016) 15  Y  Y Y       Y  Y   Y 
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CHAPTER THREE 
EXPERIMENTAL PROGRAM 
BOND-SLIP TEST 
3.1. Introduction  
 
This chapter presents the experimental test programme which was employed to investigate the 
response of the CFRP-to-lightweight concrete interface compared with companion samples cast 
with normal weight aggregate concrete. The experimental programme consists of testing the 
material mechanical properties and fifty concrete prism tests using a new strategy of double-lap 
shear tests at the University of Salford’s Structures Laboratory. The details of the experimental 
tests program carried out in this study were presented in this chapter including samples design 
and manufacturing, fabrication, test setups, instrumentation, loading conditions, and the 
experimental results and discussion on the double-lap shear test outcomes. In addition, the 
parametric study of the bond characteristics is mentioned in this chapter. 
3.2. Bond-Slip Test 
 
The bond behaviour between CFRP composite and concrete is vital in shear and flexural 
retrofitting for transfer of bond stress between the FRP reinforcement and concrete surface. In 
this research, the experimental set-up represents double-face shear debonding tests on CFRP 
reinforcement bonded to the surface concrete prisms cast with LWAC and NWAC. The CFRP 
bonded lengths, width, thickness and fibre orientation of CFRP sheet were varied in order to 
understand the fracture behaviour and the effectiveness of CFRP on lightweight concrete. It is 
envisaged that these tests will present reliable relationships for the interfacial bond between 
LWAC and CFRP composite. The specific aims of this test are: 
  
1. To determine the maximum bond and effective bond length at debonding by testing a large 
number of concrete prisms cast with LWAC and NWAC strengthened with CFRP 
composite.     
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2. The experimental results were used to check the validity of the proposed theoretical model 
which is developed in this study and the available theoretical models which have been 
established by other Authors.  
3.3. Test Programme  
  
The entire experimental program comprises 55 concrete prisms divided into four phases, each 
phase examines a different number of samples cast with LWAC and NWAC bonded with CFRP 
sheets in eight different CFRP configuration techniques (each technique was repeated in three to 
four LWAC samples and two NWAC samples). All specimens of NWAC and LWAC were cast 
as the same grade of concrete (i.e. the same compressive strength) to minimise any uncertainties 
between these two types of concrete. The details of each series are described as follows:  
 
1. Series (BN/L1) contained twenty-one concrete prisms: twelve specimens were cast with 
LWC and nine specimens were cast with NWC. The specimens were bonded with CFRP 
sheets of 100 mm width and varying lengths of 100, 150 and 200 mm. The main purpose of 
this series of tests was to determine the bond strength properties, bond-slip behaviour and 
effective bond length. 
2. Series (BN/L2) contained twelve concrete prisms: eight prisms were cast with LWAC and 
four specimens were cast with NWAC. This series was designed to study the behaviour of 
CFRP bonded sheets when a pull-out force was inclined to the direction of FRP fibre. The 
angle between the FRP fibre and the loading direction was varied at orientation angles of 0o, 
45o and 90o. 
3. Series (BN/L3) contained ten concrete prisms in which six prisms were bonded with LWAC 
and four prisms were cast with NWAC. This series examined the effect of using double 
parallel and perpendicular layers of CFRP sheets.   
4. Series (BN/L4) contained twelve concrete prisms: eight prisms were cast with LWAC and 
four prisms were cast with NWAC. The width of the CFRP sheet (50, 100 and 150 mm) was 
varied in this series. The main purpose of these tests was to study the effects of the CFRP-to-
concrete width ratio. The detail of strengthening techniques is shown in Table (3.1).  
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Table (3.1): Detail and strengthening techniques of the tested samples. 
Specimen Strengthening Detail Strengthening 
Configurations 
 
BN/L1-1 
 
CFRP sheet (100x100) mm 
with 00 orientation 
 
 
 
 
 
 
 
 
 
BN/L1-2 
 
CFRP sheet (100x150) mm 
with 00 orientation  
 
 
 
 
 
 
 
 
BN/L1-3 
 
 
 
 
 
 
 
 
CFRP sheet (100x200) mm 
with 00 orientation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
150 mm 
100 mm 
BL/N1-2 
200 mm 
100 mm 
BL/N1-3 
100 mm 
100 mm 
BL/N1-1 
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BN/L2-1 
            
CFRP sheet (100x100) mm 
with 900orientation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
BN/L2-2 
 
CFRP sheet (100x100) mm 
with 450orientation 
 
 
BN/L3-1 
 
 
 
 
 
 
 
 
Double CFRP sheet 
(100x100) mm with 00/00 
orientation 
 
 
 
 
 
100 mm 
100 mm 
BL/N3-1 
100 mm 
100 mm 
BL/N2-1 
BL/N2-2 
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Note: the letters ‘’BL’’ refer to LWAC samples and ‘’BN’’ refer to NWAC. 
 
 
 
 
BN/L3-2 
 
 
 
 
Double CFRP sheet 
(100x100) mm with 00/900 
orientation  
 
 
BN/L4-1 
 
 
CFRP sheet (50x150) mm 
with 00 orientation 
 
 
 
 
 
 
 
 
 
 
 
 
BN/L4-2 
 
CFRP sheet (150x150) mm 
with 00 orientation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
100 mm 
100 mm 
BL/N3-2 
150 mm 
50 mm 
BL/N4-1 
150 mm 
150 mm 
BL/N4-2 
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3.4. A New Strategy of Double-Lap Shear Test (DLS) 
 
Different test arrangements have been employed to investigate the bond-slip response of 
FRP/concrete joints. For instance: single-lap shear tests, double-lap shear tests, and beam tests. 
The outcomes of these tests revealed that the bond-slip responses vary from one experiment to 
another. Thus, it is not readily to understand the real response of the FRP/concrete joint, 
especially in double-lap shear tests. The expected reason for this variance in results may be 
attributed to the moment developed by the eccentricity between the top and bottom bar ends 
when the samples were positioned on the test machine to apply a tensile force which played an 
important role in the local bond strength (Nakaba et al. 2001).  
 
Modifications are used in this study to minimise the required time to prepare the samples for 
testing and reduce the issues developed with samples manufacturing and handling as well as 
securing the alignment between the top and bottom bars when the samples are positioned in the 
testing machine. The same strategy and model dimensions were carried out by Al-Juboori, 
(2011) to investigate the bond response between CFRP and normal weight concrete prior this 
study. 
 
In this study, the CFRP–concrete bonding was examined by testing a number of specimens with 
CFRP reinforcement bonded to concrete prisms. The nominal dimensions of the prismatic 
concrete prisms were as follows: length, L = 280 mm; width, b = 200 mm; and height, h = 90 
mm. The CFRP reinforcement was attached in the centre on both sides of the concrete blocks. 
The concrete blocks were sawn into two separate parts as shown in Figure (3.1), and then re-
jointed by two 6 mm threaded rods.  
 
In a typical test, the tensile load is applied to the steel bar ends, which had been cast in the 
concrete block (the steel bar diameter was 18 mm). Figures (3.1) and (3.2) show the steel bars 
inside the timber moulds, which have also been cut into two parts with the concrete block. To 
avoid any moment caused by the eccentricity between the top and bottom grips when the 
specimens are set on the loading machine, there are two longitudinal holes of 8 mm diameter 
(two aluminium tubes), provided to facilitate clamping of the sample ‟ halves‟ before testing 
whilst loading into the tensile test machine. The threaded rods were released before testing, as 
shown in Figure (3.3 (c)). Also, a plastic sheet was placed between the two parts of the concrete 
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block to avoid any undesirable bond between the concrete blocks from the adhesive entering this 
interface.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3.1): Process of preparing the two concrete blocks for bond testing. 
  
Figure (3.2): Timber moulds used to cast the specimens. 
 
(a) After cast (b) After sawing (c) The two concrete blocks 
after bonding  
280 mm 
200 mm 
18 mm Steel 
bar  
Two aluminium tubes 
Two threaded rods 
200 mm 
90 mm Central steel bar  
CFRP sheet  
(d) Top view of the concrete 
blocks  
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3.5. Test set-up 
 
In this study, the samples were tested in a 50 kN capacity Instron tensile test machine. To negate 
the effects of any eccentricity causing moment on the sample during testing, a ‘ball- and- socket’ 
connection was employed as shown in Figure (3.3b). In most of the cases, the ultimate slip was 
less than 1.5 mm. The displacement of 0.24 mm/min was kept during the test program in order to 
eliminate the inertial effect of applied load and to measure enough data over a small period of 
time (the experiment was expected to last about 1 to 3 mins with the loading rate of 0.24 
mm/min). The global slip was measured using two linear variable displacement transformers 
(LVDTs), which were set up on both sides of the concrete block as shown in Figure (3.3a).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3.3): Detail of bond-slip test. 
 
 
(a) Test set-up  
 
(b) Ball-joint to 
cancel a moment. 
 
  (c) Sectional view of 
the concrete block 
 
LVDT LVDT   
Ball-joint 
 
Released 
threaded rods 
before testing 
Central line 
Electric resistance 
strain gauges CFRP sheet 
(d) Application of the strain 
gauges on the CFRP 
composite. 
 
Bonding length 
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To investigate the strain distribution along the length of the CFRP sheet, a series of 3 mm-long 
Tokyo Sokki Kenkyuio co., Ltd strain gauges were attached to the top surface of the CFRP 
sheets on two samples of BL/N1-1, BL/N1-2 and BL/N1-3 as shown in Figure (3.3d). The gauge 
factor, gauge resistance and temperature compensation for the strain gauges was 2.12±1 %, 
120±0.5 Ω and 11.9x10-6/°C, respectively.  
 
In all samples, the strain gauges were attached along the centre line of the bonded width. Strain 
gauges were attached at close distances along the length of CFRP sheet in one part of the sample. 
The first strain gauge was installed at the centre of the concrete samples and the others were 
installed along the bond length of the CFRP reinforcement. The location of the strain gauges are 
reported in Table (3.2). 
 
Table (3.2): Position of the strain gauges along the bonded length. 
3.5. Material Properties  
3.5.1. Concrete Mixture 
 
Type I ordinary cement that conformed to the requirements of (BS EN 197, 2000) was used in 
the preparation of NWAC and LWAC mixtures. Coarse granite and sand aggregates were used in 
the preparation of NWAC mixtures, whereas Pulverized Fuel Ash (Lytag) and sand aggregates 
were used in the preparation of lightweight aggregate concrete (LWAC) mixture; the typical 
shape of Lytag aggregates are shown in Figure (3.4). The oven dry loose bulk density of Lytag 
aggregates is typically in the range of 700 to 800 kg/m3. Normal weight aggregates have typical 
loose bulk densities of 1550 kg/m3 (Lytag UK, 2011). Thus, the weight of Lytag aggregate is 
approximately 50% of normal weight aggregate. Lytag aggregate absorbs approximately 15% of 
its own weight when immersed under water (Lytag UK, 2009). 
Distance of the strain gauge from the Center of specimen (mm) 
Bonded Length 
of CFRP sheet 
(mm) 
 
SG-1 SG-2 SG-3 SG-4 SG-5 SG-6 SG-7 SG-8 SG-9 
50  0 10 25 40 50     
75  0 10 25 40 50 60 75   
100  0 10 25 40 60 70 80 90 100 
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This must be allowed for in the mix design and batching to secure that the correct volume of 
water is added. In Tables (3.3) and (3.4), the physical and chemical analysis of Lytag aggregate 
are summarised based on manufacturing information and the results obtained by the State 
Company of Geological Survey and Mining (SCGSM) in Iraq (SCGSM, 1983). 
 
Figure (3.4): Typical Lytag shape. 
Table (3.3): Physical properties of Lytag aggregates (Lytag UK, 2011). 
 
 
 
 
 
 
In this work, the nominal size of natural gravel ranges between 14 to 20 mm while, Lytag 
aggregates having a maximum aggregate size of 14 mm comply with the gradation 
recommended by BS 882, (1992) and BS 3797, (1990) for structural concrete as shown in Table 
(3.5) for natural weight aggregates and Table (3.6) for Lytag aggregates. Graded and normal 
weight natural sand with a maximum particle size of 5 mm was used as fine aggregate 
throughout, the grading of the sand conformed to the requirement of BS 882, (1992) as shown in 
Table (3.7).  
 
 
 
Moisture Content as delivered  15% 
Long term Moisture Content  30% 
Particle Density 1300-2650 kg/m3 
Permeability  1.3x10-1 m/s 
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Table (3.4): Chemical analysis of Lytag aggregates (SCGSM). 
Oxides % by weight 
SiO2 48.86 
Al2O3 23.97 
Fe2O3 5.42 
CaO 4.8 
MgO 2.8 
SO3 < 0.07 
Na2O 0.9 
K2O 2.7 
 
Table (3.5): Grading of natural aggregates. 
No. Sieve size (mm) % Passing % passing of the 
overall limit of BS 882 
1 20  100 90-100 
2 14  57.2 40-80 
3 10  32 30-60 
4 5  3.2 0-10 
 
Table (3.6): Grading of Lytag aggregates. 
No. Sieve size (mm) % Passing % passing of the 
overall limit of BS 3797 
1 20  100 100 
2 14  97 95-100 
3 10  75.3 50-95 
4 5  8.8 0-15 
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Table (3.7): Grading of natural sand aggregates. 
No. Sieve size % Passing % passing of the 
overall limit of BS 882 
1 5 mm 98 89-100 
2 2.36 mm 88 60-100 
3 1.18 mm 82 30-100 
4 600 µmm 68.5 15-100 
5 300 µmm 14.3 5-70 
6 150 µmm 1.6 0-15 
 
 
3.5.2. Mix Design 
 
For the purpose of comparison, one grade of NWAC and LWAC mixtures were designed in this 
research. The mix designs for NWAC concrete were carried out according to British standard 
procedures based on The Design of Normal Concrete Mixes by Teychenne et al (1988), whereas 
the mix designs for lightweight concrete were largely based on information provided by the 
aggregate manufacturers and previous research (Lytag UK, 2006; Al-Shamaa, 2010 and BS EN 
13055, 2016).  
The objective of the concrete mix design was to have a slump of 75 mm, and a 28-day cube 
compressive strength of 40 N/mm2. Various trial mixes were used to achieve the required 
strength; the mix details of normal and lightweight concrete are given in Table (3.8). 
Table (3.8): The mix properties of concrete. 
No. Concrete Type Water kg/m3 Cement 
kg/m3 
Sand 
kg/m3 
Coarse Agg 
kg/m3 
Design 
strength 
N/mm2 
1 NWAC 192 400 667 1184 40 
2 LWAC 216 480 485 715 40 
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3.5.3. Mixing, Casting and Curing 
  
NWAC and LWAC block samples were cast in a specially designed 90 mm thick wood formers 
of net internal dimensions of (200 x 280 mm) and externally vibrated. A tilting drum mixer was 
used for mixing the concrete. All the LWAC and NWAC were cast in a single batch each. In 
addition, six concrete cubes (100 x 100 x 100 mm), four concrete cylinders (150 dia. x 300 mm) 
and six prisms (100 x 100 x 400 mm) were cast from each batch to determine the uniaxial 
compressive strength, the Young’s modulus of elasticity and the modulus of rupture of 
lightweight and normal weight concrete (see Table (3.9)). Initially, the materials used to produce 
LWAC were batched by weight. The water absorption of the Lytag particles should be 
considered when calculating the final batch weight (Lytag UK, 2009).  
The process of producing LWAC was adopted based on information provided by the aggregate 
manufacturers as summarised below:  
1. Mixing of Lytag batch for 30 seconds. 
2. Adding half of the total water and mixing for 1 minute. 
3. The mixer left standing for 15 minutes to allow aggregate water absorption. During that 
period, the mixer was kept covered to minimise evaporation. 
4. Adding the total amount of sand and further mixing for 1 minute. 
5. Adding the cement and mixing for 1 minute. 
6. Adding the remaining half of the water. 
7. Further mixing for two minutes. 
The mixing procedure of normal weight concrete was adopted as specified in BS 1881-125 
(2013). Constituent materials were mixed as outlined below: 
1- Mixing the batch of coarse and fine aggregate for 30 seconds. 
2- Adding half of the total water and further mixing for 1 minute. 
3- The mixer left standing for 8 minutes to allow aggregate to absorb water. 
4- Adding the cement and further mixing for 30 seconds. 
5- Adding the remaining half of the water and further mixing for two minutes. Figure (3.5) 
shows the casting specimens.  
Chapter Three                                                                                                            Bond-Slip Test 
 
75 
 
 
Figure (3.5): Casting the bond-slip samples. 
3.5.4. Concrete Mechanical properties 
  
The mechanical properties for the LWAC and NWAC used in the study were evaluated 
according to British codes, which are detailed with each test below. The mechanical properties 
such as compressive strength, modulus of elasticity, flexural strength and concrete dry density 
will be presented in the following sections.  
 
3.5.4.1. Concrete Cube Compressive Strength  
 
Six (100 x 100 x 100) mm cubes each of the LWAC and NWAC mixture were prepared and 
tested for compression strength according to BS1881-116 (1983).  All of the LWC cubes that 
were tested in this series failed with the failure plane passing through the aggregate, indicating 
that the LWAC was affected by the tensile strength of the aggregate as shown in Figure (3.6). 
 
 
Figure (3.6): Typical failure plane of LWAC cube. 
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3.5.4.2. Modulus of Elasticity 
  
The modulus of elasticity of LWAC and NWAC specimens was established according to the 
method described in BS1881-121 (1983). The test involved step loading of cylinders (150 x 300 
mm) from the lightweight and normal weight concrete mix used in the bond-slip test up to 30% 
of the maximum crushing load. The average modulus of elasticity for LWAC was (22900 
N/mm2). The equipment and specimen setup during testing are shown in Figure (3.7). The 
average modulus of elasticity for the LWAC is approximately 77% to those of the NWAC of 
similar strength. 
 
 
Figure (3.7): Modulus of elasticity test. 
3.5.4.3. Flexural tensile strength 
 
In this work, flexural tensile strength tests were carried out on NWAC and LWAC concrete 
mixtures in accordance with BS1881-118 (1983). As explained in the previous section, six 
prisms (100 x100 x500 mm) of each mixture were cast and tested to obtain the concrete tensile 
strength. Figure (3.8) shows the relationship between the tensile strength and the square root of 
cube compressive strength of the LWAC and NWAC mixtures. Based on the theses results, a 
linear empirical equation is suggested for the flexural tensile strength as shown in Equation (3.1) 
and (3.2). 
       
௖݂௧(௅ௐ஺஼) = 0.458ඥ ௖݂௨                                                                                                                            (3.1) 
௖݂௧(ேௐ஺஼ = 0.532ඥ ௖݂௨                                                                                                                           (3.2) 
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Figure (3.8): Relationship between tensile strength and cube compressive strength of the LWAC 
and NWAC mixture. 
 3.5.4.4. Hardened Density 
 
The average of six concrete cubes (100 x100 x 100) mm for each mix design was used to obtain 
the oven-dried density according to the BS1881-114 (1983). Table (3.9) presents a summary of 
these mechanical properties. 
2.6
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Table (3.9): Concrete mechanical properties. 
Concrete Type Average cube concrete 
strength ௖݂௨  (MPa) 
Average flexural 
tensile strength ௖݂௧ 
(MPa) 
Average modulus 
of elasticity ܧ௖ 
(MPa) 
Average concrete 
density ߩ௖ 
(kg/m3) 
NWAC 41.6 3.4 29670 2345 
LWAC 40.1 2.9 22900 1760 
 
3.5.5. CFRP sheet  
  
A unidirectional CFRP sheets (C Sheet 240) supplied by Weber UK, (2008) were attached to the 
concrete blocks. The sheets physical and mechanical properties are summarised in Table (3.10) 
based on information provided by Weber UK, (2008). 
Table (3.10): Physical and mechanical properties of the CFRP sheet. 
          Physical properties 
Fibre density 1.7 kg/cm3 
Sheet weight 200 g/cm2 
Thickness 0.1178 mm 
                  Mechanical properties 
Modulus of elasticity 240 GPa 
Tensile strength 4000 MPa 
strain at failure  1.6% 
 
3.5.6. Adhesives Layers  
  
Epoxy plus primer (EN-Force primer) and epoxy plus adhesive (EN-Force bonding adhesive) 
were used to bond CFRP composite to the concrete substrate, respectively. Both primer and 
adhesive are two-component epoxy based adhesives. Part A of the epoxy is the base component 
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while Part B is the hardener which should be made of approximately 2/3 base and 1/3 hardener 
according to the manufacturer recommendations. The physical and mechanical properties of the 
primer resin and the physical properties of adhesive bonding are summarised in Table (3.11) and 
(3.12) based on information provided by (Weber UK, 2013). 
 
Table (3.11): Physical and Mechanical properties of the Primer resin. 
          Physical properties 
Colour Translucent 
Density 1.12 kg/litre 
Thickness of application 100µm 
                  Mechanical properties 
Compressive strength 100 N/mm2 
Tensile strength 19 N/mm2 
Flexural strength   30 N/mm2 
Bond to concrete > 5.3 N/mm2 
Young’s modulus 5 kN/mm2 
 
Table (3.12): Physical properties of the bonding adhesive. 
Colour White, semi transparent 
Density 1.3 kg/litre 
Thickness of application 300µm 
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3.6. Bonding of CFRP to concrete Surface 
  
The surface of the concrete is needed to be prepared using suitable techniques to get the required 
bond stresses transference as well as to improve the bond strength between the CFRP sheet and 
concrete substrate. The thin layer of concrete mortar adjacent to the CFRP reinforcement should 
be removed to secure that the FRP reinforcement is attached directly to the surface of the 
concrete sample. This allows the FRP/concrete joint to transfer more shear and normal stresses 
as well as to increase the bond strength between CFRP reinforcement and concrete surface.  
 
In this study, the surfaces of the concrete blocks, where the CFRP sheet would be glued, were 
ground to a fine finish with a stone wheel to remove the top layer of mortar, just until the 
aggregate was visible (approximately 2-3 mm). Due to the very small dimension of the marble 
powder glued to the wheel, the concrete surface was very smooth as shown in Figure (3.9). Then, 
the concrete surface was covered with a thin layer of primer. After that, the CFRP sheets were 
applied to both sides of the concrete prisms with two-component epoxy adhesive with a 
relatively uniform thickness of 1–1.2 mm. The same procedure was adopted by Al-Juboori, 
(2011). The steps of the preparation of the samples are summarised in Figure (3.10).     
 
 
Figure (3.9): Surface preparation of the samples. 
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(a) Preparing the sample moulds. (b) Casting the samples. (c) Striking the samples and grinding. 
 
(d) Cutting the samples. (e) Re-joining the samples. (f) Planning the samples. 
 
(h) Cutting CFRP sheet. (i) Bonding CFRP to the concrete surface. (g) Testing samples. 
 
Figure (3.10): Sample manufacturing and testing. 
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3.7. Results Analysis  
 
The experimental results of the pull-off double shear-lap tests between the CFRP sheets and the 
lightweight/normal weight concrete prisms are now presented and discussed in order to 
understand the bond characteristics, fracture behaviour and the effectiveness of CFRP to retrofit 
LWAC compared to NWAC 
3.7.1. Failure Condition Summary 
Failure conditions noticed from the experimental program are provided here to discuss the 
observed failure modes based on these test observations. This includes photos taken during and 
after testing, which show typical failure modes in the tested LWAC and NWAC specimens. 
In general, the failure conditions of the LWAC samples were due to crack propagation within the 
concrete. This led to a brittle failure of the concrete and sometimes resulted in concrete 
debonding. In contrast, the most common failure observed in the NWAC samples was concrete 
debonding and sometimes adhesive debonding. The crack intensity was more prevalent in 
LWAC specimens compared to NWAC specimens, it can be noticed that crushing of the 
concrete underneath of CFRP composite for samples cast with LWAC was evident.  
Figure (3.11a and b) compares the concrete failure between two samples having the same 
strengthening techniques of CFRP composite, one made from LWAC and the other one from 
NWAC used as an example in this study. The higher peeling width and thickness in the LWAC 
samples compared to similar strength NWAC may be due to the lower shear strength for Lytag 
aggregates compared to that of normal aggregates. 
As bond failure developed in the specimens BL1-1, BL3-1, BL3-2 and BL4-1, small diagonal 
cracks developed at the centre of the specimen. These cracks never extended significantly 
outwards from the centre of the samples. The angle of the cracks suggests an edge effect, 
affecting the crack propagation, the same failure observed by McSweeney and Lopez. (2005) and 
Yao et. al (2005) prior to this study. As more load was applied, these samples developed 
additional small cracks near the centre of the concrete prism. Once the crack appeared, they 
propagated rapidly towards the upper surface of the tested concrete sample, which led to the 
sudden brittle failure of the concrete prism by the formation of a diagonal fracture plane as 
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shown in Figure (3.12a and b). The same failure mode was observed for the NWAC samples of 
the BN3-1 and BN3-2 series as shown in as shown in Figure (3.12c and d). 
 
Figure (3.11): Comparison of failure modes between LWAC and NWAC samples. 
 
 
 
Figure (3.12). Typical failure in the concrete prism (CF) in LWAC and NWAC specimens (a) 
Front view of LWAC specimen, (b) Side view of LWAC specimen, (c) Front view of NWAC 
specimen, (d) Side view of NWAC specimen. 
 
All the samples of BL1-2, BL1-3 and BL4-2 and BN4-2 series failed due to concrete debonding 
adjacent to the adhesive-concrete interface, where concrete layers of different thickness were 
broken and attached to the CFRP sheet. The debonding failure between the CFRP sheet and the 
Concrete fracture Plane 
(CF) 
Concrete fracture Plane 
(CF) 
(a) LWAC samples  (b) NWAC samples  
Failure by debonding 
of thick concrete layer 
Failure by adhesive 
debonding  
(a)  (b)  (c)  (d)  
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concrete was extremely brittle and the duration of the debonding process was mainly influenced 
by the bond area.  
 
The failure process started with small concrete cracking evident near the specimen centre. As the 
load increased, the small cracking in the concrete initiated CFRP debonding from the concrete 
surface near the sample centre and then propagated towards the upper far end of the FRP sheet. 
This eventually led to full detachment of CFRP strips from the concrete surface as shown in 
Figure (3.13).  
 
 
 
 
Figure (3.13): Typical failure concrete debonding of LWAC specimens (a) Front view of BL1-3 
specimen, (b) Side view of BL1-3 specimen, (c) Front view of BL4-2 specimen, (d) Front view 
of BL4-2 specimen without CFRP sheet. 
 
The samples of BN1-1, BN1-2, BN1-3, and BN4-1 series showed combined failure modes. All 
these samples failed by debonding of small pieces of concrete near the sample centre followed 
by debonding of a thin layer of concrete just under the CFRP sheet in samples BN1-1, BN1-2 
and BN1-3 or adhesive debonding in BN4-1. This may be due to the higher stiffness of normal 
weight particles and the surrounding cementitious matrix which resists the crack propagation 
from the centre of the concrete sample toward the free end leading to stress concentration. This 
concentration causes debonding of the concrete near the centre of the sample. Figure (3.14) 
shows the typical failure mode of these specimens.  
Concrete debonding (CD) 
Concrete debonding (CD) 
 
 
(b)  (a)  (c)  (d)  
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Figure (3.14): Typical combined failure concrete debonding of NWAC specimens (a) Failure of 
specimen BN1-1, (b) Failure of specimen BL1-2, (c) Failure of specimen BL4-2. 
The three specimens of each BL2-2 series which have CFRP sheet orientated at 450 with respect 
to the direction of applied load, failed by concrete failure near the centre of the sample as shown 
in Figure (3.15a). In contrast, the BN2-2 samples series failed by adhesive debonding near the 
centre of the samples as shown in Figure (3.15b). The remaining specimens of BL2-1 and BN2-1 
series which have CFRP sheet orientated at 900 with respect to the direction of applied load 
failed by CFRP sheet rupture as shown in Figure (3.16). This is expected due to the fact that the 
fabric used in CFRP systems generally has the highest tensile strength in the direction of the 
principal fibres. 
 
 
Figure (3.15): Typical failure mode of concrete sample with 450 fibre orientation (a) Failure of 
specimen BL2-2, (b) Failure of specimen BN2-2. 
 
 
Concrete debonding 
(CD) 
(a)  (b)  
(a)  (b)  
(c)  
Adhesive 
debonding (AD) 
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Figure (3.16): Typical FRP rupture failure of concrete sample with 900 fibre orientation (a) 
Failure of specimen BL2-1, (b) Failure of specimen BN2-1. 
3.7.2. Load–Slip Relationships 
 
The global load-slip curves are presented in this section to show the applied load at the bar end 
versus the average slip measurements collected from the two LVDTs gauges that were attached 
on both sides of the concrete block close the centre of the sample. Figures (3.17) to (3.24) show 
the experimental bond-slip results of the tested samples. The load-slip response of the most 
tested can be categorised into two major zones. The first stage is defined as ‘primary zone’ and 
the second stage is defined as ‘degradation zone’.   
 
During the primary zone, the displacement increases linearly with the load. The slopes of curves 
which have the same strengthening technique are similar. Rapid increases in the global slip 
indicate the initiation of small interfacial cracks at the interface between concrete and the CFRP 
reinforcement, then the slopes of the curves were decreased which is indicated the occurrence of 
the degradation zone until the development of the large interfacial cracks. Eventually, when the 
large cracks reach a specific length, debonding develops at the interface. The main differences 
between the curves were observed for the later stage of loading as the degradation zone was 
realised. Some of the reasons for this variance are attributable to: 
 
 The eccentricity between the top and bottom grips which results in higher bending stresses 
after the initiation of local debonding (regardless of the new strategy used in this test). 
 The variance in concrete strength which influences the bond-slip for the CFRP/concrete joint. 
(a)  (b)  
Chapter Three                                                                                                            Bond-Slip Test 
 
87 
 
In this Study, both specimens cast with LWAC and NWAC showed the same load-slip response. 
However, the difference in maximum debonding load and the slope of the load-slip curves can be 
easily highlighted in Figures (3.17) to (3.24). It can be seen that the NWAC samples showed 
higher bond strength and higher slope of the load-slip curves than those samples cast with 
LWAC, especially in the degradation zone. This is attributed to the higher shear strength and 
stiffness of NWAC compared with LWAC. Figures (3.17) to (3.19) which show the load-global 
slip relationships of the LWAC and NWAC specimens with different bond lengths. It can be 
seen that the load-slip curve tends to form a plateau response for samples with longer lengths of 
the CFRP sheet and the length of the plateauing trend increases with the length of the CFRP 
composite followed by a considerable increase of global slip with marginal increases in bond 
strength till the total  debonding of the CFRP sheet from concrete surface.  
  
 
Figure (3.17): Load versus total slip, experimental bond-slip results of BL/N1-1 specimens. 
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Figure (3.18): Load versus total slip, experimental bond-slip results of BL/N1-2 specimens. 
 
 
Figure (3.19): Load versus total slip, experimental bond-slip results of BL/N1-3 specimens. 
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strongly increase the stiffness of the CFRP-concrete interface. as shown in Figures (3.20) to 
(3.23). 
 
 
Figure (3.20): Load versus total slip, experimental bond-slip results of BL/N3-1 specimens. 
 
 
Figure (3.21): Load versus total slip, experimental bond-slip results of BL/N3-2 specimens. 
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Figure (3.22): Load versus total slip, experimental bond-slip results of BL/N4-1 specimens. 
 
 
Figure (3.23): Load versus total slip, experimental bond-slip results of BL/N4-2 specimens. 
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The load-slip relationships for all the LWAC and NWAC specimens with 45o fibre orientation of 
CFRP sheet are identical in shape. The applied tensile load increases linearly with an increase in 
a global slip in the primary zone and after a specific stage, a non-linear load-slip response 
observes which indicates the initiation of the interfacial cracks within the joint. For further 
loading, the load-slip response tends to form a plateau trend until the final failure developed as 
the CFRP reinforcement detached from the surface of concrete, as shown in Figure (3.24).  
 
Figure (3.24): Load versus total slip, experimental bond-slip results of BL/N2-2 specimens. 
 
3.7.3. CFRP Strain Distributions  
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BN1-2 and BN1-3 series. These data are used as an example to understand the process of 
debonding and to show the typical strain distribution profile along the length of the CFRP sheet. 
Figures (3.25) to (3.36) show the distributions of strain at different levels of maximum load 
(20%, 40%, 60%, 80%, 90% and 100% of the maximum load) for LWAC and NWAC samples 
with different bonded lengths. 
Each curve plotted corresponds to the strain distribution along the CFRP sheets at a particular 
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descending trend is attributed to the low axial stiffness of the bonded CFRP composite sheet with 
respect to that of the concrete substrate, it can be also noted that the LWAC and NWAC showed 
similar trends at very low level of loading, approximately less than 40% of the maximum load. 
 
Increasing the load before primary debonding leads to upward shifting of the curve, but the strain 
trend does not change. However, when the load value goes beyond 60% of the maximum load, 
cracks start to develop, and this cracking leads to a clear change of the strain distribution in the 
CFRP sheet. The profiles tended to attain a linear shape and the slope of the strain curve near the 
specimen centre tended to decrease in some tested samples. Since the slope of the curve reflects 
the rate of change in strain in the CFRP Sheet (which is proportional to the local shear stress), 
the decrease of the slope shows shear softening along the CFRP-concrete interface. 
  
At a certain load level before local debonding, the strain profile at the beginning of the bonded 
length almost remains constant up to the failure of the joint. This means that the concrete prism 
begins failure at the loaded end. It also follows that the portion of the CFRP sheet near the 
loaded end of the specimen cannot transfer load. The strain gauges far from the centre measure 
strain which indicates the load transfer zone shifted away from the loaded end of the specimens 
towards the centre of the sample. The same conclusion was obtained by Yao et al. (2005).  
 
In the study, the ‘Active transfer strain zone’ is defined as the distance between the points of the 
maximum strain at the centre of the sample to the point of the minimum strain. The strain 
distributions of the two LWAC samples having 50 mm bonded length (BL1-1a and BL1-1b) 
have been plotted in Figures (3.25) and (3.26). The patterns of strain distribution of these 
samples were similar to those obtained for NWAC samples (BN1-1a and BN1-1b) as shown 
Figure (3.27) and (3.28). The active transfer strain length was approximately 50 mm up to the 
maximum load level. The maximum recorded strain reading in the case of LWAC samples was 
approximately 4600 µm/m and 3600 µm/m for NWAC samples. 
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Figure (3.25): Strain versus distance from the centre of the specimen BL1-1a. 
 
Figure (3.26): Strain versus distance from the centre of the specimen BL1-1b.  
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Figure (3.27): Strain versus distance from the centre of the specimen BN1-1a.  
 
 
Figure (3.28): Strain versus distance from the centre of the specimen BN1-1b.  
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having 75 mm bonded length. The maximum recorded strain reading was approximately 6800 
µm/m for LWAC and NWAC samples. 
 
Figure (3.29): Strain versus distance from the centre of the specimen BL1-2a. 
 
Figure (3.30): Strain versus distance from the centre of the specimen BL1-2c.  
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Figure (3.31): Strain versus distance from the centre of the specimen BN1-2a. 
 
 
Figure (3.32): Strain versus distance from the centre of the specimen BN1-2b. 
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approximately ranges between 70-75 mm. The same behaviour was observed for samples cast 
with NWAC having 75 mm bonded length. The maximum recorded strain reading was 
approximately 8300 µm/m in the case of LWAC specimens and 4800 µm/m for NWAC samples. 
 
Comparison between LWAC and NWAC samples showed that there is no significant difference 
in strain distribution at the low level of the applied load (up to 40% of the maximum load), the 
difference can be noticed after 60% of maximum load (cracking stage). The changes in strain 
distribution between lightweight and normal weight concrete depend on the crack intensity and 
crack propagation which is more prevalent in LWC samples compared with normal weight 
samples. It can also be observed that the normal weight concrete samples showed a flatter 
distribution while lightweight samples showed non-uniform strain distribution in most cases 
particularly, at the end of CFRP sheet due to local debonding of concrete.  
 
The noticeable difference between LWAC samples and those of NWAC in terms of strain 
distribution are that the strain gauges attached near the far end of the CFRP sheet in the case of 
LWAC samples read higher strain compared with samples cast with NWAC. This is strongly 
related to the higher crack intensity due to the lower tensile strength of Lytag aggregates which 
allow propagation of the cracks over a large area of the concrete substrate, contrasting with that 
of natural weight aggregates.  
 
Figure (3.33): Strain versus distance from the centre of the specimen BL1-3b. 
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Figure (3.34): Strain versus distance from the centre of the specimen BL1-3c. 
 
 
Figure (3.35): Strain versus distance from the centre of the specimen BN1-3a. 
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Figure (3.36): Strain versus distance from the centre of the specimen BN1-3b. 
 
3.7.4. Local Shear Stress Distribution 
  
Figures (3.37) to (3.48) show the typical distributions of the average local shear stress along the 
length of CFRP composite at different levels of maximum load for the samples of BL/N1-1, 
BL/N1-2 and BL/N1-3 series. The readings of strains along the length of CFRP sheet have been 
used to find the average local shear stress. In this analysis. A linear elastic behaviour was 
assumed for the CFRP reinforcement, the mean value of shear stress between two subsequent 
strain gauges attached along the length of the FRP composite was employed to plot the local 
shear stresses using the following equation (Equation (3.3)) (Mazzotti et al, 2004 and 2008): 
 
߬(̅௜ାଵ)/ଶ =
ܧ௙ ݐ௙(ߝ௜ െ ߝ௜ିଵ)
∆ݔ 
                                                                                                                     (3.3) 
 
Where, ܧ௙ and ݐ௙ are the modulus of elasticity and the thickness of CFRP sheet. ݔ௜ is the strain 
gauge position and ߝ௜ is the measured strain. x is the difference between two subsequent strain 
gauges.  The mean shear stress obtained from Equation (3.3) is lower than those recorded in the 
actual tested specimen.  
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Generally, at low levels of applied load, the local bond stress increases gradually close the centre 
of the samples. For further loading, the bond stress increased away from the centre of the sample. 
At this stage, the linear response of the load-slip trend ends and the large interfacial cracks start 
to develop. The FRP/concrete joint starts its degradation or softening stage, during that the bond 
stress close the sample’s centre decreases gradually. Local debonding of the CFRP composite 
from the surface of concrete develops close the centre and then extends progressively towards 
the far end of the CFRP sheet. The maximum interfacial bond stress is achieved close the far end 
of the CFRP at 100% of the maximum load before global debonding if the length of the CFRP 
sheet higher than the effective length (for the sample with 100 mm bonded length of the CFRP 
reinforcement. These stages of the debonding process are the same as those described for the 
FRP/concrete joint by Yuan et al. (2004).  
It can be seen that the average local shear stress fluctuates along the length of CFRP 
reinforcement in LWAC and NWAC samples. It is noticeable that the maximum bond stress can 
be achieved near the far end of CFRP composite at 100% of maximum load; this may be due to 
the effect of local concrete crushing near the far end of the CFRP sheet. The lowest bond stresses 
were noticed close the centre of concrete specimens is due mainly to the larger strain gauge 
measurements between two subsequent stain gauges close to this region.  
 
For further comparison, the maximum average local shear stress for those specimens cast with 
LWAC is recorded as 9.5 MPa for the BL1-1 specimen’s series and 14.5 MPa and 11.6 MPa for 
the BL1-2 and BL1-3 specimens, respectively. While for NWAC samples the shear stress is 
recorded as 6.6 MPa for the BN1-1 specimen’s series, 8.4 MPa for the BN1-2 samples and 14.46 
for the BN1-3 specimens. 
 
For some samples, negative values of the bond shear stress were obtained along the bonded 
length of the CFRP reinforcement at 60%, 80%, 90 % and 100% of the maximum load levels. 
This is assigned to the differences in the CFRP strain measurements as results of higher cracks 
intensity close the far end of the of the sheet or by the influence of the bending stresses 
developed after the occurrence of the local debonding near the far end of CFRP sheet. The same 
behaviour was observed by Serbescu, (2013) 
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Figure (3.37): Shear stress versus distance from the centre of the specimen BL1-1a. 
 
Figure (3.38): Shear stress versus distance from the centre of the specimen BL1-1b. 
 
 
-2
0
2
4
6
8
10
12
14
16
0 10 20 30 40 50
lo
ca
l S
he
ar
 S
tr
es
s (
M
Pa
)
Distance from the centre (mm)
20% (3.86 kN)
40% (7.73 kN)
60% (11.6 kN)
80% (15.47 kN)
90% (17.4 kN)
100% (19.34 kN)
-2
0
2
4
6
8
10
12
14
16
0 10 20 30 40 50
Lo
ca
l S
he
ar
 S
tr
es
s(
M
Pa
)
Distance from the centre (mm)
20% (3.74 kN)
40% (7.48 kN)
60% (11.22 kN)
80% (14.96 kN)
90% (16.83 kN)
100% (18.71 kN)
Chapter Three                                                                                                            Bond-Slip Test 
 
102 
 
 
Figure (3.39): Shear stress versus distance from the centre of the specimen BL1-2a. 
 
 
Figure (3.40): Shear stress versus distance from the centre of the specimen BL1-2c. 
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Figure (3.41): Shear stress versus distance from the centre of the specimen BL1-3b. 
 
Figure (3.42): Shear stress versus distance from the centre of the specimen BL1-3c. 
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Figure (3.43): Shear stress versus distance from the centre of the specimen BN1-1a. 
 
Figure (3.44): Shear stress versus distance from the centre of the specimen BN1-1b. 
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Figure (3.45): Shear stress versus distance from the centre of the specimen BN1-2a. 
 
Figure (3.46): Shear stress versus distance from the centre of the specimen BN1-2b. 
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Figure (3.47): Shear stress versus distance from the centre of the specimen BN1-3a. 
 
 
Figure (3.48): Shear stress versus distance from the centre of the specimen BN1-3b. 
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Figure (3.49) describes the shear stress versus global slip curves of a point located at 17.5 mm 
from the centre of the BL/N1-2 samples which are used as an example to show the typical shear 
stress-slip response of LWAC and NWAC samples. Local shear stress is derived based on 
Equation (3.3). The shear stress-global slip response shows a non-uniform ascending and 
descending trend and the curves response varied for samples with identical strengthening 
configurations and concrete strength. This is attributed to the effect of crack intensity and the 
location of stain gauges above the cracks which significantly affect the strain reading as well as 
the stress-slip curve along the length of the CFRP reinforcement. 
 
Figure (3.49): Shear stress slip of the BL/N1-2 samples. 
3.7.5. Load-Strain Curves  
 
Load versus strain values of the CFRP to the concrete interface of both the LWAC and NWAC 
samples at a different location from the specimen’s centre are presented in Figures (3.50) to 
(3.52). It can be seen that the load-strain plot for each tested sample consists of three main 
stages: linear (uncracked stage), non-linear (cracked stage) and plateau stages (local debonding 
stage).   
 
The load increases pointedly with a marginal increase in strain measurements up to (0.6Pu) for all 
of the tested samples. After the linear stage, small cracks start to initiate in the FRP/concrete joint 
and the response of the joint becomes non-linear. After the development of larger cracks, the 
load-strain plot tends to form a plateau trend with a marginal increase in strain reading while the 
load increases significantly until global debonding failure occurs. It can be noticed that the 
strains considerably increase before local debonding of the CFRP reinforcement. This trend in 
0
2
4
6
8
10
0 0.2 0.4 0.6 0.8 1
Lo
ca
l s
he
ar
 st
re
ss
 (M
Pa
)
Slip (mm)
BL1-2a
BL1-2c
0
2
4
6
8
10
0 0.2 0.4 0.6 0.8 1
Lo
ca
l s
he
ar
 st
re
ss
 (M
Pa
)
Slip (mm)
BN1-2a
BN1-2c
(a) LWAC (b) NWAC 
Chapter Three                                                                                                            Bond-Slip Test 
 
108 
 
behaviour of the load-strain curves shows no noticeable difference between LWAC or NWAC 
samples.  
 
 
Figure (3.50): Load versus CFRP strain of the specimen BL/N1-1. 
 
 
Figure (3.51): Load versus CFRP strain of the specimen BL/N1-2. 
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Figure (3.52): Load versus CFRP strain of the specimen BL1-3. 
 
3.7.6. Effect of Concrete Type on Interfacial Bond Behaviour 
 
The effect of concrete type on bond strength and slip at failure is discussed in this section. In 
general, the LWAC bond test specimens showed significantly lower bond strength and slightly 
lower slip at failure than those of NWAC of similar strength grade and identical CFRP 
strengthening system. The average bond strength of LWAC samples is lowered between 76% -
97% of those NWAC of similar strength grade as shown in Table (3.13).  
Considering the average bond strength of each series, a new empirical formula is derived in this 
study based on the linear regression analysis carried out on the results of the tested NWAC and 
LWAC samples as shown in Figure (3.53). It can be noted that the LWAC bond strength is 
approximately 0.85 of the NWAC samples having the same strengthening techniques and based 
on this analysis, a new reduction factor (R) is assumed as 0.85 in this analysis as explained in 
Equation (3.4).    
௅ܲௐ஺஼ = ܴ. ேܲௐ஺஼                                                                                                                                    (3.4) 
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Table (3.13): The average bond strength ratio of LWAC to NWAC samples. 
Series ID LWAC Average bond 
strength 
NWAC average 
bond strength 
 ቀ௉ಽೈಲ಴
௉ಿೈಲ಴
ቁ ܺ100 
 
BL/N1-1 
 
19.47 20.11 
 
97% 
BL/N1-2 
 
26.03 29.50 88% 
BL/N1-3 
 
24.81 29.02 85% 
BL/N3-1 
 
21.78 28.10 78% 
BL/N3-2 
 
18.62 22.76 81% 
BL/N4-1 
 
13.46 15.10 89% 
BL/N4-2 
 
21.41 28.15 76% 
 
 
Figure (3.53): Relationship between the bond strength of LWAC and NWAC samples. 
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cast with LWAC. The bond strength is dependent on the residual friction along the bond agent of 
the CFRP reinforcement. Thus, the composition of the lightweight and normal weight concrete 
required to be examined in the study of the interfacial behaviour of the FRP/concrete joints to 
investigate the effect aggregate interlocks and the residual friction on the maximum bond 
capacity between FRP reinforcement and concrete substrate. The effect of LWAC should be 
considered in the current design guidelines by introducing a safety reduction factor due to the 
lower surface tensile strength. The lower strength accelerates substrate failure compared with 
NWAC samples which show higher debonding loads.   
    
The basic difference in shear behaviour between the normal and lightweight aggregate concrete 
is due to the lower tensile strength of concrete and aggregate interlock which may affect the 
efficiency of retrofitting RC structures with FRP reinforcement. The shear capacity of the RC 
members is proportional to the aggregate interlocking effect (Martian and Pantazopoulou, 2001). 
It was concluded that the aggregate interlock influences significantly the shear carrying capacity 
according to the Modified Compression Field Theory (Vecchio and Collins, 1986). At the 
ultimate limit state, the aggregates in the concrete prevent sliding along the plane in which the 
crack forms. This effect is hard to control in experimental tests because it depends on the type, 
size and the distribution of these aggregates in the debonding plane. In lightweight concrete 
retrofitted with epoxy bonded CFRP for shear deficiencies, the failure path is in the substrate of 
concrete due to lower tensile stresses of the aggregate particles as well as by fracture of the 
matrix.  
 
The Lytag aggregates are not strong enough to resist the formation of a crack, as it will extend 
which leads to concrete failure and FRP debonding along the bonding agent. Figure (3.54) is 
used as an example to show the difference in behaviour between LWAC and NWAC samples. It 
can be noticed that the cracks developed in LWAC samples at lower load compared with NWAC 
samples. The second stiffness zone of the LWAC sample was reduced at the beginning of 
cracking stage which causes sample failure at lower debonding load compared with NWAC 
sample. It can be concluded that the lower stiffness’s of lightweight aggregate particles and 
higher crack intensity in LWAC compared with companion samples cast with NWRC are likely 
to increase the shear and normal stresses in FRP reinforcements and at the concrete-FRP 
interface. The increasing in shear and normal stresses may be lead to premature FRP debonding, 
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thus the efficiency of using FRP for shear retrofitting is not fully exploited in lightweight 
concrete. 
 
Figure (3.54): Load-slip curve of BN/L1-3 samples. 
3.7.7. Effect of CFRP Sheet Bonded Length  
  
When the FRP/concrete joint is under pure shear force, at higher loading level, a crack develops 
in the FRP/concrete joint at the loaded end of the FRP reinforcement and gradually extends until 
reaching the far end of the FRP reinforcement. The FRP/concrete joint cannot sustain more force 
and the interfacial bond between FRP reinforcement and concrete surface suddenly drops once 
the interface crack reaches a specific length. The anchorage length or the effective bond length is 
one of the most important properties of the FRP/concrete joint and does not increase with longer 
length of the FRP reinforcement (Hadigheh, 2014). 
 
For the three cases of the BL/N1-1, BL/N1-2, and BL/N1-3 series have the same width and 
thickness (wf = 100 mm and tf  =0.1178 mm) and have different bonded length of CFRP sheet 
(50, 75, and 100 mm), the bonded length measured from the centre of specimens to the far end of 
CFRP sheet on one side of the concrete sample as shown in Figure (3.55). Test results indicate 
that the increase of CFRP sheet length beyond 75 mm does not lead to higher load capacity in 
both LWAC and NWAC samples. However, a larger bond length leads to a longer deformation 
process as debonding propagates along the interface. Based on the mechanism mentioned above, 
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the effective bond length was assumed to be approximately 75 mm for LWAC and NWAC 
samples which showed similar behaviour. Hence it can be concluded that the effective bond 
length is not influenced by concrete type. The test results of these samples are reported in Table 
(3.14). The maximum applied load is plotted versus the CFRP bonded length in Figure (3.56). 
Based on this plot, the load remains constant after Lf = 75 mm in both LWAC and NWAC 
samples.  
Table (3.14): Results of BL/N1-1, BL/N1-2, and BL/N1-3 series. 
Specimen ID Maximum 
Load 
(Pmax) (kN) 
Maximum Slip Corresponding to 
Maximum Load 
(smax) (mm) 
Failure modes 
BL1-1a 19.34 0.30 CF 
BL1-1b 18.71 0.27 CF 
BL1-1c 19.99 0.32 CF 
BL1-1d 19.86 0.37 CF 
BL1-2a 27.31 0.36 DC 
BL1-2b 23.80 0.43 DC 
BL1-2c 27.80 0.50 DC 
BL1-2d 25.22 0.46 DC 
BL1-3a 26.15 0.54 DC 
BL1-3b 27.11 0.56 DC 
BL1-3c 18.50 0.28 DC 
BL1-3d 27.48 0.60 DC 
BN1-1a 18.13 0.25 CF+DC 
BN1-1b 22.10 0.35 CF+DC 
BN1-2a 29.60 0.69 CF+DC 
BN1-2b 29.40 0.61 CF+DC 
BN1-3a 28.40 0.79 CF+DC 
BN1-3b 29.64 0.85 CF+DC 
Note: (a) CF, Concrete prism failure (b) DC, debonding in concrete (c) tf, is the one side thickness of CFRP sheet. 
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For further comparison, Figure (3.57) shows the changes in the normalised load ratio (Pa / Pa,max). 
The Pa,max value used in this study for comparison is the average of the maximum load for BL1-2 
and BN1-2 specimen’s series from both LWAC and NWAC, while the Pa value is the average of 
the maximum achievable load for specimens with 50 mm, 75 mm and 100 mm bonded length. 
When the bonded length changes from 50 mm to 75 mm in LWAC samples, the normalised load 
ratio increased by about 34%; beyond 75 mm bonded length, the maximum load did not increase 
significantly and in fact decreased by about 5%. For the NWAC samples, changing the bonded 
length from 50 mm to 75 mm leads to an increase in the normalised load ratio by 47 %. Beyond 
75 mm bonded length, the maximum debonding load did not increase significantly and in fact 
decreased by about 1.6%   
 
 
 
 
 
Figure (3.55): Measured bonded Length of FRP composite. 
 
 
Figure (3.56): Interpolation between the maximum load and the bonded Length of CFRP. 
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Figure (3.57): Effect of CFRP bond length on the normalised Load ratio.  
Figures (3.58a and b) demonstrate the effect of increasing the bond length of CFRP sheet on the 
maximum load. The load-slip relationship for one sample has been selected from each testing 
series with various CFRP bond lengths as these are all similar in shape. The load increases 
linearly with an increase in slip and after a certain stage shows nonlinear up to failure.  
It can be seen that the load-slip curve appears to be a plateau for LWAC and NWAC samples 
with 75 mm and 100 mm bonded length where the load continues to increase with small change 
of load values till the global debonding of the CFRP sheet from the concrete substrate which  
confirms that the effect length of the CFRP sheet was at least 75 mm. The same behaviour was 
observed by McSweeney and Lopez, (2005). 
An alternative method to determine the effective bond length based on “Active transfer strain 
zone region” is proposed. The effective bond length is defined as the distance between the points 
of the maximum strain at the centre of the sample and the point of zero strain near the far end of 
CFRP sheet (Hadigheh, 2014). The maximum active strain zone ranges between 70-75 mm. 
Therefore, the bonded length of the CFRP sheets in the LWAC and NWAC series of tests is 
considered about 75mm. It can be also noticed that there is no significant difference in behaviour 
for specimens having different bonded lengths. However, the increase in CFRP bonded length 
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leads to concrete debonding for LWAC samples or concrete failure followed by concrete 
debonding in the case of NWAC samples as observed in these tests.  
 
 
 
Figure (3.58): Influence of CFRP bond length on the maximum load of the tested samples. 
3.7.8. Effect of Orientation of the CFRP Sheet on Bond Behaviour 
 
The fibre orientation of CFRP sheet is one of the parameters that most influences the interfacial 
behaviour between concrete and FRP composite. The test results of BL/N2-1 and BL/N2-2 are 
shown in Table (3.15). All the specimens were subjected to a pure tensile load, thus if there is an 
angle between the load and the fibre direction, this tends toward a lesser contribution of the 
CFRP sheet with the strength. It is seen that the specimens of BL/N2-1 series did not fail at any 
noticeable load. Failure of BL/N2-1 specimens was occurred suddenly at a small load, as the two 
concrete prisms separated at the centre of the specimens without any resistance. The same 
behaviour was observed by Al-Juboori, (2011). 
Figure (3.59) shows the variation of the normalised maximum load ratio versus the fibre 
orientation of CFRP composite for both LWAC and NWAC samples. It can be concluded that 
the increase of the fibres angle with respect to load direction from 00 to 450 decreases the 
normalised load ratio by 51% compared with companion samples BL1-1 in the case of 
specimens cast with LWAC and 66% in the case of NWAC specimens. With further increase in 
the angle to 900, the load ratio decreases by 97 % for LWAC samples and 89% for NWAC 
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samples. This can be attributed to the nature of CFRP composite properties which are classified 
as orthotropic, the maximum strength being parallel to the fibres direction. 
Table (3.15): Results of BL/N2-1 and BL/N2-2 series. 
Specimen ID Maximum Load 
(Pmax) (kN) 
Maximum Slip 
Corresponding to 
Maximum Load 
(smax) (mm) 
Failure modes 
BL2-1a 0.81 2.31 FR 
BL2-1b 0.57 3.62 FR 
BL2-1c 0.47 0.37 FR 
BL2-1d 0.99 1.49 FR 
BL2-2a 8.24 2.33 DC 
BL2-2b 11.14 2.42 DC 
BL2-2c 9.12 2.50 DC 
BN2-1a 5.13 2.22 FR 
BN2-1b 0.93 2.51 FR 
BN2-2a 10.64 1.61 AD 
BN2-2b 3.01 0.95 AD 
Note: (a) DC, de-bonding in concrete (b) FR, CFRP rupture (c) AD, adhesive debonding (d) tf, is the one side 
thickness of CFRP sheet. 
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Figure (3.59): Effect of the fibre orientation on the normalised load ratio. 
Figures (3.60a and b) show the initial stiffness for the load-slip plot decreases as the fibre angle 
increases with respect to the load direction. The noticeable thing about this figure is that the 
LWAC samples strengthened with 450 fibres orientation of the CFRP sheet forms more cracks 
near the specimen’s centre which propagate in a stable manner through the CFRP-concrete 
interface until failure occurs. This crack propagation is accompanied by a drop-in rigidity easily 
highlighted by the nonlinearity of the load-displacement plots for these samples.   
 
 
 
Figure (3.60): Influence of CFRP fibre orientation of tested samples. 
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3.7.9. Effect of CFRP Sheet Thickness on Bond Behaviour 
 
The impact of the CFRP sheet thickness on the interface behaviour of the samples cast with 
LWAC and NWAC is discussed in this section. It can be noticed that the failure of all the 
specimens is categorised as a concrete failure (CF) which is described in section (3.7.1). The 
experimental results of the three cases of BL/N1-1, BL/N3-1, and BL/N3-2 series having the 
same dimensions and different bonded thickness and orientation of CFRP sheet are used to 
examine the influence of using two parallel and perpendicular layers of CFRP composite. The 
test results reported in Table (3.16).  
 
For LWAC samples, the increase in the normalised load ratio from one to two parallel layers 
00/00 was approximately 12%, while the change of strengthening technique from one to two 
perpendicular layers 00/900 does not provide any contribution as shown in Figure (3.61). This 
means that increasing the thickness provides limited benefit for strengthening. In contrast, the 
difference between the normalised load ratios of BN3-1 (same direction) and BN1-1 is 
approximately 39%. Besides this, the difference in average load ratio of BN3-2 (two 
perpendicular layers) of CFRP sheet compared with BN1-1 is approximately 12%. It can be 
concluded that the load capacity for double-parallel-layered specimens is higher than the load 
capacity for double-perpendicular-layered specimens. This means that if the load direction is 
parallel to two layers, this scenario is better than having double-perpendicular layers. It can be 
noted that the maximum debonding load does not increase significantly for specimens with 
thicker CFRP sheets. This is due to stress concentrations at the centre of samples as a result of 
higher axial rigidity provided by thicker CFRP sheets which accelerate joints failure. 
 
Table (3.16): Results of BL/N3-1 and BL/N3-2 series. 
Specimen ID Maximum 
Load 
(Pmax) (kN) 
Maximum Slip 
Corresponding to 
Maximum Load 
(smax) (mm) 
Failure 
modes 
BL3-1a 24.16 0.14 CF 
BL3-1b 22.99 0.16 CF 
BL3-1c 18.19 0.16 CF 
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BL3-2a 18.69 0.20 CF 
BL3-2b 19.54 0.23 CF 
BL3-2c 17.72 0.22 CF 
BN3-1a 28.01 0.18 CF 
BN3-1b 28.19 0.18 CF 
BN3-2a 22.44 0.28 CF 
BN3-2b 23.09 0.28 CF 
Note: (a) CF, Concrete prism (b) tf, is the one side thickness of CFRP sheet. 
 
 
Figure (3.61): Effect of CFRP thickness on the normalised load ratio. 
For further observations, Figures (3.62a and b) show the comparison of the load-slip response of 
the three cases. As shown in these figures, the initial stiffness of the CFRP-concrete joints with 
the 00/00 sheet is higher than that of the 00/900 sheet and for the sample with one layer 00 sheet. 
This high stiffness appears to promote a higher failure load and lower slip compared with other 
cases. Despite the increase of the maximum debonding load with an increase in CFRP sheet 
layers, the global slip decreases with use of more CFRP layers.  
 
A similar response was observed for both LWAC and NWAC samples. Therefore, it can be 
concluded that when the strength criteria govern the design of RC elements, an increase in the 
CFRP axial rigidity may lead to a higher bond strength. However, in the case of ductility, the 
higher stiffness leads to extremely brittle failure of the CFRP-concrete joints, particularly for 
LWAC which shows more brittle behaviour compared with NWAC.   
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Figure (3.62): Influence of CFRP bond thickness of LWAC and NWAC samples. 
 
3.7.10. Effect of CFRP-to-Concrete Width Ratio on Bond Behaviour 
 
The effect of CFRP to concrete width ratio (wr =bf/bc) on the interface behaviour is examined in 
the samples BL/N4-1, BL/N1-2, and BL/N4-2. The results of the double-lap shear tests are 
reported in Table (3.17). All these samples have the same thickness (t=0.1178 mm), bonded 
length of CFRP composite (Lfrp=75 mm) and various width of CFRP sheet (50, 100, and 150 
mm). The CFRP-to-concrete width ratios are 0.25, 0.5 and 0.75 respectively. 
It may be noted that with increase in width, the maximum load increases when the width ratio is 
changed from 0.25 (for 50 mm CFRP width to 200 mm concrete width) to 0.5 (for 100 mm 
CFRP width to 200 concrete widths) for both LWAC and NWAC samples. This trend may be 
attributed to the distribution of shear stresses over a larger bonded area. However, increasing the 
width ratio to 0.75 (for 150 mm CFRP width to 200 concrete widths) leads to premature sample 
failure at load lower than the failure of samples with 0.5 width ratio in the case of LWAC 
samples or approximately the same load for samples with 0.5 width ratio in case of NWAC 
samples. 
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Hence, when the width of the concrete samples is kept the same, samples, the bond strength with 
small width ratio increases as the width of the CFRP reinforcement increases (Changing the 
width ratio from 0.25 to 0.5). However, for samples with 0.75 width ratio, the bond strength 
decreases with CFRP reinforcement width. In this case (samples with 0.75 width ratio), the width 
of concrete samples was not sufficient to achieve the required level of stress transference from 
the surface of the concrete to the CFRP reinforcement. Thus, the confinement effect provided by 
CFRP reinforcement decreases which accelerate the failure of the interfacial bonded joint at 
lower loads. Therefore, the bond strength may not enhance using wider CFRP reinforcement. 
The same behaviour was observed in the previous works (De Lorenzis et al. 2001; Xia and Teng 
2005).  
Table (3.17): Results of BL/N4-1 and BL/N4-2 series. 
Specimen ID Maximum 
Load 
(Pmax) (kN) 
Maximum Slip 
Corresponding to 
Maximum Load 
(smax) (mm) 
Failure modes 
BL4-1a 13.20 0.54 CF+DC 
BL4-1b 13.10 0.58 CF+DC 
BL4-1c 13.60 0.54 CF+DC 
BL4-1d 13.95 0.63 CF+DC 
BL4-2a 21.04 0.043 DC 
BL4-2b 21.69 0.058 DC 
BL4-2c 21.51 0.037 DC 
BN4-1a 14.80 0.53 CF+AD 
BN4-1b 15.55 0.57 CF+AD 
BN4-2a 28.10 0.14 DC 
BN4-2b 28.21 0.15 DC 
Note: (a) CF, Concrete prism failure (b) DC, debonding in concrete (c) AD, Adhesive (c) tf, is the one side thickness 
of CFRP sheet. 
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It can be concluded that increasing the CFRP sheet widths leads to concrete debonding for both 
LWAC and NWAC samples. The impact of CFRP-to-concrete width ratio on the maximum load 
and slip is shown in Figure (3.63a). The slip corresponding to width ratio at the maximum load 
decreases by a higher value of width to the concrete ratio as shown in Figure (3.63b). This 
indicates that ductility of the CFRP–concrete interface decreases for wider CFRP sheet.  
 
 
Figure (3.63): Correlation between FRP-to-concrete width ratio and: (a) the maximum load (b) 
slip. 
Referring to Figure (3.64), the specimens reveals higher initial stiffness for the load-slip plot, 
when the CFRP width increases versus the concrete prism width. Small interface cracks have 
enough space to extend in samples with wider bonded area of CFRP composite and when the 
large crack develops, the probability to intersect small cracks on its path is higher. These small 
cracks help to link these large cracks through the loading process. Thus, the bond strength 
between larger CFRP sheet width and concrete surface is higher in contrast with the specimens 
with lower CFRP to concrete width ratio. 
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Figure (3.64): Influence of CFRP width on the tested samples. 
3.8. Summary 
 
The influence of various variables on the response of the FRP-to-concrete joint was examined 
and discussed in this chapter. Variables investigated are the CFRP bonded length, fibre 
orientation, the thickness of CFRP sheet and CFRP-to-concrete width ratio. The influence of 
these parameters on the response of the samples cast with LWAC and NWAC are investigated in 
details through extensive programme of work.  
 
According to the experimental results, it was shown that the crack propagation in LWAC 
specimens occurred within the concrete, which leads to premature failure of concrete or CFRP 
debonded with a thick concrete layer near the far end of CFRP sheet rather than adhesive 
debonding or CFRP debonded by thin concrete layer substrate just below the CFRP sheet in case 
of NWAC samples. The crack intensity was the highest in LWAC specimens and the lowest in 
NWAC specimens, it was also noticed that there was crushing of concrete underneath of CFRP 
composite for samples cast with LWAC.  
 
The LWAC specimens showed significantly lower bond strength and slightly lower slip at failure 
than those of NWAC of a similar strength grade. This is attributed to lower tensile strength of 
concrete substrate and aggregate interlocks along the bonded surface for LWAC which may 
influence the performance of CFRP used to retrofit reinforced concrete elements.  
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An Experimental assessment has been done to study the effect of CFRP bonded length on the 
behaviour of the CFRP/concrete joints for specimens cast with LWAC and NWAC. The results 
showed that the effective bond length of CFRP sheet is not effected by concrete type.  
 
The effect of fibre orientation of CFRP sheets was also considered in these tests. All the 
specimens were subjected to pure tensile force, therefore if there is an angle between the load 
and fibre direction this tends toward a lesser contribution of the CFRP sheet to the strength. A 
slight difference in failure modes was observed between LWAC and NWAC samples with 450 
fibre orientation. 
 
One major parameter in the interface behaviour of the FRP to concrete bonded joints is the CFRP 
sheet thickness. In this research, the effects of the CFRP sheet thickness is studied for samples 
cast with LWAC and NWAC specimens. Results indicate that increasing the number of layers of 
CFRP gives limited benefit. This benefit is not in line with the cost and the effort increases 
associated with its application. The CFRP sheet thickness has the same influence on the 
interfacial behaviour of the LWAC and NWAC samples. However, LWAC recorded lower 
debonding loads compared with NWAC samples. 
The effect of the CFRP-to-width ratio is investigated in this study. The maximum debonding 
load increases for the samples with wider CFRP reinforcement. However, for large values of 
width ratio, the load carrying capacity decreases with wider CFRP. No significant difference was 
noticed in behaviour between LWAC and NWAC samples and the same failure of modes was 
observed for LWAC and NWAC samples with a different width of the CFRP sheet.  
 
The behaviour of the FRP/lightweight concrete joint was examined in this study including the 
influence of various variables on the bond response, failure patterns, load-slip curves, load-strain, 
strain distributions, local shear stress distributions. The outcomes of these tests showed that the 
CFRP reinforcement can effectively be used in the retrofitting of lightweight concrete members. 
However, the lightweight samples showed lower bond strength compared to normal weight 
concrete specimens. Thus, more research is needed to understand of the behaviour of the 
FRP/concrete joints cast with LWAC. 
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CHAPTER FOUR 
EXPERIMENTAL PROGRAM 
 
BEAM SHEAR TEST 
  
4.1. Introduction 
 
The objective of the experimental program was to investigate the enhancement in shear strength 
of reinforced (LWC) beams compared with companion reinforced (NWC) beams due to different 
strengthening system of the CFRP reinforcement. Six reinforced LWAC and NWAC beams 
without shear reinforcement were loaded at the University of Salford’s Structural Laboratory. 
The details of the experimental tests program carried out in this study are presented in this 
chapter including samples design and manufacturing, fabrication, test setups, instrumentation, 
and the results analysis and discussion of the beams shear test outcomes.  
4.2. Shear Tests for LWRC and NWRC Beams 
 
Physical tests on rectangular LWRC and companion NWRC beams strengthened with different 
configurations of CFRP were conducted. The main objectives of this study were: 
1. To provide a better understanding of the shear behaviour and failure modes of LWRC beams 
strengthened with CFRP strips under monotonic loads. 
2. To evaluate the performance and shear strengthening gained from using the CFRP to retrofit 
LWRC beams compared with companion NWRC beams. 
3. To study the variation of CFRP strain through the length of the beam, for this purpose strain 
gauges were used in various regions along the length and through the depth of the RC beams 
to provide strain readings under monotonic loads conditions. 
 
The effect of various parameters on the effectiveness of the shear strengthening provided by 
CFRP used to retrofit LWRC beams is studied, these parameters are: 
a. Concrete type (lightweight and normal weight concrete).  
b. Type of strengthening techniques (U-wrapped and Closed-wrapped). 
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4.3. Sample Referencing Name  
The test samples vary due to a different type of concrete and CFRP strengthening techniques 
used in this study. Referencing names were used depend on the type of concrete and the CFRP 
strengthening configurations. These referencing names were employed during this study and is 
clarified in Figure (4.1). 
 
 
 
 
 
 
 
Figure (4.1): Samples referencing name. 
4.4. Test Programme 
 
The entire experimental program comprised six beam specimens cast with lightweight and 
normal weight concrete. Both the NWRC and LWRC beams were geometrically similar and cast 
using the same grade of concrete (i.e. the same compressive strength). The details of each series 
are described as follows: 
 Series (BL-UST/CST) comprised three beams cast with LWAC without shear reinforcement 
except two shear links adjacent to the supports; one of the beams was without external CFRP 
reinforcement and the remaining two beams were each strengthened with U-shaped (UST) 
and close (CST) epoxy bonded external CFRP strips. The purpose of this series of tests was 
to provide insight regarding the shear behaviour of LWRC beams without shear 
reinforcement strengthened with CFRP under monotonic loading. 
 Series (BN-UST/CST) comprised three companion beams cast with NWAC without shear 
reinforcement except two shear links adjacent to supports either side; one beam was used as a 
control beam without CFRP reinforcement and two beams were strengthened with CFRP 
similar to the lightweight concrete beams. The purpose of this series of tests was to provide 
insight regarding the shear behaviour of companion normal weight concrete under monotonic 
loading and the test results were used to compare with LWAC specimens strengthened with 
CFRP composites. 
BL/N-CST/UST 
CFRP wrap type: 
CST (Closed-Wrapped reinforcement) 
UST (U-Wrapped reinforcement) 
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4.5. Test Set-up 
 
All the reinforced LWRC and NWRC beams were designed to have the same dimensions of 200 
mm wide by 300 mm deep and 2000 mm long. The simply supported beams were loaded under 
four-point conditions, the supports of the beam were located at a distance of 150 mm from the 
both ends of the sample. Displacement controlled monotonic loading conditions were employed. 
The shear span to effective depth ratio was taken as a/d=2.27 to secure shear failure which 
satisfies the definition of a shear beam (Mosallam & Banerjee, 2007). All the beams were 
reinforced for flexure with three bottom and two top 16 mm diameter longitudinal deformed steel 
reinforcements (H16 steel bar). The longitudinal steel ratio for both top and bottom 
reinforcement ߩ௦ for all beams was 1.67%. The reinforcement was detailed according to ACI-
2008 (ACI, 2008) to achieve the required flexural strength and to secure shear failure of the 
samples strengthened with CFRP. Figure (4.2) shows the steel reinforcement details. The 
effective depth of the beam and the clear cover distance was 264 mm and 28 mm respectively. 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (4.2): Beams Reinforcement details. 
Section A-A 
600 mm 
150 mm 150 mm 
1700 mm 
600 mm 
300 mm 
P P 
A 
A 
300 mm 
200 mm 
5 H16 
H8 (shear link) 
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Four-point loading is traditionally provided by the arrangement shown in Figure (4.3). Two 
circular steel columns (100 mm dia.) were erected and bolted to the laboratory strong floor 
through a large steel abutment using high strength bolts.  A large steel I-section (reaction frame) 
was bolted to the top of the two circular steel columns. This large I-section carried a hydraulic 
jack with a 500 kN capacity. The steel frame was designed to carry the total applied loads 
without significant displacement due to its high stiffness. The test data and results were collected 
and measured at the same time at a rate of 5 Hz using an MTS data acquisition system.   
 
A load cell attached to a hydraulic jack with a 500 kN capacity was used to record the applied 
load during the test. The monotonic loads were applied to a spreader beam. This spreader beam 
was seated on 25 mm diameter steel rollers welded to the steel plates (length=200 mm and 
width=100 mm) bedded on the top surface of the sample to avoid local crushing of concrete at 
the load point. The sample is placed over the two support points, each support point comprising 
of a 200 x 400 mm trapezoidal steel block, with a 25 mm diameter steel roller seated on the top 
surface of a 100 mm steel plate. One of the steel rollers was welded to the steel plate, and a 
(length=200 mm and width=100 mm) steel plate was provided on top of the roller to avoid local 
crushing of concrete at the support as shown in Figure (4.3).  
 
 
 
 
 
 
 
 
 
 
 
Figure (4.3): Details of test Set-up. 
Cable connected to Hydraulic cylinder 
600 mm 600 mm 
1500 mm 
300 mm 
200*300*300 mm steel box 
Steel abutment  Steel plate 
200*100* 25 mm steel plate Steel column 
I - steel beam 
Cable connected to data logger 
Supports rollers 
500 mm 
150 mm 1700 mm 
Reaction frame 
Hydraulic cylinder 
Load cell 
3750 mm 
150 mm 
RC beam 
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4.6. CFRP Reinforcement 
 
CFRP reinforcement was used in this test with various shear strengthening system. Closed-
shaped CFRP reinforcements were attached as strips on all the faces of the beam. These strips 
were orientated at 900 with respect to the longitudinal axis of the beam.  
 
Also, U-shaped systems were attached on tension and the two side faces of the beam as strips. 
The U-shaped CFRP reinforcements were orientated at 900 with respect to the longitudinal axis 
of the beam as for Closed-shaped systems. The width of CFRP reinforcement was 100 mm and 
the distance from centre-to-centre of the attached CFRP strips was 150 mm. These CFRP 
reinforcements were attached along the shear span of the lightweight and normal weight samples, 
from the support point up to the point of load application on both sides of the beam. The CFRP 
ratio was taken in this test ߩ௙ = 0.0785%, the summary of test variables is shown in Table (4.1). 
The details of specimen strengthening systems are shown in Figure (4.4).   
 
Table (4.1): Summary of test parameters. 
Sample CFRP 
ratio 
ߩ௙(%) 
CFRP 
strengthening Type 
CFRP 
Orientation 
BL 0 - - 
BL- UST 0.0785 U-Shaped 900 
BL- CST 0.0785 Closed-shaped 900 
BN 0 - - 
BN- UST 0.0785 U-shaped 900 
BN- CST 0.0785 Closed-shaped 900 
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Figure (4.4): Strengthening Details. 
4.7. Samples Fabrication 
This section presents the details of samples fabrication and the instrumentation of the LWAC and 
NWAC concrete samples. 
 
4.7.1. Formwork Fabrication  
 
The formwork was fabricated to cast three LWRC or three NWRC samples at the same time. All 
forms were assembled to produce the desired specimen dimensions. A strong plywood sheet base 
BL/N-CST samples. 
BL/N-UST samples. 
150 mm 150 mm 
1700 mm 
100 mm 150 mm 
300 mm 
P P 
20 mm 
CFRP strip 
150 mm 150 mm 
1700 mm 
100 mm 150 mm 
300 mm 
P P 
CFRP strip 
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was manufactured to carry the total weight of the reinforced concrete samples. The base was 
built by placing a large plywood sheet of 25 mm thick over four long pieces of rectangular 
section timber, one on each side to support and carry the base plywood sheet. Six pieces of 25 
mm thick plywood sheets with a 300 mm depth and 2000 mm length were constructed and 
attached to the sides of the beams and two 25 mm thick plywood sheets were used to surround 
the erected moulds from the exterior side to support them. These plywood sheets were screwed 
to ease the process of disassembling and reassembling as shown in Figure (4.6). Two horizontal 
clamps were employed to keep the beam moulds strong and stable during the casting. 
 
 
Figure (4.5): Construction of formwork. 
4.7.2 Instrumentation  
  
This section details all measurement instrumentation used to record data during the experimental 
tests. The instruments include longitudinal steel reinforcement strain gauges, CFRP strain 
gauges, and Linear Variable Differential Transformation (LVDTs). 
4.7.2.1. Steel Strain Gauges  
  
Ten FLA-6-11 strain gauges provided by Tokyo Sokki Company were used to record the strain 
measurements at different positions along the length of the central bottom steel bar in each of the 
normal and lightweight samples. The gauge factor, gauge resistance and the gauge length 2.12±1 
%, 120±0.5 Ω, 11.9x10-6/°C and 6 mm respectively. Strain gauges were positioned externally at 
250 mm, 400 mm, 550 mm, 700 mm, and 850 mm on both sides of each beam, as shown in 
Figure (4.6). The gauges were denoted as “LS” combined with a number starting from 1 to 10 to 
identify their position from the left beam end.  
Clamps 
25 mm thick 
plywood sheets 
The assembled reinforcement was  
placed in an oiled mold 
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Figure (4.6): Position of Strain gauges attached to the central bottom steel bar (all 
dimensions in mm). 
 
The process of installing the strain gauges on the steel bar is summarised in Figure (4.7). Firstly,  
the strain gauges locations along the length of the longitudinal steel bar were slightly grinded by 
grinder machine. An accurate grinding is vital to prevent the reduction in the longitudinal steel 
reinforcement area as shown in Figure (4.7a). Before installation of the strain gauges, the sample 
was cleaned of rust, grease or mud to secure sufficient bond between the strain gauge and the 
surface of the steel bar. Two-component of adhesive material was used to attach the strain 
gauges to the surface of the longitudinal steel bar. A tiny amount of the two-component of the 
adhesive material was required to allow the strain gauges to measure more precise elongations 
through the test (Alotaibi, 2014).  
 
Figure (4.7b) shows a strain gauge attached to the bar surface. After glueing the strain gauges, 
some Acrylic coating liquid was used to keep the strain gauges and protect them safe from being 
ruptured or dislocating (see Figure (4.7c)). The steel bars were left for a couple of hours to 
increase the strength of the adhesive material. Finally, plastic cable ties were used to tie together 
the strain gauge wires with steel bars and to eliminate the probabilities of the strain gauges being 
ruptured. Insulation tape (Butyl tape) was also wrapped around the strain gauges to provide more 
insulation and to prevent any contact between the strain gauge's wire and the reinforcing steel bar 
(see Figure (4.7d)). 
Left end 
Strain Gauge 
250  150 150 150 150 150 150 150 150 250 300 
LS1 LS2 LS3 LS4 LS5 LS6 LS7 LS8 LS9 LS10 
Right end 
200 
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Figure (4.7): The process of installing the steel strain gauges. 
 
4.7.2.2. CFRP Strain Gauges  
  
Two types of strain gauges were employed to measure strains in the CFRP reinforcement during 
the test. The type FLA-5-11 strain gauges provided by Tokyo Sokki Company. The gauge factor 
and length are 2.12% and 5 mm respectively. The strain gauges were denoted as “SG” attached 
on the surface of the CFRP reinforcement in a vertical direction to record the CFRP strains 
during the test, and type FRA-5-11 (450-degree Rosette type) which consisted of three 5 mm 
strain gauges, two of them were employed to measure the strain in vertical and horizontal 
direction and one strain gauge oriented in the diagonal direction to measure the shear strain at 
different positions along the length and depth of the strengthened samples. The gauge factor of 
these strain gauges is 2.21 %. The stain gauges were installed at six positions along the length of 
the strengthened sample, located at 200 mm, 350 mm and 500 mm, respectively from the beams 
left side and the same layout was applied from the beams right side. The strain gauges were 
(a) Grinding steel bars by sander. 
Butyl tape 
Plastic cable ties 
(c) Covered the strain gauge. (d) Butyl tapes & Plastic cable. 
ties. 
(b) Installing of the strain gauges. 
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installed at 75 mm, 150 mm, and 225 mm from the base of the beam. These arrangements were 
employed for all LWAC and NWAC strengthened samples. The instrumented CFRP 
reinforcements were denoted as “SF” combined with a number starting from 2, 3, 4, 7, 8 to 9 to 
identify their position from the left beam end. Figures (4.8) and (4.9) showed the strain gauge 
distribution and the referencing name of each gauge attached in the left and right end of U-
shaped samples.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (4.8): CFRP strain gauge arrangement. 
ߝ௫ 
ߝ௬ 
ߝ௫௬ 
200 mm 
P P 
350 mm 
500 mm 
ߝ௬ 
75 mm 
75 mm 
75 mm 
75 mm 
SF1 SF2 SF3 SF4 SF5 SF6 SF7 SF8 SF9 SF10 
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Figure (4.9): CFRP strain gauge arrangement.  
 
Drawing not to scale 
SG1 H 
SG2 D SG3 V 
SG4 V 
SG5 V 
SG6 V 
SG7 H 
SG8 D 
SG9 V 
SG10 V 
SG11 V 
SG12 V 
SG13 H 
SG14 D SG15 V 
P P 
200 mm 
350 mm 
500 mm 
SF2 SF3 SF4 
Support 
SG16 V 
SG17 V 
SG18 H 
SG19 D SG20 V 
SG21 V 
SG22 H 
SG23 D SG24 V 
SG25 V 
SG26 H 
SG27 D SG28 V 
SG29 V 
SG30 V 
200 mm 
350 mm 
500 mm 
SF7 SF8 SF9 
Support 
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4.7.2.3. Linear Variable Differential Transformers (LVDT) 
 
Three Linear Voltage Displacement Transducers (LVDTs) were used in this test to record 
vertical deflections at various positions along the sample during the test. The LVDTs were 
positioned at mid-span and at each load point of the beam as seen in Figure (4.10). The LVDTs 
were mounted on a frame connected to the centre of concrete directly above the supports to 
measure the relative displacement along the beams, each LVDT was held by a steel hanger, and 
the LVDT plunger was rested directly versus the bottom soffit of the sample.  
 
 
 
 
 
 
 
 
 
 
 
Figure (4.10): Location of the LVDTs underneath of the test samples. 
LVDTs 
Sample bottom 
soffit 
LVDTs 
250 mm 
300 mm 
P P 
250 mm 
1000 mm 
LVDTs (L) LVDTs (R) 
LVDTs (C) 
soffit 
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4.7.3. Concrete Casting  
  
All the LWAC and NWAC samples were cast at the same time in two concrete casting. The 
reinforced concrete beams were externally vibrated to achieve the required consolidation during 
the concrete casting. Then, the top surface of concrete was finished with trowels to the desired 
depth. Four hours after beams casting, the surface of the beam was covered with sheets to cure 
the samples in order to eliminate the small cracks produced by drying and shrinkage. Samples 
were de-molded and removed from the moulds five days after casting. All the concrete cubes and 
cylinders were taken at the casting day and tested at the 28 days. 
4.7.4. CFRP Application  
  
The unidirectional CFRP (C Sheet 240) sheets were used to retrofit the LWRC and NWRC 
beams. Epoxy plus primer (EN-Force primer) and epoxy plus adhesive (EN-Force bonding 
adhesive) were used to bond CFRP sheet to the concrete surface, respectively. The mechanical 
properties of the CFRP material and the adhesive material were described in sections (3.5.2) and 
(3.5.3). A concrete grinder machine was used to remove the weak concrete layer and lightly 
smooth the surface of the samples to secure the required bond between the CFRP and the surface 
of the concrete. Then, the surface was cleaned to remove the dust produced during the grinding 
process. Samples corners were rounded to prevent unwanted CFRP rupture which is developed 
as a result of the high-stress concentration in the CFRP reinforcement wrapped close the corner 
of the beam. For the U-shaped systems, the CFRP reinforcement was attached directly below the 
top surface of the beams by approximately 20 mm. A rounded corner is shown in Figure (4.11).  
  
Figure (4.11): Concrete grinding and rounded edge to relieve stress concentrations on the CFRP 
reinforcement. 
Rounded corner 
Concrete grinding 
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For this experimental test, the wet lay-up method was used for all test samples. The base and 
hardener of the epoxy primer material were mixed with each other for 3 min. Then, the surface 
of concrete was painted with a thin layer of epoxy primer. The CFRP reinforcement was covered 
on both sides with the mix of the bases and the hardener of the epoxy adhesive material. Then, 
the CFRP sheets were attached to the surface of the sample by hand. Firstly, the tension face was 
wrapped, then the CFRP reinforcements were applied around the beam side faces and finally the 
compression face for samples with Closed-shaped systems. To achieve the required bond 
between the CFRP reinforcement and the surface of concrete, the CFRP reinforcement was 
regularised manually to minimise an excessive amount of epoxy adhesive. Figure (4.12) shows 
the application of CFRP reinforcement around the test sample.  
 
Figure (4.12): Application of CFRP reinforcement on a concrete surface. 
4.8. Material Properties 
 
The mechanical properties of the LWAC and NWAC samples are summarised in Table (4.2). 
The NWAC was provided by the local ready-mix concrete supplier. The concrete mixes were 
ordered to have a slump of 75 mm, and a 28-day cube compressive strength of 40 N/mm2.  For 
LWAC, the concrete was mixed in the laboratory due to the difficulty of providing a small batch 
of LWAC, the lightweight concrete was mixed according to the mix proportion for concrete used 
in the bond-slip tests (Section 3.5.4.).  All the LWRC and NWRC beams were cast in a single 
batch each. Furthermore, a total of 18 concrete cubes (100 x 100 x 100 mm), six concrete 
cylinders (150 dia. x 300 mm) and six prisms (100 x 100 x 400 mm) were cast from each batch 
to determine the uniaxial compressive strength, the Young’s modulus of elasticity and the 
modulus of rupture of lightweight and normal weight concrete (see Table (4.2)). 
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Table (4.2): Mechanical properties of concrete 
Concrete 
Type 
Average cube 
concrete strength ௖݂௨  
(MPa) 
Average concrete 
flexural tensile 
strength  ௖݂௧ 
(MPa) 
Average 
modulus of 
elasticity ܧ௖ 
(MPa) 
Average concrete 
density ߩ௖  
(kg/m3) 
NWAC 42.10 3.49 29860 2356 
LWAC 43.34 3.026 23510 1823 
 
The longitudinal steel reinforcing bars were provided by Travis Perkins Plc Company. 16 mm 
diameter steel bars were used for all the tested samples. In addition to two shear links of 8 mm 
diameter were used adjacent to supports either side of the beam, these links were used to 
assemble the steel reinforcing bars. Three samples of each type of the longitudinal steel 
reinforcing bars were tested to determine the steel properties as specified in ASTM A370, 2005 
(direct tensile test) using the Instron testing machine. The material properties determined from 
these coupon tests are summarised in Table (4.3). 
 
Table (4.3): Mechanical properties of steel reinforcement. 
Bar No. Yield stress 
(MPa) 
Yield strain 
(µm/m) 
Ultimate stress 
(MPa) 
Ultimate strain 
(µm/m) 
Modulus of 
elasticity, 
Es (GPa) 
16 mm 510 2600 650 130000 196.154 
8 mm 501 2500 611 124000 200.400 
  
4.9. Results Analysis 
 
The overall results of the experimental test are provided in this section. The load-mid-span 
displacement trends and the strain reading collected from the strain gauges attached in the 
longitudinal steel and CFRP reinforcement are also included in this section. A summary of the 
samples shear strength based on the maximum shear carrying capacity and the recorded mid-
span deflection are summarised in Table (4.4). The shear strength provided by CFRP 
reinforcement also included in this table. In this study, the shear strength of the strengthened 
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samples was subtracted from the shear strength of the control unstrengthened sample in each 
series to obtain the shear contribution provided by CFRP reinforcement.  
Table (4.4): Summary of shear capacity, failure deflection, and mode of failure. 
Sample 
 
 
 
 
Max shear 
capacity 
(kN) 
CFRP 
shear 
strength 
(kN) 
Percentage 
increase in 
shear 
gain due to 
 CFRP (%) 
Mid-span 
deflection 
at failure 
(mm) 
Failure mode, 
CFRP failure 
BL 151.78 0  4.82 Shear 
BL-UST 218.38 66.60 44 7.10 Shear, CFRP 
debonding 
BL-CST* 267.14 115.36 76 11.30 Shear, CFRP 
rupture 
BN 164.10 -  5.35 Shear 
BN-UST 248.61 84.51 51 7.69 Shear, CFRP 
debonding 
BN-CST* 320.80 156.70 95.4 10.31 Shear, CFRP 
rupture 
* Shear failure was observed after flexural yielding.   
  
Comparison of the maximum shear capacity between CFRP strengthened samples and the shear 
capacity of the control sample shows that the CFRP strengthening techniques were effective in 
enhancing the shear capacity of the LWRC and NWRC beams. As shown in Table (4.4), the 
shear capacity of the control samples in the LWRC and NWRC series samples are significantly 
lower than the shear capacity of all strengthened samples, the higher percentage increase in shear 
strength were assigned to the concrete type and the strengthening configurations. 
 
The maximum achieved shear strength was used for the calculation of shear strength gained due 
to CFRP reinforcement, based on the assumption that the shear contributions provided by the 
concrete material keep the same with using the CFRP reinforcement (Khalifa and Nanni, 2002 
and Mofidi & Chaallal, 2011). The change in shear capacity of the RC beam due to CFRP 
reinforcements was not accounted by using this approach of analysis (Subtracting method). 
However, this was used by the majority of the research to quantify the enhancement in shear 
strength due to CFRP reinforcement (Colalillo, 2012). 
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Figure (4.13) shows the shear strength gained due to CFRP reinforcement in the strengthened 
samples compared with the corresponding unstrengthened control samples of LWAC and 
NWAC. For the LWRC series, the shear strength provided by CFRP reinforcement for U-shaped 
and Closed-shaped samples were 44% and 76% respectively, when compared with the control 
sample, while for the NWAC series, the shear strength provided by CFRP reinforcement for U-
shaped and Closed-shaped samples were 51% and 95% respectively, when compared with the 
control sample.  
In this study, the shear strength of the control, U-wrapped and Closed-wrapped samples of 
LWAC are 92%, 87% and 83% of the control, U-wrapped and Closed-wrapped samples of the 
corresponding normal weight concrete samples respectively. The shear strength gained due to 
CFRP reinforcement for BL-UST is about 21% less than the normal weight concrete results (BN-
UST). On the other hand, the BL-CST had results that were 26% less than the normal weight 
concrete results (BN-CST). This observation can be attributed to lower concrete surface tensile 
strength and aggregates interlock at the diagonal crack faces in LWAC which increases the 
stresses in CFRP reinforcements and at the concrete-CFRP interface. Increasing in interfacial 
and normal stresses with increasing plastic deformation leads to CFRP debonding and 
unexpected CFRP rupture failures, thus the effectiveness of FRP for shear strengthening LWRC 
beams will be affected by this issue. CFRP bond deterioration in LWAC requires consideration 
to ensure the safety of CFRP applications for shear strengthening of LWRC beams.  
 
Figure (4.13): Comparison of the shear strength gained due to CFRP reinforcement. 
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Figure (4.14) compares the maximum deflection at failure for the LWAC and NWAC samples. 
All the strengthened samples revealed increases in the maximum deflection over the 
corresponding non-strengthened control sample at failure. LWAC and NWAC samples 
strengthened with U-wraps had 47% and 43% greater maximum deflection at failure over the 
control LWAC and NWAC samples.  
 
Comparison with samples strengthened with Closed-wrapped had an increase in maximum 
deflection at the failure of 134% and 93% respectively. This observation resulted from the 
evidence that anchorage provided by Closed-shaped configurations could increase the shear 
strength of the BL-CST and BN-CST beams and yielded a better ductility over the control 
samples. Ductile behaviour was observed in lightweight samples strengthened with fully 
wrapped CFRP reinforcement thereby providing the desired mode of failure at ultimate limit 
state.   
 
Figure (4.14): Increase in the maximum deflection at failure compared with the control sample. 
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The load-deflection relationships measured curves obtained from the test results are presented in 
this section. The behaviour trends for the LWRC series specimens are shown in Figure (4.15) 
and Figure (4.16) for the NWRC series. In each Figure, the response of the strengthened samples 
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Figure (4.15): Load versus deflection response of the lightweight samples series. 
 
 
Figure (4.16): Load versus deflection response of the normal weight samples series. 
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The behaviour trends for NWAC and LWAC samples (see Figures (4.15) and (4.16) were 
described by three zones of stiffnesses: (i) elastic stiffness zone (uncracking zone), (ii) before 
first shear cracks or flexural stiffness zone, and (iii) shear stiffness zone. In general, all LWRC 
and NWRC beams showed the same elastic stiffness zone before first flexural cracks 
(approximately 50 kN). The flexural stiffness zone showed the same linear trend until a diagonal 
crack appears at the surface of concrete at the applied load between 100-130 kN load range for 
NWRC beams and 90-120 kN load range for LWRC beams, the same behaviour was observed 
by (Colalillo, 2012). It can be seen that the first diagonal crack in the LWRC beams appears 
approximately at the same load level as the NWRC beams. The load-displacement curves for 
these samples show that the CFRP strengthened sample had higher strength and greater flexural 
and shear stiffnesses compared with corresponding control samples, which is to be expected 
since CFRP strengthening is an efficient system that is only activated after flexural and shear 
cracks have developed. 
 
For more details, the lightweight control sample was loaded till a maximum load of 151.78 kN as 
illustrated in Figure (4.15). The maximum central deflection at the corresponding maximum 
recorded load was 4.30 mm. Abrupt leap in applied load was developed at this stage which is 
attributed to the loss of friction at the interface of the diagonal shear crack. Examining the load-
deflection trends of the LWAC samples with Closed-shaped and U-shaped shows identical 
stiffness’s trend at a low level of loading. However, at the maximum load for Closed-shaped 
sample, the shear cracks zone was considerably higher than those observed in samples with U-
shaped system. This is assigned to the premature failure for sample strengthened with U-shaped 
system. For the control NWAC samples (see Figure (4.16)) these experience a maximum load of 
164.10 kN at the maximum central deflection of 5.30 mm. Similar response curves of the normal 
weight concrete samples can be observed for samples with U-shaped and Closed-shaped.  
 
Figure (4.17) shows that the overall shear stiffness of LWAC samples is lower than those of 
NWAC samples with identical CFRP strengthening configurations after initial cracking. This 
behaviour is a result of the difference in rigidities of LWAC tested samples. LWAC samples had 
lower stiffness compared with NWRC samples. The lower stiffness of lightweight aggregate 
particles (LWA) and higher cement ratio results in large plastic deformation leading to changes 
in the load-deflection response after the initiation of the shear cracks.  
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Generally, the LWRC beams showed a similar response to the NWRC beams until the 
development of diagonal shear cracks. Subsequently, the NWRC beams were able to resist shear 
cracking and reach higher shear capacity, while LWAC samples were unable to develop 
sufficient shear resistance. Diagonal shear cracks occurred at an earlier stage in the LWAC 
samples compared with normal weight samples and this leads to premature CFRP reinforcement 
debonding or rupture. The tensile strength of LWAC is used for obtaining the diagonal crack 
strength of LWAC. The tests results obtained by Hanson, (1961) showed that the diagonal crack 
strengths of RC beams were closely related with a tensile strength of the concrete. It can be 
concluded that the lower tensile strength of lightweight concrete plays an important role in 
reducing the diagonal cracking resistance in LWAC samples which affects the behaviour of these 
samples.   
 
Figure (4.17): Comparison of load versus deflection of LWAC and NWAC samples. 
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method, the applied load reordered by the load cell, and strains in the CFRP strips were used to 
calculate the shear components during the test. This method allowed to calculate the shear 
contribution provided by the concrete and CFRP reinforcements at any level of loading using 
simple numerical formulas which is useful an understanding the efficenicy of using CFRP 
reinforcment to strength lightweigh concrete beams.  
 
To satisfy equilibrium conditions, the shear contribution provided by concrete and CFRP 
reinforcement should be equal to the externally applied loads. A simple free-body diagram of 
half of the cracked beam was used to calculate the shear strength provided by the CFRP 
reinforcement. Only CFRP reinforcement that bridging the diagonal shear crack were assumed to 
contribute to the total shear strength of the RC beams (Alotaibi, 2014) (see Figure (4.18)).  
 
 
Figure (4.18): Internal forces in a cracked strengthened beam. 
 
The elongation recorded from strain gauges applied vertically to the surface of the CFRP 
reinforcement was only used to calculate the shear strength gained due to CFRP reinforcement. 
The shear contribution of the CFRP strips can be evaluated by summing the contribution 
provided by CFRP reinforcement bridge the diagonal shear crack in each side of the beam as 
shown in Equation (4.1) (Kim, 2011): 
 
௙ܸ = ෍ ܣ௙௜ܧ௙ߝ௙௜
௡
௜ୀଵ
                                                                                                                                      (4.1) 
Where, ௙ܸ is the estimated shear force provided by CFRP reinforcement, ܣ௙௜  is the area of the 
CFRP strip, ܧ௙ is is the elastic modulus of CFRP material, ߝ௙௜ is the strain measured from strain 
gauges attached to the CFRP strip and ݊ is the number of stirrups or CFRP strips crossing the 
ߠ 
௙ܸଷ 
௙ܸଶ 
௙ܸଵ 
௙ܸ 
Critical shear crack 
௙ܸଷ ௙ܸଶ ௙ܸଵ 
௙ܸ 
Free body diagram 
Diagonal shear crack 
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diagonal shear crack, respectively. The shear strength provided by concrete is not readily to 
predict from the experimental results since it is assumed to include the rest of the shear strength 
(i.e., tensile strength of concrete, aggregate interlock at the diagonal crack faces, compressive 
strength of concrete, interfacial shear stress, dowel action provided by the longitudinal steel 
reinforcement) (Kim, 2011). In this study, the concrete contribution was obtained by subtracting 
the estimated contributions of CFRP reinforcement ( ௙ܸ) from the total shear capacity ( ௧ܸ) at a 
particular load level as given by Equation (4.2): 
 
௖ܸ = ௧ܸ − ௙ܸ                                                                                                                                                (4.2) 
 
Figures (4.19) to (4.22) show the results of the shear component analysis for the LWRC and 
NWRC beam specimens. In these figures, the horizontal axis represents the total applied load 
recorded by the load cell and the vertical axis represents the total shear contribution of concrete 
and CFRP reinforcement on both side of the beam. The shear strength provided by CFRP 
reinforcements is indicated by the red trend and the portion between the diagonal black line and 
the CFRP trend represents the shear strength provided by the concrete. 
 
It can be noted that the shear strength provided by CFRP reinforcement was very small and can 
be ignored before the occurrence of a diagonal shear crack. In this stage, external loads applied 
to the samples are taken mainly by concrete. By the development of the diagonal shear crack, a 
part of the loads is taken by the CFRP reinforcement as demonstrated by a sudden leap in the 
CFRP shear contribution response curves. The CFRP reinforcement gradually carries the 
external shear force as shown by the progress increase in shear strength provided by CFRP 
reinforcement, till the CFRP reinforcement detached from the surface of the concrete. Abrupt 
falls in the CFRP shear contribution trend can be highlighted when the CFRP reinforcement 
debonds or ruptures before the sample failure (see Figure (4.21)). At the ultimate limit state, 
shear failure was developed due to CFRP global debonding for U-shaped systems or CFRP fibre 
rupture for Closed-Shaped samples. A similar response obtained by Murphy, (2010) and 
Bousselham and Chaallal, (2008). It can be concluded that there was virtually no difference 
between the lightweight samples and their normal weight companions regarding the general 
trend of the CFRP reinforcement contribution, a similar response was observed for all the tested 
samples. However, the slopes of CFRP shear contribution for lightweight samples graphs are 
steeper compared to the identical normal weight samples. This indicates an increased rate of 
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straining of the CFRP reinforcement at lower loads compared with normal weight samples due to 
rapid openings of the shear crack as a result of loss of friction and aggregate interlock at the 
crack interface, thereby causing premature debonding of the CFRP strips.   
 
Figure (4.19): Estimated shear contributions for BL-UST specimen. 
 
 Figure (4.20): Estimated shear contributions for BL-CST specimen. 
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Figure (4.21): Estimated shear contributions for BN-UST specimen. 
 
Figure (4.22): Estimated shear contributions for BN-CST specimen. 
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Table (4.5) summarised the maximum shear contribution provided by concrete ( ௖ܸ) and 
CFRP ( ௙ܸ). The total CFRP shear strength provided by CFRP reinforcement which was obtained 
by subtraction analysis in both side of the beam were 5% and 2.7% lower for the BL-UST and 
BL-CST samples as compared with those obtained from CFRP strain readings. In contrast, the 
CFRP contribution were 4.6% lower for the BN-UST sample and 1.9% lower for BN-CST 
sample as compared with those obtained from the CFRP strain readings. Thus, the CFRP 
contribution to shear using the subtraction analysis is very close to the values when the strain 
readings are used to evaluate the shear strength provided by CFRP reinforcement. 
It can be noted that the shear contribution provided by concrete on both sides of the beam based 
on subtraction analysis was roughly the same as those obtained from CFRP strain readings for 
LWRC and NWRC beams strengthened with CFRP reinforcement. It can be concluded that the 
concrete shear strength increases constantly with the applied load, regardless the existence of the 
CFRP reinforcement. 
Table (4.5): Summary of shear strength obtained from CFRP reinforcement strains. 
Sample Total shear 
strength (kN) 
 ( ௙ܸ)   
(subtraction 
Method) 
(kN) 
shear strength provided by concrete 
and CFRP reinforcement  
 ௖ܸ  (kN)  ௙ܸ (kN) 
BL 151.78 0 151.78 0 
BL-UST 218.38 66.60 148.14 70.24 
BL-CST 267.14 115.36 148.53 118.61 
BN 164.10 0 164.10 0 
BN-UST 248.61 84.51 160.03 88.58 
BN-CST 320.80 156.70 161.07 159.73 
 
4.9.3. Failure Modes 
 
All the tested LWRC and NWRC beams failed in shear by the initiation of diagonal tension 
cracks in the shear span. In the case of samples strengthened with CFRP reinforcement, the 
CFRP strips crossing the diagonal shear cracks will either debond or rupture. The orientations of 
the major diagonal tension shear cracks are summarised in Table (4.6).  
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 Table (4.6): Summary of the diagonal shear crack inclinations. 
Sample shear cracks angle Average 
angle ߠଵ ߠଶ ߠଷ 
BL 420 400  410 
BL-UST 340 300  320 
BL-CST 330 370 35 350 
BN 410 440  420 
BN-UST 330   330 
BN-CST 350 370 340 350 
 
In general, the orientation of the diagonal tension crack for strengthened samples was lower than 
their corresponding control samples. It is well known that the presence of CFRP reinforcement 
influences the shear crack pattern. The diagonal tension crack inclinations of the strengthened 
lightweight and normal weight samples were slightly steeper compared with their control 
samples. The test results obviously reveal that there is no variance in response between 
lightweight and normal weight samples regarding the inclinations of diagonal shear cracks 
despite the clear difference in ultimate shear loads.  
In this experiment, the control LWAC and NWAC samples failed in shear by diagonal tension 
cracks as shown in Figure (4.23) and (4.24). Loss of friction at the interface of the diagonal shear 
crack were the failure modes of the control samples. For strengthened samples, The CFRP 
reinforcements have significant effects on the beams crack distributions. The CFRP 
reinforcement delays the loss of friction at the diagonal crack faces by reducing diagonal crack 
opening and help to transfer further compression and interfacial shear stress through the crack 
faces. At the ultimate limit state for samples strengthened CFRP, the crack bridging effect is lost 
and the loss of friction was occurred suddenly without any warning. The failure patterns are 
extremely brittle when compared with non-strengthened samples. The same failure modes were 
observed by Bousselham & Chaallal, (2008) and by Colalillo, (2012).  
The average major diagonal crack widths in the control LWAC sample was about 5 mm 
compared with the NWAC control sample which was approximately 3 mm. It can be noted that 
the lightweight samples had higher crack widths compared with normal weight samples due to 
lower friction and aggregate interlocks at the primary shear faces.  
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Figure (4.23): Typical failure mode of the control sample (BL). 
 
Figure (4.24): Typical failure mode of the control sample (BN). 
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Shear failure as a result of CFRP debonding was the failure mode of the LWAC sample 
strengthened with U-shaped techniques. The failure in bond between CFRP and concrete was 
initiated by debonding in a thick layer of concrete close the surface of the beam, (see Figure 
(4.25)). The CFRP reinforcement was detached locally from the surface of concrete at the 
diagonal shear cracks positions. With further loading, the debonding failure was gradually 
extended from the crack position and moved away towards the top and the bottom anchorage 
ends of the beam. A similar failure mode was observed for the NWAC sample strengthened with 
U-shaped, (see Figure (4.26)). However, the CFRP debonding initiated with a thin layer of 
concrete close the surface of concrete in case of NWAC samples. Generally, the lightweight 
samples showed higher crack intensity and widths compared with normal weight samples. The 
average major diagonal crack widths in the LWAC was about 7 mm. while for the NWAC 
samples, the crack widths were about 4 mm. 
 
 
Figure (4.25): Typical failure mode of BL-UST sample. 
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Figure (4.26): Typical failure mode of BN-UST sample. 
Shear failure as a result of CFRP reinforcement rupture was the failure mode of the LWAC and 
NWAC samples strengthened with Closed-shaped system. CFRP rupture is observed by breaking 
of the CFRP fibres along the diagonal shear crack because of excessive straining, (see Figure 
(4.27) and (4.28)). CFRP rupture was developed after flexural steel yielding close the corners of 
the beam due to high-stress concentrations occurred in the CFRP reinforcement at this region.  
 
In general, the lightweight and normal weight samples with Closed-wrapped were failed in 
extremely brittle failure modes compared with control samples. However, larger increases in 
shear strength are gained when the failure mode of the CFRP is occurred by CFRP rupture rather 
than debonding failure. No significant difference in the crack pattern was observed between 
lightweight and normal weight samples. However, a number of small cracks were noticed to 
have developed in the LWAC sample. The average major diagonal crack widths in the LWAC 
was about 4 mm. while for the NWAC samples, the crack widths were about 3 mm. In this test, 
LWAC and NWAC samples with Closed-shaped retrofitting system had many diagonal shear 
cracks compared with U-shaped samples which reveal one or two critical diagonal shear cracks. 
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It can be noted that the U-shaped strengthening system has less effect on beams crack pattern 
compared with Closed-shaped system. 
 
Figure (4.27): Typical failure mode of BL-CST sample. 
 
 Figure (4.28): Typical failure mode of BN-CST sample. 
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The data collected from ten longitudinal steel strain gauges installed at different section along the 
steel reinforcement are presented in this section to show the typical strain distribution profile and 
the variation of longitudinal steel strains along the length of the LWAC and NWAC samples at 
various load levels (20%, 40%, 60%, 80%, and 100% of the maximum load capacity). The 
longitudinal strain profiles for BL, BL-UST, and BL-CST are provided in Figures (4.29) to 
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data collected from strain gauges LS1, LS6, LS7, LS8, LS9, and LS10 in the BL-UST samples 
were missed during the test due to a technical fault whilst loading. 
 
Figure (4.29): Longitudinal steel strains profile for BL specimen.  
 
Figure (4.30): Longitudinal steel strains profile for BL-UST specimen. 
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Figure (4.31): Longitudinal steel strains profile for BL-CST specimen. 
 
 
Figure (4.32): Longitudinal steel strains profile for BN specimen. 
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Figure (4.33): Longitudinal steel strains profile for BN-UST specimen. 
 
 
Figure (4.34): Longitudinal steel strains profile for BN-CST specimen. 
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In this test series, the steel bar strain gauges in both sides of the beam were located at mirrored 
positions with respect to the centerline of the sample in order to investigate the strain distribution 
along the length of the central steel bar in LWRC beams compared with identical NWRC beams. 
The majority of the strain gauges were placed in the shear span (see Figure (4.6)). It was noted 
that the tested samples showed approximately the same elongations at a low level of loading on 
both sides of the LWAC and NWAC samples. Variance in strain measurements was noticed at a 
higher level of loading in several samples, which can be imputed to the effect of diagonal shear 
cracks and shear distortions. The same behaviour was observed by Colalillo, (2012). 
 
This study also revealed the concrete type had little effect on the strain profile along the 
longitudinal steel reinforcement. For lightweight concrete samples (BL-CST sample), the 
recorded strains at strain gauges close the centre of the beam are higher compared with normal 
weight samples. It can be concluded that the longitudinal steel reinforcement tends to increase 
the total load capacity of the LWAC samples due to the lower shear strength of the LWAC 
samples. Also, the dowel action of the longitudinal steel will increase the shear resistance in 
lightweight concrete samples. 
 
It can also be noted that the control samples (BL/N) failed before achieving the yield strain of the 
steel, except the maximum steel tensile strain of 2830 µm/m which are recorded in LS3 (550 mm 
from the left end of the beam) for the BL sample. For samples strengthened with U-shaped of 
CFRP reinforcement, the maximum steel tensile strain of 3700 µm/m and 3900 µm/m were 
recorded in LS5 (850 mm from the left end of the beam) for BL-UST and LS6 (1150 mm from 
the left end of the beam) for BN-UST respectively.  
 
Similarly, samples strengthened with Closed-shaped of CFRP reinforcement showed that the 
maximum steel tensile strain was adjacent to the mid-span. Maximum steel tensile strain of 8500 
µm/m and 8200 µm/m were recorded in LS6 (1150 mm from the left end of the beam) for BL-
CST and LS5 (850 mm from the left end of the beam) for BN-CST respectively. For Closed-
shaped samples, the strain measurements collected from the central steel bar close the mid-span 
of the beam (850 mm and 1150 mm) were significantly higher than those recorded close the 
beam support (250 mm and 1750 mm) (see Figure (4.31) and (4.34)). 
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load versus strain in the central longitudinal steel reinforcement are illustrated in Figure (4.35) to 
(4.40). The longitudinal steel reinforcement was marginally strained at the onset of loading and 
start to elongate with the occurrence of flexural or shear cracks. Yielding of the longitudinal steel 
bar was not observed in the control normal and lightweight samples due to premature shear 
failure. As shown in Figures (4.35) to (4.40), the load-versus steel tensile strain trend for each 
tested sample consists of three zones: (i) linear zone, (ii) non-linear zone and (iii) post non-linear 
zone (second linear zone). During the loading stages, this strain was small and considerable 
straining was only observed after the flexural and shear cracks developed. Following the linear 
zone, diagonal shear cracks initiate, and the load-strain curve tends to form a plateau trend with 
marginal change in the applied load while the steel tensile strain increases. In the post non-linear 
zone, the longitudinal steel strain was observed to increase linearly with load before sample 
failure particularly for the control and U-shaped samples. In contrast, the samples with Closed-
shaped showed similar response followed by another non-linear trend as a result of longitudinal 
steel yielding due to the samples flexural yielding. The similar load-strain response was observed 
for both LWAC and NWAC samples.  
 
Figure (4.35): Load versus longitudinal steel strains for BL sample. 
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Figure (4.36): Load versus longitudinal steel strains for BL-UST sample. 
 
Figure (4.37): Load versus longitudinal steel strains for BL-CST sample. 
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Figure (4.38): Load versus longitudinal steel strains for BN sample. 
 
Figure (4.39): Load versus longitudinal steel strains for BN-UST sample. 
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Figure (4.40): Load versus longitudinal steel strains for BN-CST sample. 
 
4.9.5. CFRP Strain 
 
This part of the chapter examined the variation of the average CFRP strains in the vertical 
direction of each of the instrumented strips for the LWRC and NWRC beams. The instrumented 
CFRP strips SF2, SF3, SF4, SF7, SF8 and SF9 are located at 200, 350, 500, 1200, 1350, 1500 
mm respectively, from the left support of the beam (see Figure (4.9)). The average CFRP strains 
for the LWRC series are illustrated in Figure (4.41) and Figure (4.42), while the average strain 
variation for the NWRC series is shown in Figure (4.43) and Figure (4.44). 
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Figure (4.41): Average CFRP strains for specimen BL-UST. 
 
 
 
Figure (4.42): Average CFRP strains for specimen BL-CST. 
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Figure (4.43): Average CFRP strains for specimen BN-UST. 
 
Figure (4.44): Average CFRP strains for specimen BN-CST. 
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Generally, the average strains response of CFRP reinforcement is characterised by two stages: 
the first stage is where the average CFRP strains are very small and the second stage where an 
abrupt increase of CFRP strains develops with further loading. The first considerable increase in 
CFRP strains developed at an applied load of 100 kN for BL-UST and 120 kN for BL-CST. For 
normal weight concrete samples, the first considerable increase in CFRP strain was observed at 
an applied load of 110 kN for BN-UST and 130 kN for BN-CST.  
This was attributed to the CFRP strips bridging a shear crack that was noticed crossing it. This 
crack would subsequently initiate into the diagonal shear crack that could lead to failure of the 
sample. Up to this loading point (initial crack load), the contribution of the CFRP reinforcement 
to the total shear strength of the reinforced concrete beam is very small and can be ignored. With 
further loading, the crack opening increases and new shear cracks develop, leading to an increase 
in CFRP stress due to crack bridging forces of the CFRP strips.  
Comparison through the LWRC test series shows that the samples strengthened with U-shaped 
reinforcement (BL-UST) had maximum average CFRP strains more than 3600 µm/m. 
Comparison of samples with Closed-shaped reinforcement shows that BL-CST had a maximum 
average CFRP strain more than 3300 µm/m. For the NWRC test series, the results show that the 
samples strengthened with U-shaped reinforcement (BN-UST) had a maximum average CFRP 
strains more than 5200 µm/m. Comparison of samples with Closed-shaped reinforcement shows 
that BN-CST had a maximum average CFRP strain more than 6300 µm/m.  
 
It can be also noted that the average CFRP strain in strip no. 4 and strip no. 8 in sample BN-UST 
decreased as the load increased beyond the maximum load capacity. The decrease in average 
CFRP strain is developed by global debonding of the CFRP strips from the surface of the 
concrete. The load-CFRP strains collected from the strain gauges for each of the instrumented 
CFRP reinforcement for the LWRC and NWRC series are illustrated in Appendix A (see Figures 
(1) to (4)). 
 
The maximum CFRP strains collected from strain gauges attached to the surface of the CFRP 
strips and the number of the strain gauge were summarised in Table (4.7). A significant variance 
in maximum measured CFRP strains between U-shaped samples and Closed-shaped samples. 
This is attributed to the premature failure of samples with U-wrapped strengthening technique. 
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The maximum achieved CFRP strain for the U-wrapped lightweight sample was about 4700 
µm/m and for U-wrapped normal weight sample was about 5800 µm/m. In contrast, the 
maximum achieved strain for the Closed-shaped lightweight samples was about 5900 µm/m and 
9400 µm/m. Samples with Closed-shaped CFRP reinforcement were able to sustain basically 
larger strains compared with U-shaped samples. This can be imputed to the end anchorages 
provided by the Closed-shaped system which helped the CFRP strip to achieve larger strains 
compared with U-shaped samples. 
 
Comparison between lightweight and normal weight samples shows an obvious difference 
between the maximum measured strains as the normal weight concrete failed at higher load 
compared with lightweight concrete samples. The maximum recorded CFRP strains for the 
lightweight sample was significantly lower than the normal weight samples. This is attributed to 
premature debonding or rupture of the CFRP reinforcements from the lightweight concrete 
surface which accelerated the failure of the samples.  
The results obtained in double lap shear test (see chapter three (section 3.7.3)) showed that the 
LWAC samples recorded higher strain reading compared with NWAC in most cases. The 
difference between CFRP reinforcement used to upgrade the strength of the RC beams and the 
CFRP bonded to the concrete surface in the bond shear test is the normal and shear stress 
developed in a thin layer of concrete adjacent the CFRP reinforcement. In the bond-slip test, the 
thin layer of concrete adjacent the FRP composite is carried a pure normal and shear stresses. 
While, for CFRP reinforcement used to strength the RC beam, the concrete layer underneath of 
the CFRP is subjected to compressive stresses parallel to the diagonal compressive strut 
inclination and tensile stresses perpendicular to the diagonal shear cracks inclination in addition 
to the interfacial shear stresses developed in FRP/concrete joint (Qu, 2005).  
Generally, the stress destitution in the RC beam is much complex and may affect the CFRP-to-
concrete interface, with an expectation to accelerate CFRP debonding and to minimise the 
maximum debonding strain. The stresses in lightweight samples are much higher and more 
complex. The increase in interfacial and normal stresses with increasing plastic deformation in 
lightweight concrete beams leads to unexpected CFRP reinforcement failures and thus leads to a 
reduction in the maximum debonding strains.  
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Table (4.7): Summary of maximum local CFRP strains at sample failure. 
Sample Maximum 
Shear 
capacity  
(kN) 
 
Maximum strains at failure from strain gauges at each 
instrumented CFRP strips (µm/m) 
SF2 SF3 SF4 SF7 SF8 SF9 
BL-UST 218.38 4011.6 
(SG 4) 
4725.9 
(SG 10) 
2911 
(SG 12) 
4728.6 
(SG 17) 
4216.7 
(SG 25) 
2217.5 
(SG 28) 
BL-CST 267.14 5819.4 
(SG 3) 
 
5972.5 
(SG6) 
4800.3 
(SG 15) 
2788.3 
(SG 17) 
4466.5 
(SG 21) 
1846.85 
(SG 28) 
BN-UST 248.61 2120.8 
(SG 3) 
5837.5 
(SG 9) 
1594.8 
(SG 15) 
1642.6 
(SG 16) 
846.1 
(SG 25) 
 
4919.4 
(SG 28) 
BN-CST 320.80 2392.98 
(SG 3) 
 
9416 
(SG 9) 
7893.2 
(SG 15) 
2579.8 
(SG20) 
1948.12 
(SG24) 
4711.9 
(SG 28) 
 
The variation of CFRP strain cross the beam length and height can be investigated in this section. 
The CFRP strains collected from the strain gauges located at the mid-depth of the beam (150 
mm) and the two quarter-depths of the beam (75 and 225 mm from the bottom of the beam). 
Figures (4.45) to (4.49) show the CFRP strains distributed over the cross section of LWRC and 
NWRC beams.  
The trend of CFRP strains through the height of BL-UST samples (see Figure (4.45)) showed 
that the maximum measured strains were observed at 75 mm and at 225 from the bottom face of 
the beam in strip 3 (350 mm from the left support of the beam) and at mid-height of the beam in 
strip 7 (1200 mm from the left end of the beam). The highest measured strain was 4300 µm/m at 
75 mm from the bottom face of the beam, 4700 µm/m at 225 mm from the bottom face of the 
beam in strip 3 and 4700 µm/m at 150 mm in strip 7. The rest of the strain gauges measured 
strain values between 700 µm/m - 4000 µm/m. The trend of the CFRP strain through the height 
of BL-CST sample (see Figure (4.46)) showed that the maximum measured CFRP strains were 
observed on strip 2(200 mm from the left end of the beam) at 75 mm from the bottom face of the 
beam and at 75 mm from the bottom face of the beam in strip 3. The highest measured CFRP 
strain was 5900 µm/m in strip 2 and 5800 µm/m in strip 2. 
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Figure (4.45): CFRP strain over the cross section of the BL-UST specimen. 
 
Figure (4.46): CFRP strain over the cross section of the BL-CST specimen. 
The trend of the CFRP strains through the height of BN-UST sample (see Figure (4.47)) showed 
that the high measured CFRP strains were observed at 75 mm from the bottom face of the beam 
and at the mid-height of the beam (150 mm from the bottom of the beam) in strip 3 and at 75 mm 
of strip 9 (1500 mm from the left end of the beam). The highest measured CFRP strain was 4900 
µm/m at 75 mm from the bottom face of the beam, 5800 µm/m at mid-height of the beam in strip 
3 and 4900 µm/m at 75 mm in strip 9. The rest of the strain gauges measured strain values 
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between 660 µm/m - 3500 µm/m.  The trend of the CFRP strains through the height of BN-CST 
sample (see Figure (4.48)) showed high measured strains were observed on strip 3 at mid-height 
of the beam and at 225 mm from the bottom face of the beam in strip 4.  It can be noticed that the 
diagonal shear crack developed close the support (strip 3) of the beam and extended up to the 
point of load application (strip 4). The highest measured CFRP strain was 9400 µm/m at mid-
height of the beam in strip 2 and 7800 µm/m at 225 mm from the bottom of the beam in strip 4. 
 
Figure (4.47): CFRP strain over the cross section of the BN-UST specimen. 
 
Figure (4.48): CFRP strain over the cross section of the BN-CST specimen. 
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The CFRP strains differ across the depth and length of the strengthened RC beams. It can be 
noted that the debonding between the FRP and concrete surface develops at the occurrence of the 
diagonal shear cracks. By bond action, stresses developed in a thin layer of concrete are travelled 
to the CFRP reinforcement, these stresses create tensile strains in the CFRP reinforcement across 
the diagonal shear cracks. As the applied load increased, the diagonal shear crack starts opening 
and multi-shear cracks occurred, more strains are induced in the CFRP reinforcement across 
these cracks. The bond stresses between the CFRP reinforcement and concrete substrate will 
keep increasing while the maximum bond strength is achieved and the CFRP strips detached 
from the concrete surface at the diagonal crack position. At this stage, the required bond length 
moves far away from the position of the crack plane and extended towards the top and bottom 
surface of the beam, more interfacial stresses occurred along the bond length away from the 
diagonal crack location (Monti and Liotta, 2007).  
 
Once the complete debonding develops, no more normal and shear stresses transference cross the 
effective bond area. The interfacial shear stress shifts along the length of the CFRP 
reinforcement till achieving the far end of the beam, leading to the sudden bond failure. The 
CFRP reinforcement detached globally over the full depth of the beam. The CFRP strains will 
differ along the diagonal crack which depends on the bond length of the CFRP reinforcement 
above and below the diagonal crack plane (Colalillo, 2012).  
 
Closed-shaped samples had similar mechanics of failure. However, the CFRP reinforcement 
achieved higher strains compared with U-shaped samples. The Closed-shaped system reduced 
the possibility of global debonding of the CFRP reinforcement from the surface of the concrete 
beam. In this study, it can be noted that there was no significant difference in behaviour in strain 
distribution or debonding failure mechanism between the LWAC and NWAC samples. 
 
4.9.6. Scanning Electron Microscopy (SEM) 
  
The scanning electron microscope (SEM) is one of the most versatile instruments available for 
the examination and analysis of microstructural characteristics of solid objects. The main reason 
for the SEM’s usefulness is the high resolution that can be obtained when bulk samples are 
scanned. The microscope has been a useful approach in the study of cement and concrete since 
the early development of these materials. Le Chattelier (1882) used the microscope to the study 
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of cementitious materials. Le Chattelier (1882) assessed the chemical and physical aspects of 
hydration and setting, rather than to study cracks propagation. Tavasci (1941) successfully 
investigate the microscope to study the composition and structure of concrete. Tavasci’s (1941) 
work noted a new information for the studies of cracks on the interior surfaces of cut specimens 
which were carried out in the 1960s. The electron microscope was apparently first used by 
Radczewski et al. (1939) and by Eitel (1941, 1942) to investigate the process of hydration of 
concrete. Although the majority of these studies were not directly related to cracks, they led the 
way to later studies of cracks in which electron microscopy was a powerful tool (Nemati, 1997).  
 
In this study, microstructural examinations using a light microscope and scanning electron 
microscope (SEM) were conducted on samples of lightweight and normal weight concrete in 
order to detect the macro/micro and nano internal pore structures. Interestingly, light 
micrographs of lightweight concrete samples show that the path of diagonal tension cracks 
propagated through lightweight aggregates (see Figure (4.49a)) rather than in the concrete matrix 
around the aggregates as in normal weight samples (see Figure (4.50a)). This accounts for the 
lower tensile strength of lightweight aggregate. Hence, the aggregate interlock between the crack 
faces could be neglected in lightweight concrete beams and this eventually leads to the lower 
shear capacity of lightweight concrete beams. The diagonal failure crack path avoids the coarse 
aggregate in NWRC samples and the crack path always extended around the coarse aggregates 
due to the breakdown of the bond between the dense surface of the coarse aggregates and cement 
paste. The SEM micrographs of the lightweight concrete sample revealed the spherical shapes of 
Lytag particles with an extremely porous microstructure (see Figure (4.49b and e). It can be seen 
that the Lytag particles have many pore openings on their surface and the intra-particle bubbles 
are non-uniform, containing overgrown bubbles. In contrast, the normal weight aggregates are 
angular in shape with a non-porous surface (see Figure (4.50c)). Furthermore, the lightweight 
aggregate is surrounded by an orange coloured area (reacted zone) (see Figure (4.49a)). This is 
due to the chemical reaction between the lightweight particles and the cement matrix. Figure 
(4.49c) shows the reacted zone and the microstructure of lightweight particles, in which the voids 
are considerably higher than in the cement paste. Also, Figure (4.49d) illustrates the boundary 
between the reacted zone and the cement paste. It can also be observed that the cement paste and 
lightweight particles are well-bonded as illustrated in the typical microstructure of the interfacial 
zone for a composite of Lytag particle and cement paste (see Figure (4.49a)).   
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Figure (4.49): (a) Light micrograph of lightweight concrete sample, (b) SEM micrograph of 
lightweight aggregate, (c) SEM micrograph of reacted area of lightweight aggregate, (d) SEM 
micrograph of reacted area of lightweight aggregate and cement paste, (e) SEM micrograph of 
lightweight aggregate and (f) SEM micrograph of cement paste. 
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Figure (4.50): (a) Light micrograph of normal weight concrete sample, (b) SEM micrograph of 
normal weight aggregate and cement paste, (c) SEM micrograph of normal weight aggregate and 
(d) SEM micrograph of normal weight aggregate and cement paste.  
Figures (4.50b and d) show that the normal aggregates are bonded with the cement paste rigidly 
and cracks develop around the aggregates. In this case, the aggregate interlock between the crack 
faces provides a significant contribution to ultimate shear carrying capacity. For the chemical 
analysis of the tested samples, X-ray line spectrum analysis using EDX (energy dispersive X-ray 
analysis system) linked with SEM and with an accelerating voltage of 9-14 kV was carried out to 
investigate the main chemical compounds in the lightweight concrete as shown in Figures (4.51) 
to (4.53). In the analysed samples, the cement paste and lightweight particles are well-connected 
and an almost no Ca-rich (calcium-rich) zone was observed near the aggregate particles (orange 
area) or inside lightweight particles (black area). It can also be noted line spectrum analysis using 
EDX that the aggregate particles are rich with Si (silica) while the cement paste is rich with Ca. 
(a) 
(c) 
(b) 
(d) 
Normal weight aggregate 
 
Cement Paste 
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A slight difference in chemical composition was observed between the black and orange area. 
Aggregates containing silica will react with an alkali hydroxide in concrete to produce a gel that 
swells as it adsorbs water from the environment and the surrounding cement paste. These gels 
can cause sufficient expansive stress to damage concrete and develop cracking over a period of 
many years (Farny and Kosmatka, 1997). 
 
 Figure (4.51): EDX spectra for: (a) orange area (b) Black area.
 
Figure (4.52): EDX spectra for Lytag particle. 
  Black area Orange area 
(a) (b) 
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Figure (4.53): EDX spectra for cement paste. 
 
4.9.7. Principal Strain State 
  
To investigate the vertical, axial and shear strain as well as the principal strains in the web of 
LWRC and NWRC beams, a rosette strain was used in a diagonal direction across the shear 
cracks as shown in Figure (4.9).  
 
Average strain measurements collected from rosette gauges attached on the left and right sides of 
the beam were employed to calculate the average vertical strain ߝ௬ for each side of the beam. 
Strain measurements collected from the axial directions (horizontal directions) of each rosette in 
both sides of the beam were averaged to calculate the average horizontal strains ߝ௫. The average 
45º diagonal strain measurements were employed to calculate the corresponding shear 
strains ߛ௫௬ . The principal strains, ߝଵ and ߝଶ, can be calculate using the Mohr’s circle of strain (see 
Figure (5.55)) as follows (Equation (4.3) and (4.4)): 
 
ߝଵ =
1
2
൫ߝ௫ + ߝ௬൯ +
1
2
ට൫ߝ௫ − ߝ௬൯
ଶ
+ ߛ௫௬ଶ                                                                                          (4.3) 
ߝଶ =
1
2
൫ߝ௫ + ߝ௬൯ −
1
2
ට൫ߝ௫ − ߝ௬൯
ଶ
+ ߛ௫௬ଶ                                                                                          (4.4) 
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The angle of principal strain is calculated by the following equation (Equation (4.5)): 
 
ߠ =
1
2
tanିଵ ቆ
ߛ௫௬
ߝ௬ − ߝ௫
ቇ                                                                                                                        (4.5) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (4.54): Moher’s circle strain state. 
 
Based on the previous equations (Megson, (2005)), the strains and principle strain inclinations 
measured before sample failure are summarised in Table (4.8). Generally, the average axial 
strains ߝ௫ , the vertical strain ߝ௬ and the diagonal shear strain ߛ௫௬ as well as the principal strain ߝଵ 
and ߝଶ are higher for normal weight samples compared with lightweight samples. It can also be 
noted that the mean horizontal CFRP strains ߝ௫ , the vertical CFRP strains ߝ௬ and the shear CFRP 
strains ߛ௫௬ are significantly higher at the maximum load for the samples with Closed-shaped 
compared with the samples strengthened with U-shaped reinforcement. This accounts for the 
higher shear capacity reached in Closed-wrapping samples. 
 
For the Closed-shaped sample, it can also be noted that the principal strains are higher at failure 
for samples with Closed-shaped than U-shaped. The average angles of the principal strain ߠ are 
approximately the same for samples with different concrete type and strengthening techniques. 
ߝ 
ߛ௫௬  
ߝଵ  
ݎ = ඨ൬
ߝ௫ + ߝ௬
2
൰
ଶ
+ ߛ௫௬ଶ  
ߝଶ  
൫ߝ௫, −ߛ௫௬൯  
൫ߝ௬, ߛ௫௬൯  
ߠ  
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Table (4.8): Summary of strains in xy-axis and principal inclinations before samples failure. 
 
4.10. Summary 
   
From the shear tests results and analysis, a number of conclusions can be derived from work 
presented in this chapter. 
 
4.10.1. Shear Strength  
 In this test, the shear strength gained due to CFRP reinforcement for lightweight samples 
was less than the normal weight concrete samples. This is due to lower concrete surface 
tensile strength and aggregate interlock which increase the stresses in CFRP reinforcement 
and at the concrete-CFRP interface. An increasing in interfacial and normal stresses leads to 
CFRP debonding and unexpected CFRP rupture failures. 
 
4.10.2. Load-Displacement trend 
 The load-displacement trends described by the following stiffnesses zone: elastic zones, 
flexural cracks zone, and shear cracks zone. The elastic and flexural stiffness zones were 
Sample Average strain in xy-axis (µm/m) 
 
Principal strain (µm/m) 
Left side of the 
beam 
Right side of the 
beam 
 
Left side of 
the beam 
Right side of 
the beam 
Principal 
inclinations 
ߠ 
ߝ௫ ߝ௬ ߛ௫௬ ߝ௫ ߝ௬ ߛ௫௬ ߝଵ ߝଶ ߝଵ ߝଶ ߠଵ ߠଶ 
BL-UST 
 
416 1291 2864 389 2849 2678 2350 -643 3437 -199 360 240 
BL-CST 
 
619 4544 5680 711 2484 3657 6033 -870 3629 -434 280 320 
BN-UST 583 3184 3991 410 2293 3178 4265 -498 3198 -495 280 300 
BN-CST 
 
875 6564 8660 1338 2848 4550 8900 -1461 4490 -304 280 360 
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uninfluenced by the concrete type and strengthening configurations, whilst the shear stiffness 
zone was stiffer for NWAC samples compared with LWAC samples. The load-displacement 
response for LWAC samples is flatter than those of NWAC samples with identical CFRP 
strengthening configurations. 
 The shear stiffness zone was influenced by the strengthening techniques, the LWAC and 
NWAC samples strengthened with Closed-shaped showed a stiffer response compared with 
U-wrapped samples. 
 
4.10.3. Failure Modes and Crack Pattern 
 Shear failures were developed by the loss of aggregate interlock for the control samples and 
failure in CFRP reinforcement for strengthened samples. The test observations revealed that 
the controlled and U-shaped LWAC and NWAC samples were failed immediately after 
reaching maximum load carrying capacity. This was due to the fact that the crack bridging 
effect of diagonal crack was not available or fully reached its capacity in controlled and U-
shaped retrofitted system respectively. However, both Closed-shaped LWAC and NWAC 
samples exhibited plastic behaviour before the rapture of the CFRP sheets. 
 
 The test observations showed that there was virtually no difference between the lightweight 
beams and their normal weight companions regarding failure modes and shear cracks 
inclinations. However, it was noticed that the path of diagonal tension cracks on the tested 
LWAC samples extended through lightweight aggregates rather than in the concrete matrix 
around the aggregates as in NWAC samples. It can be also concluded that the LWAC 
samples had higher crack widths due to lower aggregate content at the primary shear crack 
interface.  
  
4.10.4. Longitudinal Steel Strains 
 The test results showed that the concrete type had little effect on the longitudinal steel 
straining. It can be noted that the strain gauges in the central steel bar of the lightweight 
concrete samples showed slightly higher strain readings compared with normal weight 
concrete samples. It can be concluded that the longitudinal steel reinforcement tends to 
increase the shear capacity of the lightweight concrete beams samples due to the lower shear 
strength of the lightweight concrete. 
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4.10.5. CFRP Reinforcement Strains 
 
 Comparison between LWAC and NWAC samples shows a clear variance between the 
maximum recorded CFRP strain; the samples cast with lightweight concrete failed at lower 
load compared with normal weight samples. This is attributed to higher normal and 
interfacial shear stress developed in the CFRP-concrete interface at the crack interface 
leading to premature debonding or rupture of the CFRP reinforcement from the concrete 
surface, thereby accelerating the sample failure.  
 
 Samples with Closed-shaped CFRP reinforcement experienced higher CFRP strains 
compared with U-shaped sample due to the premature debonding of the CFRP reinforcement 
from the surface of concrete at a lower load. The maximum recorded strain for the Closed-
shaped LWAC and NWAC samples which failed by CFRP rupture was about 5900 µm/m 
and 9400 µm/m, respectively. 
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CHAPTER FIVE 
1 FINITE ELEMENT ANALYSIS 
5.1. Introduction  
Finite element (FE) modelling techniques have significantly extended the ability to numerically 
simulate the behaviour of the actual physical models related to different structural difficulties, as 
The FE model superseded the actual member with an identical numerical model consisted of 
discretised node-linked elements. This chapter presents the finite element modelling of the 
experimental bond-slip and reinforced concrete normal and lightweight concrete beams using the 
ANSYS Ver.12 (ANSYS, 2009) software package.   
 
Overall, the outcomes and methods of analysis are identical employing other finite element 
software. Each finite element software possesses his special elements and methods of analysis 
that require being utilised correctly. The user or the developer should be fully understood with 
the FEA stuffs needed to start modelling from simple to more advanced issues to achieve 
reliableness an employing of FEA techniques to understand the structural behaviour of the 
reinforced concrete structures with easy tools such as FE models (Damian et al., 2001). 
 
Three-dimensional non-linear finite element models that use a smeared cracking approach are 
presented in this study. Solid, shell and link elements are used to model concrete, adhesive, 
CFRP composites and steel materials. The material properties of the experimental modelling 
were presented in Chapters 3 and 4 of this thesis. In the broadest sense, this model comprises all 
the nodes, elements, material properties, real constants, boundary conditions, and other 
characteristics that are required to simulate the physical model. The outcomes of the FE models 
are compared with those collected from the actual bond-slip and beam shear models. The failure 
modes and the smeared cracks distribution noticed in the FE models are also compared with 
those observed in the actual physical models.  
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5.2 Material Properties and Element Types  
5.2.1 Concrete  
Concrete is a quasi-brittle material and has different behavioural characteristics in compression 
and tension. Figure (5.1) shows a typical stress-strain curve for NWC. In the crushing zone, the 
stress-strain trend for concrete is linear/elastic till approximately 30% of the maximum crushing 
concrete strength. Beyond this stage, the compressive stress of concrete progressively rises up to 
the maximum crushing strength. Once it reaches the maximum compressive strength ߪ௖௨ , the 
trend steadily inclines into a softening region, and finally crushing failure develops at an ultimate 
concrete strain ߝ௖௨ . In the cracking zone, the stress-strain curve for concrete is linear-elastic up 
to the maximum cracking or tensile strength. Beyond this stage, the concrete cracks and the 
strength vanishes gradually to zero (Bangash, 1989). The cracking strength (tensile strength) of 
NWC is usually (8-15%) of the concrete crushing strength (compressive strength of concrete) 
(Shah, et al. 1995) and between (5-15%) of the concrete crushing strength in case of 
lightweight concrete (EuroLightCon, 1998).  
 
 
Figure (5.1): Typical uniaxial compressive and tensile stress-strain curve for concrete (Bangash, 
1989). 
Stress-strain curves for LWAC are generally characterised by a more linear ascending trend, 
more limited plastic strain and a steeper descending trend compared with NWAC as shown in 
Figure (5.2). The linear, brittle response is usually improved with increasing the strength of 
Crushing zone 
Cracking zone 
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concrete. The more linear and brittle behaviour for LWAC is possible assigned to a higher 
compatibility between the LWA and the surrounding concrete paste (CEB / FIP, 1983). 
 
Figure (5.2): Stress–strain relationships for LWAC and NWAC (CEB / FIP, 1983). 
  
5.2.1.1.  Element type  
 
The SOLID65 or 3-D reinforced concrete solid element type is used to model concrete in 
ANSYS (2009), the element can crack or crush at the 8 integration points. Also, cracking is 
based on exceedance of a principal tensile stress. This solid element has six faces and eight 
nodes with three translations in each node; three degrees of freedom in the nodal x, y, and z 
orientations at each node. The element is able to predicate the plastic strain, creep, cracking in 
concrete element with three orthogonal orientations, and concrete crushing (ANSYS 2009). The 
geometry and node definitions for this element are shown in Figure (5.3). 
  
 
Figure (5.3): SOLID65 geometry (ANSYS 2009). 
numbers - 
are the six 
solid element 
faces 
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The SOLID65 element requires linear isotropic and multi-linear isotropic material properties to 
simulate the concrete behaviour (ANSYS, 2009). In this study, the multi-linear isotropic material 
uses the Von-Mises failure criteria combined with the William and Warnke (1975) model were 
employed to simulate the non-linear behaviour and failure criteria of normal and lightweight 
concrete. In addition, there are other variables needed to be set to define the William and Warnke 
model (William and Warnke, 1975). The following subsection will explain in detail the 
properties of the concrete material using ANSYS.  
 
5.2.1.2.  Linear Isotropic Properties  
The experimental values of the modulus of elasticity (ܧ௖) and the assumed values of the 
Poisson’s ratio (߭) are used to specify the linear isotropic properties of the LWAC and NWAC 
used to simulate the double-lap shear test and beam shear tests.   
 
5.2.1.3.  Non-linear Material Properties  
To model the non-linear properties of concrete using ANSYS, the following input data is 
required to be defined: 
 
1. Coefficient of shear transfer (ߚ௧). 
2. Uniaxial concrete compressive strength ( ௖݂ᇱ). 
3. Uniaxial concrete tensile strength (flexural tensile strength or modulus of rupture ( ௥݂). 
4. Concrete stress-strain in compression. 
 
The coefficient of shear transfer varies between 0.0 to 1.0, the value of 0.0 representing a 
complete loss of shear transfer (smooth crack) and 1.0 representing no loss of shear transfer 
(rough crack) (ANSYS 2009). The coefficient of shear transfer for open crack ranged between 
0.05 and 0.5 in several studies of RC members. The coefficient of shear transfer values varied 
between 0 and 1, but a value higher than 0 is vital to avoid numerical issues (Isenburg, 1993). In 
this study, the coefficients of the closed and open shear crack were assumed as 1.0 and 0.2, 
respectively (Chansawat et al. 2009). A summary of the lightweight and normal weight concrete 
properties used in the double-lap shear finite element models are shown Table (5.1) and in 
chapter three (see Table (3.9)). In this study, the main differences in modelling LWAC and 
NWAC specimens are in the modulus of elasticity and uniaxial tensile stress respectively, which 
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are approximately 77% and 85% of that of NWAC respectively. These two properties lead to 
significant differences in maximum bond strength between the LWAC and NWAC specimens. 
 
Table (5.1): Summary of material properties for concrete used for DLS test.  
Concrete type ௖݂
, (ۻ۾܉) ࢼ࢚  ࣏ 
LWAC 32.08* 0.2 0.2** 
NWAC 33.28* 0.2 0.2** 
* The concrete cylinder compressive strength was calculated based on Equation (5.3).    
** The Poisson’s ratio (߭) of the NWAC and LWAC was assumed as 0.2 (ACI 213R, 2003). 
 
ANSYS requires the uniaxial compression stress-strain relationship of concrete to model the 
non-linear response of concrete. The ideal stress-strain trend for LWAC and NWAC consists of 
two trends: an ascending trend and a descending or the softening trend. A convergence issue 
was obtained by many researchers when using the descending trend of the stress-strain curves 
of concrete in simulating the non-linear behaviour of concrete in ANSYS (Damian et al. 2001, 
Wolanski 2004). Therefore to avoid such issues, only the ascending trend of the compression 
stress-strain curve of concrete is considered in this research. The points on the ascending trend 
of the compressive multi-linear isotropic stress-strain curve are computed based on the 
following equations (Equation (5.1) and (5.2)) (Gere and Timoshenko, 1997). 
 
݂ =
ܧ௖. ߝ
1 + ቀ ߝߝ଴
ቁ
ଶ                                                                                                                                            (5.1) 
ߝ଴ =
2 ௖݂
,
ܧ௖
                                                                                                                                                      (5.2) 
Where,  
݂ = Stress at any strain, ߝ in (MPa), 
ߝ= Strain at any stress, ݂, 
ߝ଴= strain at the maximum compressive stress, ௖݂
,. The stress-strain curve for the LWAC and 
NWAC calculated according to the above equations and used in the bond-slip finite element 
models shown in Figure (5.4). In this study, the concrete cylinder compressive strength is 
calculated using Equation (5.3): 
௖݂
, = 0.8 ௖݂௨                                                                                                                                                  (5.3) 
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Figure (5.4): Concrete stress-strain curve for DLS test models. 
5.2.2 Steel Reinforcement and Steel Plates 
The properties of the threaded central steel bar used in the FE models of the bond slip tests, such 
as the modulus of elasticity and yield stress of the steel bar were obtained based on the 
experimental test results carried out as a part of this study. A Poisson’s ratio of 0.3 was used for 
the threaded steel bar. Material properties for the steel bars for all bond-slip models are 
summarised in Table (5.2).  
 
Table (5.2): Summary of material properties of steel bar. 
Modulus of Elasticity (Es) MPa Yield Stress ( ௬݂)  MPa Poisson’s ratio (ν) 
205,000 275 0.3 
 
The LINK8 element is used for the central steel reinforcing bar in the bond-slip model and all 
reinforcement in the beam shear test. LINK8 is a 3-D spar which may be used in wide range of 
engineering applications such as truss models, links, sagging cables, springs, etc. The three-
dimensional link element is a uniaxial tension-compression element with three degrees of 
freedom at each node: translations of the nodes in x, y, and z-directions. Bending is not included 
in this element as those in a pin-jointed structure. Plasticity, creep, swelling, stress stiffening, and 
large deflection abilities are included in this element (ANSYS 2009). This element is used, in 
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this study, to simulate the behaviour of central steel bar used in the bond-slip models and all the 
steel reinforcement in beam shear tests. The geometry, node locations, and the coordinate system 
for this element are shown in Figure (5.5). 
 
Figure (5.5): LINK8 geometry (ANSYS, 2009). 
SOLID45 is used to model the steel plates which are used at beam support and load locations in 
the finite element models to simulate the actual steel load spreader and support plates adopted in 
the beam shear tests. The element has six faces and eight nodes and each node with three 
translational degrees of freedom in the nodal x, y and z directions as shown in Figure (5.6). It has 
hyperelasticity, plasticity, stress stiffening, large deflection, creep, and large strain abilities 
(ANSYS, 2009).  
 
 
 
Figure (5.6): SOLID45 geometry (ANSYS, 2009). 
numbers - 
are the six 
solid element 
faces 
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5.2.3. CFRP Composites and Adhesive Material   
In this study, linear elastic properties were assumed for both CFRP composites and adhesive 
material used to bond CFRP composite to the concrete surface. The CFRP composites are 
orthotropic materials, the properties of the CFRP composites are the same in any direction 
perpendicular to the principal fibres direction. It means the properties of CFRP in the y-direction 
are identical to the fibre’s property in the z- direction, assuming the x-direction is parallel to the 
direction of the principal fibres in the CFRP reinforcement (Damian et al. 2001). To model 
CFRP composites using ANSYS the following input data for material properties required 
definition: 
 
1. A number of CFRP layers. 
2. The thickness of CFRP layer. 
3. The direction of CFRP layer. 
4. The FRP modulus of elasticity in each direction (Ex, Ey, and Ez). 
5. The FRP modulus of shear in each plane (Gxy, Gyz, and Gxz). 
6. Poisson’s ratio in each plane (νxy, νyz and νxz). 
 
The adhesive material is isotropic and has the same properties in all directions, for example, the 
modulus of elasticity and Poisson’s ratio, are similar in all directions of the adhesive material. 
Thus, no special symbols are needed to indicate to directional properties. A summary of material 
properties of CFRP and adhesive are shown in Table (5.3). The shear modulus, ܩ of the CFRP 
composite sheet and the adhesive material are calculated based on the following Equation 
(Equation (5.4)): 
ܩ =
ܧ
2(1 + ߭)
                                                                                                                                             (5.4) 
Table (5.3): Summary of material properties of CFRP and adhesive. 
 Material Elastic 
modulus 
GPa 
Poisson’s 
ratio 
Shear modulus 
GPa 
CFRP 
composites 
 
     Ex=240 
    Ey=31 
   Ez=31 
νxy= 0.22 
νyz= 0.30 
νxz=0.22 
 Gxy=98.360 
           Gyz=11.923 
Gxz=98.360 
Adhesive          5 0.3 1.92 
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A layered solid element, SOLID46, is used to model the CFRP sheet and the adhesive in the 
bond-slip and beam shear FE models. The geometry, node locations, and the coordinate system 
for this element are shown in Figure (5.7). The element includes up to 250 different material 
layers (ANSYS 2009). The element has three degrees of freedom at each node: translations in the 
nodal x, y, and z directions. As an alternative SHELL63 4-node 2D elements were used to model 
the thin layer of CFRP sheet in some models in bond-slip tests. The element has six faces and six 
degrees of freedom at each node: translations in the nodal x, y, and z directions and the rotations 
about the nodal x, y and z-axis. This element able to model the bending and membrane (ANSYS 
2009). The geometry, node locations, and the coordinate system for this element are shown in 
Figure (5.8).  
 
Figure (5.7): SOLID46 geometry (ANSYS, 2009). 
 
Figure (5.8): SHELL63 geometry (ANSYS, 2009). 
numbers - 
are the six 
solid element 
faces 
numbers - 
are the six 
solid element 
faces 
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5.3. Nonlinear Solution  
 
In the nonlinear analysis, the total load applied to a finite element model is divided into a series 
of load increments called load steps. At the completion of each incremental solution, the stiffness 
matrix of the model is updated to show nonlinear changes in structural stiffness before going to 
the next load step. The ANSYS program uses the Newton-Raphson equilibrium iterations for 
updating the model stiffness. Newton-Raphson equilibrium iterations provide convergence at the 
end of each load increment within tolerance limits. Figure (5.9) shows the use of the Newton-
Raphson method in a single degree of freedom nonlinear analysis (ANSYS, 2009). 
 
Figure (5.9): Newton-Raphson iterative solution (2 load increments) (ANSYS, 2009). 
 
Before each solution, the Newton-Raphson approach evaluates the out-of-balance load vector, 
which is the variance between the loads corresponding to the element stresses and the applied 
loads. Subsequently, the program adopts a linear solution, using the out-of-balance loads, and 
examine for convergence. If convergence criteria are not successful, the out-of-balance load 
vector is re-assessed, the stiffness matrix is updated, and a new solution is attained. This process 
will be repeated until the converges problem is solved (ANSYS, 2009). In this research, the force 
and displacement convergence criteria were used and the default limitations of the convergence 
were firstly chosen by the ANSYS software. 
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5.4. Finite Element Models (Bond-Slip Model) 
A full specimen was modelled to simulate the bond-slip specimens by creating two concrete 
blocks (200x 140x 90) mm disconnected at the middle contact surface by (1) mm gap as shown 
in Figure (5.10). The concrete blocks were re-joined by a thin layer of adhesive (1 mm thick) and 
CFRP composite (0.1178 mm thick /per one layer). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (5.10): 3D Representation of the Bond-Slip FE Model. 
Firstly, the FEA needs meshing of the proposed model, and after solving the problem, stresses 
and strains are obtained at integration points located within the model’s elements. Chosen of an 
appropriate mesh density is critical in the FEA modelling. A convergence of results is achieved 
when a sufficient number of elements are employed in the simulated model (i.e. a mesh 
sensitivity study), this is can be obtained when the using finer mesh has marginal influence on 
the FE results (Damian et al., 2001). In this study, a convergence study was employed to choose 
the best mesh density. Figure (5.11) illustrates three different mesh densities for the BL/N1-1 
case. The difference was in numbers of elements (2606, 1326, and 686). The comparisons 
between the experimental results and the FEA results of the three different numbers of element 
shows that the use of a 1326 element gives satisfactory convergence of the FE results (see Figure 
(5.11b)).  
CFRP  
Concrete 
Adhesive 
90 mm 
y 
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Figure (5.11): Mesh for full of the model in ANSYS (for example BL/N1-1). 
x 
y 
z 
Element 
Type 
Number of 
Elements 
SOLID65 2304 
LINK8 14 
SOLID46 144 
SOLID46 144 
 
Element 
Type 
Number of 
Elements 
SOLID65 1152 
LINK8 14 
SOLID46 80 
SOLID46 80 
 
Element 
Type 
Number of 
Elements 
SOLID65 576 
LINK8 14 
SOLID46 48 
SOLID46 48 
 
(c): FE model with 686 elements. 
(b): FE model with 1326 elements. 
(a): FE model with 2606 elements. 
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Modelling the bond between CFRP reinforcement and concrete is still a complex problem, 
several studies provide an acceptable simulation to the FRP layer or the FRP-concrete interface. 
The majority of these studies assumed linear elastic response up to failure for the FRP 
reinforcement. In addition, these studies assumed a full connection between the FRP and 
concrete elements, the effect of adhesive material was ignored in most of these models. (Damian 
et al., 2001; Chansawat et al., 2009; Ronagh and Baji, 2014 and Shaker and Kamonna, 2016). In 
addition, some of these studies assumed a linear elastic response for concrete material. The 
outcomes of these FE models show a generally acceptable information about the structural 
response of concrete members strengthened with FRP reinforcement. However, the ability of 
these models to predicate the actual behaviour are very limited, the cracking behaviour of 
concrete, the failure in the adhesive layer and RP debonding were not replicated in these models.  
  
In this study, the ANSYS models for implicit analysis were carried out within the ANSYS pre-
processor. They consisted of SOLID65 elements to represent the concrete; this element is able to 
predict the non-linear behaviour of concrete materials using a smeared crack approach and 
LINK8 elements representing the central steel bar.  
 
Various techniques were used to model the CFRP composite sheet and CFRP-concrete interface. 
SOLID46 and SHELL63 with orthotropic material properties have been widely used to simulate 
FRP reinforcement (Parvin and Granata, 2000 and Damian et al. 2001). SHELL41 and elastic 
SHELL99 have also been used to model the CFRP reinforcement (Mirmiran et al. 2000, Hawileh 
et al. 2012 and Ronagh and Baji, 2014). 
 
In this study, the use of SOLID46 and SHELL63 elements shows the best solution for modelling 
the behaviour of the CFRP sheet. SOLID46 provides a simple method for modelling the 
direction of the single and double layers of the CFRP sheet. The CFRP sheet was assumed as a 
linear orthotropic material. To simulate the adhesive layer, two models were assumed in this 
study: 
 
1. Model 1: The adhesive material was simulated by using SOLID46 elements which were used 
to connect the CFRP sheet nodes to the concrete nodes as explained in Figure (5.12).  
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Figure (5.12): Simulated System of CFRP to Concrete interface (Model 1). 
 
 
2. Model 2: CONTA174 elements are used to represent the surface between the concrete and 
adhesive layer. The adhesive layer is modelled using SOLID46 elements which are 
connected to the concrete through the zero thickness bonded contact elements (see Figure 
(5.13)). CONTA174 is used to represent contact and sliding between the 3-D "target" 
surfaces (TARGE170) and a deformable surface, defined by this element. This element has 
three degrees of freedom at each node: translations in the nodal x, y, and z directions 
(ANSYS 2009). This element is positioned on the surfaces of the 3-D solid or shell elements 
with mid-side nodes. It has the same geometric properties as the solid or shell element face 
with which it is connected as shown in Figure (5.14).  
 
 
 
 
 
SOLID65 (Concrete) 
SHELL63/ SOLID46 (CFRP 
Sheet) 
SOLID46 (Adhesive layer) 
1mm 
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Figure (5.13): Simulated System of CFRP to Concrete interface (Model 2). 
 
  Figure (5.14): CONTA174 Element geometry (ANSYS 2009). 
SOLID65 (Concrete) 
SHELL63/ SOLID46 
(CFRP Sheet) 
SOLID46 (Adhesive layer) 
1mm 
CONTA174  
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A comparative study was carried out for samples BL/N1-1, BL/N1-2 and BL/N1-3 to investigate 
the best technique to represent the adhesive layer and the CFRP-concrete interface. Figure (5.15) 
illustrates the load-slip curves of the BL1-1 samples. It can be noticed that the second model is 
stiffer than the first model.  The load-slip trend of the first model is closer to reality than the 
second proposed model. In this study, the first technique was used to model the other cases due 
to the ability to predict the maximum debonding loads more closely and the failure modes, 
concrete cracks. However, the second model was able to predict the local debonding of CFRP 
sheet from the concrete surface as shown in Figure (5.16).  
 
Figure (5.15): Load versus slip for BL1-1 samples. 
 
Figure (5.16): Typical debonding failure mode between concrete and adhesive layers. 
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The finite element models are loaded with the same conditions as the experimental bond-slip test 
models. A tensile load was applied to the top end of a steel bar, while the bottom bar was fixed 
as shown in Figure (5.17). The sample rotation was not permitted to keep sample alignment and 
to avoid the eccentricity between the top and bottom grip.   
 
 
Figure (5.17): Loading and boundary conditions (for example BL/N1-2). 
5.4.1. Load Stepping and Failure Definition for FE Models  
In this study, a load step size of 0.5 kN was selected to allow the model to converge. Failure for 
each of the simulated models was defined when the solution for a 0.5 kN load increment 
diverged. ANSYS shows a message identifying that the models have a considerable large 
displacement, increased beyond the limits of the displacement defined in the ANSYS program. 
5.4.2. Finite Element Results Discussion 
This chapter presents a comparison between the outcomes of the FEA models and those data 
obtained from chapter three for the bond-slip test. The following comparisons are presented and 
discussed for the selected samples: (i) load-slip curve, (ii) load-strain curve (load versus the 
strain reading collected from the strain gauge located on the top surface of the centre line of the 
Loaded end  
Fixed end  
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bonded width of CFRP composite), (iii) the counter principal stresses developed in the CFRP 
reinforcement and (iv) smeared crack patterns at failure. The results of the FEA models were 
collected in identical positions as those recorded for the actual bond-slip tests. 
5.4.3. Load-Slip Results 
 
Figures (5.18) to (5.24) show the comparison between the finite element analyses and the 
experimental results for LWAC and NWAC specimens.  It can be noticed that the FE predictions 
are in acceptable agreement compared with experimental tests results. The trends of the FEA 
models in the linear elastic zone were identical to those collected from the actual test samples. 
However, a divergence in behaviour between the analytical and experimental trends was 
observed in these figures within the cracking stage. This is attributed to the difficulties of the 
ANSYS software in simulating the real response when the stiffness of the simulated model is 
very small or close to zero. Another reason for this diverge in behaviour was due to the way of 
simulating the cracks in FEA models. Cracks are discrete in the actual physical model compared 
with smeared cracks in the FE model, this causes an underestimation of the relative slip between 
the CFRP reinforcement and concrete sample in ANSYS as well as a difference in behaviour 
between the numerical and the experimental load-slip trends. The same conclusion was obtained 
by Al-Juboori, (2011). 
 
The average value of the ANSYS-to-experimental load ratio is 0.94 for LWAC specimens. The 
standard deviation (S.D) and the coefficient of variation C.V (%) are 0.11 and 12, respectively. 
Table (5.4) shows the comparison between experimental and ANSYS maximum bond strength. 
For NWAC the average value of the ANSYS-to-experimental load ratio is 0.94. The standard 
deviation (S.D) and the coefficient of variation C.V (%) are 0.05 and 6, respectively as shown in 
Table (5.5). Generally, a closer fit between experimental and theoretical load-slip trends are 
observed, indicating the simulations are reproducing the response of the stiffness of the CFRP 
sheets attached externally to concrete prism reasonably well. 
 
 
 
 
 
Chapter Five                                                                                                Finite Element Analysis 
 
200 
 
Table (5.4): Comparisons between experimental and ANSYS maximum bond strength of 
LWAC samples. 
Specimen ID Maximum 
Experimental bond 
strength (kN) 
Maximum ANSYS 
bond Strength 
(kN) 
ANSYS to 
experimental load 
ratio  
BL1-1a 19.34 16.20 0.84 
BL1-1b 18.71 16.20 0.87 
BL1-1c 19.99 16.20 0.81 
BL1-1d 19.86 16.20 0.82 
BL1-2a 27.31 23.40 0.86 
BL1-2b 23.80 23.40 0.98 
BL1-2c 27.80 23.40 0.84 
BL1-2d 25.22 23.40 0.93 
BL1-3a 26.15 23.74 0.91 
BL1-3b 27.11 23.74 0.88 
BL1-3c 18.50 23.74 1.28 
BL1-3d 27.48 23.74 0.86 
BL3-1a 24.16 22.34 0.92 
BL3-1b 22.99 22.34 0.97 
BL3-1c 18.19 22.34 1.23 
BL3-2a 18.69 18.65 1.00 
BL3-2b 19.54 18.65 0.95 
BL3-2c 17.72 18.65 1.05 
BL4-1a 13.20 12.09 0.92 
BL4-1b 13.10 12.09 0.92 
BL4-1c 13.60 12.09 0.89 
BL4-1d 13.95 12.09 0.87 
BL4-2a 21.04 20.70 0.98 
BL4-2b 21.69 20.70 0.95 
BL4-2c 21.51 20.70 0.96 
 S.D. 0.11 
Mean 0.94 
C.V. (%) 12 
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Table (5.5): Comparisons between experimental and ANSYS maximum bond strength of 
NWAC samples. 
Specimen ID Maximum Experimental bond 
strength (kN) 
Maximum 
ANSYS bond 
Strength 
(kN) 
ANSYS to 
experimental load 
ratio  
BN1-1a 18.13 19.56 1.08 
BN1-1b 22.10 19.56 0.89 
BN1-2a 29.60 27.40 0.93 
BN1-2b 29.40 27.40 0.93 
BN1-3a 28.40 27.80 0.98 
BN1-3b 29.64 27.80 0.94 
BN3-1a 28.01 26.04 0.93 
BN3-1b 28.19 26.04 0.92 
BN3-2a 22.44 21.96 0.98 
BN3-2b 23.09 21.96 0.95 
BN4-1a 14.80 14.45 0.98 
BN4-1b 15.55 14.45 0.93 
BN4-2a 28.10 24.40 0.87 
BL4-2b 28.21 24.40 0.86 
 S.D. 0.05 
Mean 0.94 
C.V. (%) 6 
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Figure (5.18): Load versus slip for BL/N1-1 samples. 
 
 
Figure (5.19): Load versus slip for BL/N1-2 samples. 
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Figure (5.20): Load versus slip for BL/N1-3 samples. 
 
 
Figure (5.21): Load versus slip for BL/N3-1 samples. 
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Figure (5.22): Load versus slip for BL/N3-2 samples. 
 
 
Figure (4.23): Load versus slip for BL/N4-1 samples. 
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Figure (5.24): Load versus slip for BL/N4-2 samples. 
5.4.4. Maximum Load-Strain  
 
Comparisons of the maximum load versus CFRP strain trends of the finite element analyses with 
the experimental data collected from the strain gauges located in the same location as the FE 
models for specimens BL/N1-1, BL/N1-2 and BL/N1-3 are shown in Figures (5.26) to (5.28). At 
25 mm from the centre of the specimens in the centre line of the bonded length, a node was used 
to record the strain on the CFRP sheet and to plot the load versus tensile strains in the CFRP 
reinforcement as shown in Figure (5.25). The maximum strain in the surface of CFRP composite 
was achieved near this point in most tested samples. Generally, identical responses were 
observed between the curves of load versus CFRP strains obtained from the FE models and those 
recorded from experimentally tested beams. The trends of the load versus CFRP strain observed 
in FEA models are characterised by two main stages, the uncracked stage where the CFRP strain 
is very small and can be ignored and the non-linear or cracked stage at which a significant strain 
measurement is obtained from these models. In elastic stage (uncracked stage), the CFRP strains 
obtained from the FE models were approximately similar to those recorded from the 
experimental strain gauges. However, a discrepancy in behaviour was observed between the FE 
models results and the experimental data after the inelastic stage (cracking stage). The CFRP 
strains obtained from the FE models are slightly lower than those collected from an experimental 
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sample in most cases, this is assigned to the local influence of the experimental strain caused by 
the large cracks occurring close to the strain gauge. The same conclusion was obtained by 
Damian et al., (2001). This response is not replicated in the FE model which uses a smeared 
cracking approach.   
 
Figure (5.25): Selected strain gauge location in FE model. 
 
Figure (5.26): Maximum load versus tensile strain in the CFRP for the BL/N1-1 series. 
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Figure (5.27): Maximum load versus tensile strain in the CFRP for the BL/N1-2 series. 
  
 
Figure (5.28): Maximum load versus tensile strain in the CFRP for the BL/N1-3 series. 
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5.4.5. Principal Stress Distribution 
 
Figure (5.29) shows the contours of the principal stress of the FE model for BL4-1 and BN4-1 
specimens which are used as an example in this study.  Point A is located in the centre of the 
samples, point C is located at the end of the CFRP sheet and point B lies midway between points 
A and B.  
 
Around the edge of the CFRP sheet (point C), the stress in the CFRP sheet is low in both of the 
LWAC and NWAC samples. Around the middle of the sheet (point B), the amount of stress 
around the CFRP sheet is moderate, showing a higher stress level than at point A, the stress in 
CFRP laminate around point A is higher than that at points B and C, due to higher stress 
concentration at the centre of the samples. It can be concluded that the load is increasing 
gradually along the CFRP sheet. According to the legend, the value of the stress ranges between 
(- 1.9 MPa to 10.3 MPa) at the failure load of 12.09 kN for the BL1-1 sample. While for BN1-1 
ranges between (-0.29 MPa to 14.57 MPa) at the failure load of 14.45 kN. 
 
 
Figure (5.29): Contours of the principal stress of BL/N4-1 Specimen. 
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5.4.6. Evolution of Crack Patterns 
In the non-linear analysis, the results of the FE models such as stresses and strains are obtained at 
integration points located within the concrete elements. Figure (5.30) illustrate the positions of 
the integration points in an SOLID65 elements. A cracking sign as a circle appeared in a 
perpendicular orientation to the direction of the principal stress when a principal tensile stress 
increases beyond the ultimate tensile strength of the concrete as shown in Figure (5.31) (ANSYS, 
2009).  
 
Figure (5.30): Integration points in concrete solid element (ANSYS, 2009). 
 
Figure (5.31): Crack representations (ANSYS, 2009). 
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Figure (5.32) shows typical cracking signs developing in the ANSYS model. A side face of a full 
FE model of sample BL4-2 is used to show the position of the cracks in the FE models. Cracking 
signs shown at the concrete element integration points are based on the status of all the element's 
integration points. Octahedron sign locates in the centre of the element If any integration point 
has crushed. The cracking sign develops at the element integration points if any integration point 
has cracked open or cracked and then closed. Eventually, the cracked and closed sign develops at 
the element centre if more than five integration points have cracked and then closed. Circle signs 
appeared at the centre of the element if more than one integration point has cracked, the circle 
outline at the element centre shows the average orientation of all cracked planes for that element 
(ANSYS, 2009).  
 
 
 
Figure (5.32): Typical cracking representation in an ANSYS model for the BL4-2 specimen. 
Crack patterns observed from the FE models at the maximum failure load are compared to those 
obtained from experimental samples BL/N1-1, BL/N1-2 and BL/N4-1 as shown in Figures (5.33) 
and (5.38). A reasonable agreement in crack patterns between the actual specimens and those 
observed from FE models. The good agreement between the numerical and experimental results 
demonstrates the ability of the FEA models to predicate the failure patterns of the actual physical 
models with a reliable accuracy.  
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Figure (5.33): Crack patterns at the failure of BL1-1 specimen.  
 
 
Figure (5.34): Crack patterns at the failure of BN1-1 specimen.  
 
 
Figure (5.35): Crack patterns at the failure of BL1-2 specimen.  
(a): Front view of actual specimen. (b): Front view of FE model. 
(a): Front view of actual specimen. (b): Side view of the FE models 
Concrete Failure 
Concrete Failure 
(a): Front view of actual specimen. (b): Front view of FE model. 
Concrete Debonding  
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Figure (5.36): Crack patterns at the failure of BN1-2 specimen.  
 
 
Figure (5.37): Crack patterns at the failure of BL4-1 specimen. 
 
 
Figure (5.38): Crack patterns at the failure of BN4-1 specimen. 
(a): Front view of actual specimen. 
(a): Front view of actual specimen. (b): Front view of FE model. 
(b): Front view of FE model. 
Concrete Failure 
Concrete Failure 
(b): Front view of FE model. (a): Front view of actual specimen. 
Concrete Debonding  
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5.4.7. Parametric Study 
 
To understand numerically the interfacial behaviour between CFRP and LWAC or NWAC 
concrete substrate a parametric study was undertaken. In this study, the effect of different 
variables such as the concrete compressive strength, the stiffness of CFRP composite and CFRP 
sheet width were altered to investigate the effect of these parameters on the bond response of 
CFRP and concrete. The FE model presented in these sections was selected for this parametric 
study. 
5.4.7.1. Effect of Concrete Compressive Strength  
Figure (5.39) shows the effect of the concrete compressive strength on the maximum load 
carrying capacity for both LWAC and NWAC specimens. The concrete compressive and the 
concrete tensile strength were varied from 10 to 50 MPa in the FE model of specimen BL/N1-1 
to examine the effect of concrete strength on the maximum load in FE models. The uniaxial 
stress-strain relationship for concrete in compression was computed based on Equation (5.1) and 
(5.2). The concrete modulus of rupture is estimated according to Equation (5.5) (ACI, 2008) for 
NWAC samples. The concrete modulus of rupture and uniaxial tensile stress for LWAC is 
assumed as 77% and 85% of that of NWAC which is obtained in chapter three (see section 
3.5.4.3). The stress-strain trend of concrete in tension is assumed as linear/ elastic up to the 
maximum cracking strength. 
 
௥݂ = 0.623ඥ ௖݂ᇱ  (MPa)                                                                                                                            (5.5) 
 
The modulus of elasticity of normal weight concrete can be obtained using the following 
Equation (ACI, 2008) (Equation (5.6)): 
 
ܧ = 4733ඥ ௖݂ᇱ  (MPa)                                                                                                                              (5.6) 
 
It can be concluded that higher concrete crushing strength leads to a higher load capacity for both 
lightweight and normal weight concrete samples. Similar behaviour was observed in the 
experimental study by LópezGonzález et al., (2012). They concluded that the maximum load 
carrying capacity of the FRP- concrete joint increases with higher concrete crushing strength. 
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Figure (5.39): Maximum load versus concrete compressive strength for the BL/N1-1 specimen. 
5.4.7.2. Effect of CFRP-Concrete Width Ratio Maximum Bond Strength  
For further investigation, the FRP to concrete width ratio was varied for the sample with 75 mm 
CFRP sheet length using the FE models. In this study, the width of the CFRP composite was 
increased from 50 to 75, 100, 125 and 150 mm respectively. The plots of maximum load versus 
the CFRP to concrete width ratio are shown in Figure (5.40). It is observed that as the width ratio 
increases the maximum load increases up to a width ratio equal to (0.5) after that the load 
decreases for both LWAC and NWAC specimens. The same behaviour was observed in the 
experimental test, this is attributed to the limited width of concrete samples in the experimental 
and FE model. 
 
Figure (5.40): Maximum load versus FRP to concrete width ratio. 
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5.4.7.3. Effect of CFRP Stiffness on Maximum Bond Strength 
Figure (5.41) shows the effect of CFRP stiffness on the maximum bond strength for LWAC and 
NWAC samples. The stiffness of CFRP composite is proportional to the sheet thickness 
multiplied by CFRP modulus of elasticity (ݐ௙. ܧ௙)(N/mm). In this study, the thickness of CFRP 
was varied by increasing the number of CFRP layers from one up to four layers in the FE models 
of the of specimen BL/N1-1. It can be observed that as the stiffness of the sheet increases, the 
maximum load increases. This may be assigned to the higher axial rigidity provided by the CFRP 
reinforcement with higher thicknesses and thus shows higher crack resistance. Similar 
conclusions were reached in the experimental tests results carried out by Barnes and Mays 
(2001). The outcomes of these FE models revealed that there is a specific thickness of CFRP 
sheets (changing from 3 to 4 layers of CFRP sheets) above that the bond strength of the joints 
does not increase significantly which confirmed the conclusion obtained by Hadigheh, (2014).  
 
Figure (5.41): Maximum load versus FRP stiffnesses. 
 
5.5. Shear Test for RC Beams 
The main aim of this research was to investigate the response of RC lightweight and normal 
weight beams retrofitted with CFRP shear reinforcement. Thus, all the modelling methodology 
acquired from the bond-slip models is used in this models. Figures (5.42) to (5.44) show the 
proposed RC model in ANSYS. For a convergence study, one-half of the full beam was 
modelled by taking advantage of the symmetry of the beam in the x-direction (length direction). 
The FE models mesh density was chosen based on the convergence study carried out on the 
control samples without FRP reinforcement to determine an appropriate mesh. An element width 
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between 25 mm and 100 mm in the x-direction (length direction) was tried, respectively resulting 
in about 40 to 10 elements through the beam length. Select element widths of 50 mm or less 
resulted in less than 10% error when compared to the experimental maximum load, while the 
select element width of 100 mm resulted in a 30% error in the maximum load. The use of 
element widths less than 50 mm was not justified due to the increase in computational time with 
having more concrete elements, which did not show a considerable effect in precision. At the 
internal faces of the beam, A plane of symmetry is created because only one-half of the beam is 
simulated in this study. At the symmetry plane, the displacement in x-direction was assumed to 
zero as shown Figure (5.42). The half model of the constrained test beam (1000 mm length, 200 
mm width, and 300 mm depth) was modelled using: 
  
 SOLID65 elements for concrete material. 
 LINK8 elements for longitudinal steel reinforcing bars. 
 SOLID45 elements for the load and support bearing plates. 
 SOLID46 elements for the adhesive layer or the CFRP strips. 
 
Rollers were used to satisfy the boundary condition on the internal faces of the support. The 
material properties of the concrete used in the FE models are provided in Chapter Four (see 
section 4.8). The stress-strain curves of concrete are obtained using Equation (5.1) and (5.2). As 
before, the CFRP sheets were treated as an orthotropic material with linear elastic behaviour up 
to failure. The adhesive layer was assumed as an isotropic material with linear elastic behaviour. 
The steel reinforcement for the finite element models of the beam shear test was assumed to be 
an elastic-perfectly plastic material and has similar behaviour in tension and compression. The 
material properties of the steel reinforcement used to create reinforced concrete beams were 
summarised in Chapter Four (see section 4.8 (Table 4.3)). To simulate the load and support 
bearing plates used in beam shear tests, steel plates were modelled at support and load locations 
in the finite element models to provide further stress distribution and to eliminate local concrete 
crushing under the support and loaded regions. A linear elastic behaviour was assumed for these 
plates. The modulus of elasticity and Poisson’s ratio of the steel plate was assumed as 200,000 
MPa and 0.3 respectively, the theoretical values are assumed which is sufficient to solve the FEA 
models and get the required accuracy. The nonlinear time stepping procedure using the Newton-
Raphson equilibrium iterations was used to solve the half of the full-scale beams. A gradually 
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non-zero incremental displacement was applied to the simulated models (displacement-control 
condition). The finite element models are loaded with the same conditions as the experimental 
beam shear models.  The total reaction forces at the supports corresponding to the incremental 
displacement applied are used to obtain the maximum load.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (5.42): 3D-Mesh for half beam model in ANSYS for BL/N samples. 
Element 
Type 
Number of 
Elements 
SOLID65 840 
SOLID45 24 
LINK8 136 
100x 200 mm Steel plate  
100x 200 mm Steel plate  
150 mm 
displacement  
support (Roller) 
850 mm 
Ux=o  
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Figure (5.43): 3D-Mesh for half beam model in ANSYS for BL/N-UST samples. 
 
 
 
 
Element 
Type 
Number of 
Elements 
SOLID65 840 
SOLID45 24 
LINK8 136 
SOLID46 200 
SOLID46 200 
U-Wraps CFRP strips  
100 mm 150 mm 
20 mm 
displacement  
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Figure (5.44): 3D-Mesh for half beam model in ANSYS for BL/N-CST samples. 
 
Element 
Type 
Number of 
Elements 
SOLID65 840 
SOLID45 24 
LINK8 136 
SOLID46 260 
SOLID46 260 
Closed-Wraps CFRP strips  
100 mm 150 mm displacement  
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5.5.1. Load–Displacement Responses 
  
The load-mid-span displacement curves obtained from the experimental results are compared 
with the data collected from FE models as shown in Figures (5.45) to (5.47). A comparable 
agreement in the linear-elastic region (uncracked stage) between the experimental curves and FE 
models. However, the stiffnesses of the FE models are significantly higher than those collected 
from the experimental tested samples curves in the inelastic region (cracking stage). The higher 
stiffnesses in FEA models were attributed to many variables regardless of the additional 
constraints on FE models response based on mesh density and the elements used to simulate 
these models. The following expected reasons are responsible for the higher stiffnesses in the FE 
models compared with the experimental model: 
 
1. The small cracks developed in the actual physical samples before testing and may be 
occurred by the processing and the transportation of the samples or by drying shrinkage 
cracks produced in the concrete. ANSYS does not include these small cracks and can be 
decreased the stiffness of the actual physical models. A similar conclusion was obtained by 
Chansawat et al. (2009). 
2. The bond between the steel reinforcing bars and concrete was considered as a full bond in the 
FE models, however, in the actual physical model, some interfacial slip occurs in the actual 
physical models. The interaction between concrete and steel reinforcing bars could reduce 
the stiffness of the actual experimental models. In addition, the assumption of the full 
connection between concrete, adhesive and the CFRP could also increase the stiffness of the 
FE model. 
3. The complicated shear phenomenon at the diagonal shear crack faces which is the aggregate 
interlock or the friction at the crack faces may slightly reduce the stiffness of the 
experimental test sample. This phenomenon was not replicated in the FE models.  
4. As was discussed in section 5.4.3, the difference in cracks simulation using SOLID65 
element for concrete. The cracks are discrete in the actual experimental models compared 
with smeared in FE model, this causes an underestimation of the displacement in finite 
element models. 
 
In more detail, the load-deflection curves of the FE models for lightweight concrete samples 
have an approximately similar response of those of normal weight samples. However, the 
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lightweight FE models have less stiffness compared with normal weight FE models. This can be 
attributed to the difference in material properties between LWAC and NWAC samples. The 
lower modulus of rupture and the modulus of elasticity of lightweight concrete reduces the 
stiffness of the FE models.      
 
 
Figure (5.45): Load versus deflection of the BN/L samples.
 
Figure (5.46): Load versus deflection of the BN/L-UST samples.  
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Figure (5.47): Load versus deflection of the BN/L-UST samples. 
Table (5.6) reveals comparisons between the maximum load of the experimentally tested 
lightweight and the normal weight samples and those achieved at last load step in the FE models. 
It can be noted that the FE models successfully estimate the ultimate strength of the RC samples. 
The difference between the FE models and experimental maximum load range between 2 to 9%. 
It can be also noted that the maximum shear strength of FE models for lightweight concrete 
samples is about 85% of those of the normal weight samples and as previously discussed, this is 
attributed to the difference in material properties between LWAC and NWAC samples.    
 
Table (5.6): Comparisons between the maximum Experimental and FE load. 
 
Samples Maximum 
experimental load 
(kN) 
Maximum FE load 
(kN) 
% difference 
BL 151.78 142.25 6.5 
BL-UST 218.38 231.88 6 
BL-CST 267.14 261.82 2 
BN 164.10 167.86 2 
BN-UST 248.61 272.47 9 
BN-CST 320.80 308.43 4 
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5.5.2. Cracks Patterns at the Failure 
 
Crack patterns obtained from the FE models at failure are compared to failure photographs from 
the experimental tested lightweight samples. Figures (5.48) to (5.50) assess the crack patterns 
propagated in each of the lightweight samples from the FEA, including the direction of cracks 
which is appeared by red colours and multiple cracking signs shown by different colours. The 
appearance of cracks represents the failure modes for the sample models.  
 
It can be noted that the crack distributions observed in the FE models at last load step and the 
failure patterns of the experimentally loaded samples are in reasonable agreement as shown in 
Figures (5.48) to (5.50). As shown in these figures, the diagonal smeared crack observed in the 
control samples (see Figure (5.48)) and the retrofitted samples (see Figures (5.49) and (5.50)) 
was extended over large shear stress area and develop gradually from support region and 
propagated toward the application of the load point.   
 
Generally, the normal tensile stresses initiate in the horizontal direction of the beam parallel to 
the longitudinal direction of the beam and the shear stresses developed in the XZ plane. Hence, 
the tensile principal stresses direction inclined from the horizontal direction when the principal 
tensile stresses increased beyond the ultimate cracking strength of the concrete, evidently 
inclined circles develop as vertical lines oriented in a perpendicular direction to the principal 
stresses directions at the integration points located within the concrete elements. Subsequently, 
these will point out as critical shear cracks. While vertical straight lines occurring at the 
integration points of the concrete solid elements. These will point out as flexural cracks (Al-
Juboori, 2011).  
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Figure (5.48): Crack patterns at failure for BL sample. 
 
 
 
 
Figure (5.49): Crack patterns at failure for BL-UST sample.  
  
 
 
 
Figure (5.50): Crack patterns at failure for BL-CST sample.  
(b): FE model. 
(b): FE model. 
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5.5.3. Load-CFRP Strain  
 
The average strains collected from the three nodes located in strip SF3 at three different heights 
were used to obtain the average CFRP strain in the FE models as shown in Figure (5.51). Figure 
(5.52) and Figure (5.53) show the results of the load-average CFRP strain of the FE models 
compared with load-average CFRP strain recorded from strip SF4 in the experimental models. 
Comparisons of the load-CFRP strain trends for the retrofitted lightweight and normal weight 
samples reveal an acceptable agreement between the FE model results and those results collected 
from the actual physical models. The FE models successfully predicted that the resistance of the 
CFRP reinforcement to further shear cracks widening and then start to induce a strain with more 
loading (Chansawat et al. 2009). Specifically, the experimentally recorded and the numerically 
obtained CFRP strains corresponding to the maximum load of the BL-UST sample were 3597 
µm/m and 3390 µm/m, respectively. While the experimentally recorded and the numerically 
obtained CFRP strains of the BL-CST sample were 3564 µm/m and 4836 µm/m, respectively. It 
can be noted that the CFRP strains obtained from FE models are higher than those collected from 
the experimental models in the case of BL-CST sample. This can be attributed to premature 
debonding of the CFRP strip SF3 from the surface of the lightweight concrete in the 
experimental tests. The CFRP strain recorded and predicted for BN-UST sample were 5205 
µm/m and 4626 µm/m, respectively, and for BN-CST sample were 6327 µm/m and 5092 µm/m 
respectively. In general, the experimental CFRP strains in the tested samples are higher than 
those collected from the FE models. This is may be attributed to the local effect of the 
experimental strain caused by the concrete cracks and higher crack width. This response was not 
replicated in the numerical models using the smeared cracks approach. 
 
Figure (5.51): Location of CFRP strain gauges in FE model. 
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Figure (5.52): Load versus CFRP strain for BN/L-UST samples. 
 
 
 
Figure (5.53): Load versus CFRP strain for BN/L-CST samples. 
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5.5.4. Parametric Study  
 
The following subsections detail the effect of different parameters on the shear behaviour of the 
lightweight concrete samples. It should be noted that the predicted results reflect the response of 
the FE models rather than that of the actual physical samples. The shear strength gains due to 
CFRP reinforcement were obtained by subtracting the predicted control sample maximum shear 
strength capacity from the corresponding predicted retrofitted shear strength capacity. 
5.5.4.1. Effect of Concrete Strength 
 
Figure (5.54) show the influence of the concrete compressive strength of the maximum load 
capacity of lightweight reinforced concrete beam. Three different values of concrete compressive 
strength were used (30, 40 and 50 MPa) in the FE models of the control sample (BL) as well as 
the retrofitted sample BL-UST. The finite element models employed to examine the influence of 
the compressive strength of concrete on the behaviour of the FE models simulated in Section 
(5.5.1). 
 
The outcomes of the FE models showed that the load capacity of the lightweight samples 
correlates linearly with concrete compressive strength. Increasing the concrete compressive 
strength from 30 MPa to 40 MPa results in an increasing in the load carrying capacity of the 
control sample (BL) by 63%. Varying the concrete uniaxial strength from 40 MPa to 50 MPa 
results in an increasing in the load carrying capacity of the control sample (BL) by 66%. The 
considerable increases in the maximum load were foreseeable because the LWAC samples were 
without shear reinforcement links. Therefore, the increasing in concrete uniaxial strength will 
increase the shear strength provided by concrete as results of that the load capacity of the 
reinforced concrete beams will improve. It can be noted that the increase in compressive strength 
of concrete showed a significant increasing in the shear strength provided by the CFRP 
reinforcement. The total shear strength provided by CFRP reinforcement in both sides of sample 
BL-UST were 68.9 kN, 66.6 kN and 70.2 kN, respectively when the compressive strength of 
concrete increased from 30 MPa to 50 MPa. In this study, the percentage increase in shear 
strength provided by CFRP reinforcement did not considerably influence by increasing the 
concrete compressive strength, as the shear strength provided by CFRP is increased constantly 
by roughly equal percentages increase respectively.  
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Figure (5.54): Effect of concrete compressive strength on the predicted load capacity. 
5.5.4.2. Effect of CFRP Thickness 
 
The influence of CFRP thickness was investigated by implementing sample BL-UST which is 
geometrically similar to the retrofitted samples simulated in this chapter. The thickness of CFRP 
strips was varied in the FE models by increasing the number of CFRP layers from one up to 3 
layers. Figure (5.55) shows the relation between the maximum predicted load and the thickness 
of the CFRP reinforcement. It can be concluded that the effect of the CFRP thickness did not 
significantly improve the maximum load capacity of the simulated models. Increasing the CFRP 
thickness from 0.117 mm (one layer) to 0.234 mm (two layers) and 0.351mm (three layers) 
results in an increasing in the maximum load of BL-UST sample from 231.7 kN to 242.8 kN and 
245.91 kN, respectively. 
 
 Figure (5.55): Effect of CFRP thickness on the predicted load capacity. 
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5.6. Summary  
Three-dimensional FEA models with smeared crack approach were created to implement the 
bond-slip response and the behaviour of reinforced lightweight and normal weight concrete 
beams retrofitted with CFRP shear reinforcement. The response of the finite element models 
reveals reasonable curves in the predictions compared with results collected from the 
experimental models.  
 
The response of load-mid span deflection curves of the beam shear test collected from FE 
models shows identical responses compared with actual physical models in the linear elastic 
stage. In this study, the FE models are stiffer in cracking stage compared with experimental 
models. This is attributed to the effect of the bond between concrete and steel reinforcement or 
between the CFRP reinforcement and concrete which are assumed as a full bond which cause the 
higher stiffness as well as a difference in behaviour between the FEA models and the actually 
tested samples. Cracks distribution at failure in numerical models correlates well with those 
observed in actual beam shear models.   
 
The load-slip curves for bond-slip models as well the load-CFRP strain curves in beams shear 
tests and show good agreement with the experimental results. It can be concluded that the FE 
models simulated in this chapter show the ability of FE models to predicate the structural 
behaviour of the bond-slip and beam shear test and provide an additional tool to examine the 
effect of different variables in the behaviour of lightweight concrete beam retrofitted with CFRP 
reinforcement.  
Chapter Six                                                                                                      New Design Proposal 
 
230 
 
CHAPTER SIX 
NEW DESIGN PROPOSAL 
6.1. Introduction 
 
Different numerical approaches had been used to model the relationships of the FPP/concrete joint 
which observed from the experimental models. Past numerical models were driven by the need to 
examine the effects of parameters which were either not addressed in the current literature or had 
been derived from the experimental test results. They have not been developed to various types of 
concrete such as lightweight concrete strengthened with CFRP composite.  To address this, in this 
study new models are developed to estimate the characteristics of the FRP-to-concrete bond 
including the effects of lightweight concrete properties on the maximum bond strength between 
concrete and CFRP composite and the shear strength of these reinforced concrete beams with 
reasonable accuracy. 
6.2. Theoretical Derivation of the First Proposed Model (Simplified Model)  
 
The strain distribution along the length of FRP reinforcement may be correlated with various 
numerical formulas, for example, quadratic or exponential formulas (Bizindavyi and Neale 1999; 
Dai et al. 2005; Foster and Khomwan, 2005 Hadigheh, 2014 and Hadigheh and Gravina, 2016). 
This study presents a new expression for the maximum bond strength and strain distribution along 
the length of the Carbon Fibre Reinforced Polymer (CFRP) composite. This is developed based 
on a polynomial strain formula which has been solved using the typical boundary conditions of 
the double-lap shear test to describe the characteristics of the FRP-to-lightweight concrete 
interface and the maximum bond strength between the FRP reinforcement and the lightweight 
concrete.  
 
In this study, the strain distribution along the length of the CFRP reinforcement can be correlated 
with a fourth-degree polynomial formula for both specimens (lightweight and normal weight 
concrete (see Figure (3.25) to (3.36)). Figure (6.1) reveals an example of the correlated fourth-
degree polynomial formula of the Proposed trend and the experimental test results which are 
obtained for CFRP strain gauges’ measurements attached along the bonded length at the 
corresponding maximum load for samples cast with LWAC and NWAC. An acceptable fitting 
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available between the polynomial and the experimental curves at the maximum load. The strain 
profile as a function of the experimental applied load based on 4th and 3rd-degree polynomial 
formulas was proposed by (Foster and Khomwan, 2005; Hadigheh and Gravina, 2016). In the 
model presented here a new equation for the strain profile and the interface behaviour of the FRP-
lightweight /normal weight concrete joints based on the maximum design debonding force 
developed in this study, (including the effects of concrete type, width and length of FRP 
reinforcement) are established. 
 
 
Figure (6.1): Strain distribution along CFRP Length and interpolation curves of the BL1-2a and 
BN1-2a samples. 
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Figure (6.2) shows the typical loading conditions of the double-lap test sample. Each of the FRP 
reinforcements can carry half of the total load applied at the bar ends of the sample or the maximum 
debonding load carried by one FRP reinforcement. The interfacial shear stress between the FRP 
reinforcement and the concrete given by ߬௕.  By bond action, stresses are transferred from the 
concrete substrate to the FRP reinforcement through the adhesive layer, the process of stress 
transference is illustrated in Figure (6.3). The interfacial shear stress increases linearly until point 
A in the shear stress-slip curve, the strain profile has a quadratic shape within this stage. As the 
loads increased, interfacial shear stress-slip curve achieved point B and the interfacial small cracks 
start to develop in FRP/concrete joints till the occurrence of the large interfacial crack. Beyond 
this stage, the maximum bond strength of the FRP/concrete joint achieve its maximum value and 
the cracks reach the required bond length (ܮ௘) as shown at points C and D on the interfacial shear 
stress-slip curve. Along the bonded zone, the FRP strain measurements close the centre of the 
samples remains constant. At point E on the interfacial shear stress-slip curve, any trial to add 
more loads further this stage causes a sudden movement of the unbounded zone to the far end of 
the FRP reinforcement, causing abrupt brittle failure as the FRP detached from the concrete surface 
(Foster and Khomwan, 2005). 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (6.2): Bond test specimen: (a) Load transfer in the horizontal section of the concrete and 
CFRP sheet (b) Transverse section of concrete and CFRP sheet and (c) Free body diagram of 
half specimen. 
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Figure (6.3): Stages of development of bond stress in the double-shear bond test. 
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6.2.1. Strain Profile  
 
The location of the strain gauge along the length of the FRP reinforcement can considerably 
influence the strain measurements, for instance, strain gauges sited directly over the interfacial 
large crack will record higher elongation compared with gauges locate over aggregate particle (Lua 
et.al, 2005). To control the differences in strains reading which led to a noticeable flaw during the 
process of evaluation of the FRP-lightweight /normal weight concrete bond relationships, the 
strains distribution can be correlated with a fourth-degree polynomial formula for samples cast 
with LWAC and NWAC as shown in Figure (6.1). When the effective length (ܮ௘) is known, the 
boundary conditions requirements of the double-lap shear tests can be expressed as a function of 
the effective bonded length of FRP reinforcement ( ܮ௘)  as follows (Foster and Khomwan, 2005): 
 
ܽݐ ݔ = 0                                                                            
 
ߝ௙௥௣,௫ = 0                                                                                                                                                    (6.1) 
 
and, 
 
݀ߝ௙௥௣,௫
݀ݔ
= 0                                                                                                                                                 (6.2) 
 
ܽݐ ݔ = ܮ௘ 
 
ߝ௙௥௣,௫ = ߝ௠௔௫                                                                                                                                              (6.3) 
 
݀ߝ௙௥௣,௫
݀ݔ
= 0,
݀ଶߝ௙௥௣,௫
݀ݔଶ
= 0,                                                                                                                       (6.4) 
 
Where ߝ௠௔௫ , is the maximum FRP strain at the centre of the sample. The strain along the length 
of the FRP reinforcement can be given by the 4th order polynomial function (Foster and Khomwan, 
2005): 
 
ߝ௙௥௣,௫ = ܣݔସ + ܤݔଷ + ܥݔଶ + ܦݔ + ܧ                                                                                                 (6.5) 
 
݀ߝ௙௥௣,௫
݀ݔ
= 4ܣݔଷ + 3ܤݔଶ + 2ܥݔ + ܦ                                                                                                    (6.6) 
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݀ଶߝ௙௥௣,௫
݀ݔଶ
= 12ܣݔଶ + 6ܤݔ + 2ܥ                                                                                                             (6.7) 
 
Where, A, B, C, D and E are constant values which are obtained by substituting the boundary 
conditions defined by Equations (6.1) to (6.4) and solving Equation (6.5) to (6.7) simultaneously 
this gives (Foster and Khomwan, 2005): 
 
ܣ =
3ߝ௠௔௫
ܮ௘ସ
, ܤ
−8 ߝ௠௔௫
ܮ௘ଷ
, ܥ =
6ߝ௠௔௫
ܮ௘ଶ
, ܦ = 0, ܧ = 0                                                                          (6.8) 
 
Thus, the FRP strain profile along the bond length of FRP reinforcement can be expressed by the 
following equation (Foster and Khomwan, 2005): 
 
ߝ௙௥௣,௫ = ߝ௠௔௫(3ߦସ − 8ߦଷ + 6 ߦଶ)                                                                                                         (6.9) 
 
Where, 
 
ߦ =
ݔ
ܮ௘
                                                                                                                                                       (6.10) 
The maximum strain in the FRP reinforcement can be obtained from the following equation:  
ߝ௠௔௫ =
ௗܲ
௙ܾݐ௙ܧ௙
                                                                                                                                        (6.11) 
 
Figure (6.4) shows the strain profile along the bonded length as a function of  ߦ which ranges 
between 0 and 1. It can be seen that just two parameters are required to describe the strain profile 
distribution along the length bonded FRP reinforcement, maximum debonding force and the 
effective length of FRP reinforcement. In this study, the strain distribution along the bond length 
of FRP reinforcement can be written as a function of the maximum debonding force as follows 
(Equation (6.12)): 
 
ߝ௙௥௣,௫ =
ௗܲ
௙ܾݐ௙ܧ௙
(3ߦସ − 8ߦଷ + 6 ߦଶ)                                                                                                  (6.12) 
 
Where ௙ܾ, ݐ௙ and ܧ௙ are the width, thickness and modulus of elasticity of FRP sheet, respectively 
and ௗܲ is the maximum debonding force carried by one FRP reinforcement. 
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Figure (6.4): FRP strain function curve. 
 
6.2.2. Interfacial Local Bond Stress  
 
The bond shear stress along the length of FRP sheet ߬௕,௫ can be calculated from the following 
equation (Equation (6.13)): 
 
߬௕,௫ =
݀ߝ
݀ݔ
 . ݐ௙. ܧ௙                                                                                                                                     (6.13) 
 
By substituting Equation (6.10) and Equation (6.12) into (6.13) and differentiating this Equation 
gives (Equation (6.14)) (Foster and Khomwan, 2005): 
 
߬௕,௫ =  
12 ௗܲ
௙ܾܮ௘
(ߦଷ − 2ߦଶ + ߦ )                                                                                                            (6.14) 
 
6.2.3. Bond Strength of Pure Tensile Force  
 
The bond between concrete surface and FRP reinforcement is vital for a concrete member attached 
externally by FRP reinforcement. It should be ensured that the required bond between FRP and 
concrete surface is attained which will help the FRP reinforcement to achieve good bond strength 
along the bond agent. The experimental test results of this study and other studies such theses 
carried out by Zhao, (2004) showed that the failure developed by the shear failure of the concrete 
block.  
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This means that the bond between FRP and concrete is affected by initiation of the cracks within 
the concrete layer adjacent to FRP reinforcement. It can be concluded that the main contributor to 
the resistance to the applied debonding force is the shear strength of concrete (see Figure (6.5)). 
For design purposes, the maximum debonding force that can be achieved at the initiation of the 
debonding is obtained by the following equation (Equation (6.15)): 
 
ௗܲ =  ௙ܾ . ܮ௘ . ߬௔௩ = ௙ܾ න ߬(ݔ) ݀ݔ
௅೐
଴
                                                                                                     (6.15) 
 
Where ߬௔௩ , is the average bond shear stress that can be determined using Equation (6.16) ((Biscaia 
et al., 2012; Serbescu et.al., 2013): 
 
߬௔௩ = ߚ௥ . ߬௠௔௫                                                                                                                                        (6.16) 
 
Where, ߬௠௔௫ is maximum bond shear stress which is equivalent to the concrete shear strength 
assumed to be equal to the square root of the cylinder compressive strength of concrete, ௖݂ᇱ based 
on ACI-2008 (ACI, 2008).  
 
In this study, the concrete cylinder compressive strength is assumed as 0.8 times the cube 
compressive strength. The difference between the cylinder and cube strengths for LWAC is less 
than for a NWAC concrete as stated in EN, (1992).  However, the CEB-FIB codes and standards 
for LWAC assume a similar difference between the cylinder and cube strengths for design 
calculations as for NWAC (CEB-FIB, 1992 and CEB-FIB, 1999). Hence, a difference of 0.8 was 
assumed for both lightweight and normal weight concrete mixtures for comparison purposes.  
 
The trem ߚ௥ in Equation (6.16) represents the ratio between the mean local shear stress and the 
maximum local shear stress which is suggested by Chen and Teng, (2001) as 0.315, this factor 
represents the most accurate value required to obtain the maximum design debonding force. For 
double lap shear tests, it was assumed as 0.63. By substituting Equation (6.16) into Equation (6.15) 
gives the maximum design force (Equation (6.17)): 
 
ௗܲ = ߚ௥. ௙ܾ . ܮ௘ . ඥ ௖݂ᇱ                                                                                                                                (6.17) 
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Figure (6.5): Failure of concrete block. 
 
6.2.3.1. Effect of Concrete Type 
 
To represent the effect of concrete types on the maximum bond between concrete and FRP 
composite, a new bond reduction factor was assumed in this model for LWAC, depending on the 
experimental results of this study (section 3.1.6.8.). This is shown in the following equation 
(Equation (6.18)): 
 
ܴ = ൜1               ݂݋ݎ ܹܰܣܥ ܿ݋݊ܿݎ݁ݐ݁0.85        ݂݋ݎ ܮܹܣܥ ܿ݋݊ܿݎ݁ݐ݁                                                                                                (6.18) 
 
The ACI code for shear strengthening recommended using a reduction factor of 0.85 for bond-
critical shear reinforcement structures which can be used for LWAC elements (ACI 440.2R, 2008). 
 
6.2.3.2. Effect of FRP Width 
 
The FRP width is one of the most influential parameters affecting the maximum bond between the 
FRP reinforcement and concrete. Thus, an FRP width factor ߚ௪ was adopted from Serbescu et.al., 
(2013) as (Equation (6.19)): 
ߚ௪ =
455
௙ܾ + 350
                                                                                                                                      (6.19) 
Pmax/2= ௗܲ Pmax/2= ௗܲ  
Pmax (Maximum applied load) 
Le 
Concrete 
Steel bar 
CFRP Sheet 
Le Lf Lf 
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6.2.3.3. Effect of FRP Length (Le) 
  
The outcomes of the previous studies and guidelines showed that the effective bond length of the 
FRP reinforcement increases as the FRP axial rigidity ൫ܧ௙. ݐ௙൯ increases and decreases as the 
concrete compressive strength ( ௖݂ᇱ) increases (Chen and Teng, 2001 and Parth Athawale, 2012). 
In this study, a new equation was developed to predict the effective length of the CFRP sheet based 
on linear calibration carried out on the current experimental results and the data of 65 experimental 
study (Ouezdou, 2008). (see Appendix B) as shown in Equation (6.20) and Figure (6.6). In this 
model, it is suggested to use the actual length of FRP reinforcement, when the length is less than 
the effective length predicted by Equation (6.20):  
  
 
ܮ௘ =
ە
ۖ
۔
ۖ
ۓ
0.95 
ቌඨ
ܧ௙. ݐ௙
ඥ ௖݂ᇱ
ቍ  + 3.4                      ݂݅   ܮ௙ > ܮ௘  
ܮ௙                                                   ݂݅   ܮ௙ <  ܮ௘
                                                                (6.20) 
   
 
 
Figure (6.6): Relationship between the effective bond length of the FRP reinforcement and the 
affecting variables. 
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By introducing all the proposed parameters, the design debonding force can be expressed in 
Equation (6.21): 
ௗܲ = ߚ௥ . ߚ௪. ܴ. ௙ܾ . ܮ௘ . ඥ ௖݂ᇱ                                                                                                                    (6.21) 
 
The proposed strain and the bond stress along the length of FRP composite can be expressed as a 
function of the maximum design debonding force carried by one FRP reinforcement by 
substituting Equation (6.21) into Equation (6.13) and (6.14) as follows (Equation (6.22) and 
(6.23)): 
ߝ௙௥௣,௫ =
ߚ௥ . ߚ௪. ܴ. ܮ௘ . ඥ ௖݂ᇱ
 ݐ௙ܧ௙
(3ߦସ − 8ߦଷ + 6 ߦଶ)                                                                               (6.22) 
߬௕,௫ =  12 ߚ௥ . ߚ௪ . ܴ. ඥ ௖݂ ᇱ(ߦଷ − 2ߦଶ + ߦ )                                                                                          (6.23) 
The maximum proposed design debonding FRP strain at the end of the effective length (x=Le) can 
be obtained by the following equation (Equation (6.24)): 
 
ߝ௠௔௫,ௗ =
ߚ௥. ߚ௪ . ܴ. ܮ௘ . ඥ ௖݂ᇱ
 ݐ௙ܧ௙
                                                                                                                  (6.24) 
6.2.4. Slip Profile 
  
The slip between FRP reinforcement and the concrete substrate at any point x along the bonded 
length of FRP reinforcement is defined as the difference between the displacement of the FRP and 
concrete sample. Figure (6.7) shows the compatibility of the axial and shear strains, as well as the 
equilibrium of the normal and shear stresses developed in a finite element of the FRP/concrete 
joint (Hadigheh, 2014). In this study, a new expression for the interface slip and the ultimate slip 
based on the maximum debonding force were developed in this study to obtain a more practical 
and general equation for double-lap and single-lap shear test. The interfacial relative slip can be 
obtained by the following equation (Equation (6.25)): 
ݏ௫ = ݑ௙௥௣,௫ − ݑ௖,௫                                                                                                                                   (6.25)  
 
Or,  
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ݏ௫ = න ߝ௙௥௣,௫
௫
଴
. ݀௫ − න ߝ௖,௫
௫
଴
. ݀௫                                                                                                           (6.26) 
 
 
The displacement of the FRP reinforcement can be obtained by integrating the strain distribution 
along the length of the FRP reinforcement (0 ≤ x ≤ Le) as follows (Equation (6.27)): 
 
ݑ௙௥௣,௫ = න ߝ௙௥௣,௫
௫
଴
. ݀௫                                                                                                                            (6.27) 
 
By substituting Equation (6.12) into Equation (6.26) and solving this equation gives (Equation 
(6.28)) which: 
  
ݑ௙௥௣,௫ =
ௗܲ
௙ܾݐ௙ܧ௙
ܮ௘  ߦଷ(0.6 ߦଶ − 2ߦ + 2 )                                                                                         ( 6.28) 
The past experimental and theoretical research of the bond shear tests addressed in Liu and Wu, 
(2012) and Hadigheh et al., (2016) show that the displacement of the concrete prism is very small 
compared with FRP strains and can be ignored in this model. The slip along the length of the FRP 
reinforcement can be obtained by the following (Equation (6.29)):  
 
ݏ௫ =
ௗܲ
௙ܾݐ௙ܧ௙
ܮ௘  ߦଷ(0.6 ߦଶ − 2ߦ + 2 )                                                                                                ( 6.29) 
 
The slip as a function of the maximum debonding load can be obtained by substituting Equation 
(6.21) into Equation (6.29) as follows (Equation (6.30)):  
 
ݏ௫ =
ߦଷߚ௥ . ߚ௪ . ܴ. ܮ௘ଶ. ඥ ௖݂ᇱ 
ݐ௙ܧ௙
(0.6 ߦଶ − 2ߦ + 2 )                                                                                (6.30) 
The ultimate slip corresponding to the maximum debonding force can be obtained by substituting 
(ݔ = ܮ௘) into Equation (6.31): 
ݏ௨ =
0.6 ߚ௥. ߚ௪ . ܴ. ܮ௘ଶ . ඥ ௖݂
,
ݐ௙ܧ௙
                                                                                                                   (6.31) 
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Figure (6.7): Axial and shear strains of the FRP-concrete interface.  
 
6.2.5. Validation and Calibration of the Proposed Model 
 
In this section of the chapter, the trustworthiness of the proposed models to evaluate the response 
of the FRP/concrete joints for LWAC and NWAC samples was examined in details. A comparison 
between the outcome of the analytical model developed in section (6.2) and the experimental test 
results collected from the double-lap shear tests. Various bond relationships were examined in this 
section, for example, the maximum bond strength for the double-lap shear tests, the strain 
distribution along the length of the FRP reinforcement and the ultimate slip corresponding the 
maximum debonding force.  
 
6.2.5.1. Validation and Calibration of the Maximum Bond Strength and The Effective 
Length 
 
In order to assess the use of the proposed and the existing models in LWAC, the prediction of the 
maximum load carrying capacity using Equation (6.21) for the double-lap shear test condition and 
the models or guidelines proposed by (FIB 14, 2001), (TR-55, 2013), (Yang et al., 2001) and (Iso, 
2003) are considered in this study. The maximum bond between concrete and FRP 
composite, ௠ܲ௔௫ and the effective bond length, ܮ௘ according to FIB 14 (FIB 14 ,2001) is as follows 
(Equation (6.32) and (6.34)): 
 
௠ܲ௔௫ = ߙ. ܿଵ. ݇௖. ݇௕ . ௙ܾ  . ටܧ௙. ݐ௙. ௖݂௧௠                                                                                                (6.32) 
߬ 
Concrete 
Adhesive 
CFRP 
ݐ௔ 
ߪ௖,௫ + ݀ߪ௖,௫ ߪ௖,௫  
ߪ௙௥௣,௫ + ݀ߪ௙௥௣,௫ ߪ௙௥௣,௫  
߬ 
ݏ௨ 
ݏ௫ 
ߛ௔ 
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݇௕ = 1.06 . ඨ
2 − ௙ܾ ܾ௖⁄
1 + ௙ܾ 400⁄  
  ≥ 1.0                                                                                                      (6.33) 
 ܮ௘ = 0.7ඨ
ܧ௙. ݐ௙
ܿଶ. ௖݂௧௠
                                                                                                                                 (6.34) 
୫ܲୟ୶  = ൬ ௠ܲ௔௫ .
ܮ௙
ܮ௘
൰ ൬2 −
ܮ௙
ܮ௘
൰    ݓℎ݁݊, ܮ௙ < ܮ௘                                                                         (6.35) 
Where ௠ܲ௔௫ , ܮ௙  and  ܮ௘ are the maximum debonding force, the bonded length of the FRP 
reinforcement, and effective bond length respectively; ݐ௙, ௙ܾ, and ܧ௙ are thickness, width, and the 
modulus of elasticity of the FRP reinforcement respectively; ܾ ௖  is the width of the concrete sample; 
௖݂௧௠ is the mean tensile strength of concrete, ߙ is a coefficient of reduction which is taken as 0.9, 
to account for the effect of inclined shear cracks close the loaded end on the bond strength capacity; 
݇௖ is a factor accounting for the state of compaction of concrete (it can be taken as 1.0); ݇௕ is a 
geometric factor computed by Equation (6.33). The ܿଵ and ܿଶ in Equations (6.32) and (6.34) can 
be calculated by calibrating the theoretical value with test results. However, for CFRP sheet, ܿ ଵ and 
ܿଶ are assumed as 0.64 and 2.0 respectively. Moreover, for FRP bond lengths, ܮ௙ < ܮ௘ the 
maximum debonding force can be computed by Equation (6.35).  
 
The maximum debonding force of FRP reinforcement, ௠ܲ௔௫ and the effective bond length, ܮ௘  in 
TR-55 (2013), are assessed based on the following expressions (Equation (6.36) and (6.38)): 
 
௠ܲ௔௫ = 0.5 . ݇௕  ௙ܾ  . ටܧ௙. ݐ௙ . ௖݂௧௞                                                                                                          (6.36) 
݇௕ = 1.06 . ඨ
2 − ௙ܾ ܾ௖⁄
1 + ௙ܾ 400⁄  
  ≥ 1.0                                                                                                      (6.37) 
 ܮ௘ = 0.7ඨ
ܧ௙. ݐ௙
௖݂௧௞
                                                                                                                                     (6.38) 
୫ܲୟ୶  (ܮ௙ < ܮ௘) = ൬ ௠ܲ௔௫.
ܮ௙
ܮ௘
൰ ൬2 −
ܮ௙
ܮ௘
൰      ݓℎ݁݊, ܮ௙ < ܮ௘                                                   (6.39) 
Where ௠ܲ௔௫, ܮ௙  and ܮ௘ are debonding load, FRP bond length, and effective bond length 
respectively;ݐ௙, ௙ܾ, and ܧ௙ are the thickness, width and the modulus of elasticity of the FRP 
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reinforcement respectively; ܾ௖  is the width of the concrete sample; ௖݂௧௞  is the characteristic tensile 
strength of concrete.  
 
The experimental values of the flexural tensile strength were used in this study to represent the 
characteristic or the mean tensile strength of concrete to achieve the required accuracy in the 
comparison between the proposed model and the other models. Similar to FIB 14, ݇௕ can be 
calculated using Equation (6.37). The details of the (Yang et al., 2001) and (Iso, 2003) models are 
discussed in chapter two section (2.12).  
 
The coefficient of variation of the predicted bond strength for the LWAC and NWAC are 
summarised in Figure (6.8) and (6.9). A certain disparity is apparent between the NWAC and 
LWAC results. The results of the average predicted to the experimental ratio of the LWAC and 
NWAC samples are summarised in Table (6.1) and (6.2). 
 
Generally, The NWAC results show better agreement than those of the LWAC results. It can be 
seen that the model suggested by Iso (2003) and Yang et al. (2001) showed the highest coefficients 
of variation between the predicted-to-experimental load ratio in the case of specimens cast with 
LWAC and NWAC. The higher values of the coefficient of variation (C.V) for the (Iso’s 2003) 
and (Yang’s 2001) models were attributed to the effect of the width of the FRP sheet which is not 
considered in these models. In addition, the model proposed by (Iso’s 2003) is derived based on 
the concrete cylinder strength, since the effect of concrete tensile strength not included in this 
model.  
On the other hand, the model proposed by TR-55 (2013), simplified model (this study) and FIB 
14 (2001), show the lowest values of the coefficient of variation (C.V) on account of the fact that 
they consider the effect of the width of the FRP sheet and the concrete tensile strength or concrete 
type (this study) in calculating the maximum debonding forces. The average prediction for test 
bond strength of the LWAC and NWAC specimens are summarised in Table (6.3).  
 
For more detail, the overall average value of the predicated-to-experimental load ratio of the 
proposed model in this study is 0.91 for LWAC specimens. The standard deviation (S.D) and the 
coefficient of variation C.V (%) are 0.21 and 23, respectively. It can be noted that the theoretically 
calculated load for samples with width ratio of 0.75 is significantly higher than the experimental 
load by approximately 35%, It can be concluded that the outcomes of the proposed model 
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overestimated the bond strength for samples with higher FRP to width ratio, whilst the influence 
of the FRP-to-concrete width ratio using the factor developed by Serbescu et.al., (2013) was 
included in this model.  
The results obtained from the proposed model and other bond strength models are in close 
agreement with the experimental test results of NWAC samples. The average value of the 
predicated-to-experimental load ratio of this study is 0.92. The standard deviation (S.D) and the 
coefficient of variation C.V (%) are 0.18 and 19.5, respectively.  
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Figure (6.8): Theoretically predicted load versus experimental observation of LWAC samples. 
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Table (6.1): Average prediction to the experimental bond strength of LWAC samples. 
 
Specimen 
ID 
 
 
 
Exp 
load 
(kN) 
 
 
 
Predicted to Experimental ratio 
This study  TR-55 FIB 14 Yang’s 2001 
 
Iso’s 2003 
BL1-1a 19.34 0.85 0.79 0.91 0.96 1.02 
BL1-1b 18.71 0.88 0.82 0.94 0.99 1.05 
BL1-1c 19.99 0.83 0.77 0.88 0.93 0.99 
BL1-1d 19.86 0.83 0.77 0.88 0.94 0.99 
BL1-2a 27.31 0.79 0.61 0.70 0.68 0.72 
BL1-2b 23.80 0.91 0.70 0.80 0.78 0.83 
BL1-2c 27.80 0.78 0.60 0.68 0.67 0.71 
BL1-2d 25.22 0.86 0.66 0.75 0.74 0.78 
BL1-3a 26.15 0.83 0.64 0.73 0.71 0.75 
BL1-3b 27.11 0.80 0.61 0.70 0.68 0.73 
BL1-3c 18.50 0.90 0.90 1.03 1.01 1.06 
BL1-3d 27.48 0.60 0.79 0.69 0.68 0.72 
BL3-1a 24.16 1.17 0.63 0.84 0.97 0.61 
BL3-1b 22.99 0.67 0.94 0.88 1.01 0.64 
BL3-1c 18.19 0.84 1.19 1.11 1.28 0.81 
BL4-1a 13.20 0.94 0.71 0.62 0.70 0.74 
BL4-1b 13.10 0.95 0.72 0.63 0.71 0.75 
BL4-1c 13.66 0.91 0.69 0.60 0.68 0.72 
BL4-1d 13.95 0.89 0.67 0.59 0.67 0.70 
BL4-2a 21.04 1.39 1.03 1.18 1.33 1.41 
BL4-2b 21.69 1.35 1.00 1.14 1.29 1.36 
BL4-2c 21.51 1.36 1.01 1.15 0.96 1.38 
Mean 0.92 0.79 0.79 0.88 0.88 
S.D. 0.21 0.17 0.18 0.22 0.24 
C.V (%) 22.8 21.5 21.4 25 27.2 
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Figure (6.9): Theoretical prediction load versus experimental observation of NWAC samples. 
 
Table (6.2): Average prediction to the experimental bond strength of NWAC samples. 
 
Specimen 
ID 
 
 
 
Exp 
load 
(kN) 
 
 
Predicted to Experimental ratio 
This study  TR-55 FIB 14 Yang’s 2001 Iso’s 2003 
BN1-1a 18.13 1.01 0.94 1.14 1.15 1.03 
BN1-1b 22.10 0.83 0.77 0.93 0.95 0.85 
BN1-2a 29.60 0.86 0.61 0.74 0.71 0.63 
BN1-2b 29.40 0.87 0.61 0.76 0.71 0.64 
BN1-3a 28.40 0.90 0.63 0.87 0.74 0.66 
BN1-3b 29.64 0.86 0.61 0.87 0.71 0.63 
BN3-1a 28.01 0.65 0.86 0.66 0.93 0.99 
BN3-1b 28.19 0.65 0.86 0.92 0.92 0.99 
BN4-1a 14.80 0.97 0.69 0.90 0.71 0.63 
BN4-1b 15.55 0.93 0.65 1.14 0.67 0.60 
BN4-2a 28.10 1.23 0.84 0.93 1.08 0.97 
BN4-2b 28.21 1.23 0.83 0.73 1.05 0.94 
Mean 0.92 0.74 0.89 0.86 0.80 
S.D. 0.18 0.12 0.15 0.17 0.18 
C.V (%) 19.5 16.2 16.8 19.7 22.5 
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A database of 226 single and double- shear tests listed in Appendix C cited from Serbescu et.al., 
(2013) and Figure (6.10) to (6.12) was check the validity of Equation (6.21) and compared the 
accuracy of this equation with TR-55 and FIB models. It can be seen that the new proposed method 
gives results in acceptable agreement with the test results and is in reasonable agreement with TR-
55 and FIB 14. The average value of the predicted-to-experimental load ratio of this study is 0.68. 
The standard deviation (S.D) and the coefficient of variation C.V (%) are 0.11 and 19.3, 
respectively.  
The theoretical effective bond lengths of the CFRP sheet for both LWAC and NWAC tested 
samples predicted by the proposed model (simplified model), (FIB 14, 2001), (TR-55, 2013), 
(Yang et al., 2001) and (Iso, 2003) guidelines and models expressions are used in this study to 
evaluate the experimental effective length. The calculated effective length of the FRP 
reinforcement based on proposed model, FIB 14 and TR-55 guidelines are about 70.5 mm, 69.8 
mm and 69.1 mm respectively in case of LWAC samples, while the predicted effective lengths for 
NWAC samples are about 69.9 mm, 64.4 mm and 63.8 mm respectively. A marginal variance in 
the calculated effective length between LWAC and NWAC samples. This is attributed to the 
difference in concrete cracking strengths of various concrete types. The predicted effective length 
based on Yang’s model 2001 and Iso’s 2003 model is about 100 mm and 43 mm respectively for 
both LWAC and NWAC. The experimental results show that increasing the bond length of the 
FRP reinforcement (Lf) further than 75 mm has marginal influence on maximum load capacity, 
and maximum loads are roughly the same for samples with Lf =100 mm. Thus, as mentioned in 
Chapter three the effective length observed in experimental tests in this study was about 75 mm. 
Contrasting between the experimental observed effective length and that obtained theoretically 
reveal that Yang’s model 2001 model overestimate the effective length of the FRP reinforcement, 
whereas Iso’s 2003 model significantly underestimates the effective length. The theoretically 
calculated values of the FRP effective length using the other models and guidelines show more 
accurate values for the effective length in most cases.  
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Figure (6.10): Theoretical predictions load versus experimental observation (Equation 6.21). 
 
Figure (6.11): Theoretical predictions load versus experimental observation (TR-55). 
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Figure (6.12): Theoretical predictions load versus experimental observation (FIB 14). 
 
6.2.5.2. Validation of the Strain Profile 
 
A comparison between the maximum debonding strains obtained using Equation (6.24) and those 
CFRP strains measurements collected from experimental test results at the centre of the LWAC 
and NWAC samples were presented in Figure (6.13). An acceptable agreement between the 
theoretically obtained debonding strains and the experimental test data as noticed in this figure. 
Generally, the mean value of the predicted-to-experimental debonding strain is 0.79 with a 
coefficient of variation (C.V) of 30.3% and a standard deviation (S.D) of 0.24 for LWAC samples. 
While for NWAC samples, the mean debonding strain is 0.93 with a coefficient of variation (C.V) 
of 9.6% and standard deviation (S.D) of 0.09. It can be noted that the maximum predicted strain 
in the case of NWAC samples is significantly better than those of the LWAC samples. This is 
attributed to the higher difference in the maximum recorded strain in the LWAC samples near the 
centre due to local concrete crushing close this region. 
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Figure (6.13): Comparison between experimental and predicted maximum strain value at the 
sample centre. 
Figures (6.14) to (6.16) compare the CFRP strains distribution recorded from strain gauges 
mounted on the top surface of the CFRP sheet in double-lap shear test versus the theoretically 
predicted strain values obtained from the developed fourth-degree polynomial formula (Equation 
(6.22)) at the maximum level of loading (local debonding failure). Generally, the theoretically 
assumed model able to predict the FRP strains distribution along the length of the FRP 
reinforcement persistently and softly. The trends of the analytical model obtained from Equation 
(6.22) are in acceptable agreement with those collected from the experimental models. However, 
a difference in behaviour available between the experimental and the proposed curves. The 
differences in trend could be attributed to the high-stress concentrations developed in CFRP 
reinforcement at the centre of the concrete prism in the actual physical model or due to the 
influence of local concrete failure close the far end of the CFRP reinforcement, particularly in the 
LWAC samples. 
 
 It can be concluded that the proposed model can clearly describe the debonding process and the 
crack propagation along the FRP length at the proposed maximum debonding for both NWAC and 
LWAC samples. The analytical model shows a steadier trend when compared with the 
experimental FRP strain measurements. This is because the influence of variables is addressed in 
this model such as FRP width and length, debonding design force, and the concrete type. 
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Figure (6.14): Analytical prediction of the strain distribution along the length of CFRP 
composite of BL/N1-1samples. 
  
Figure (6.15): Analytical prediction of the strain distribution along the length of CFRP 
composite of BL/N1-2 samples. 
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Figure (6.16): Analytical prediction of the strain distribution along the length of CFRP 
composite of BL/N1-3 samples. 
 
6.2.5.3. Validation of the Ultimate Slip 
 
The experimentally obtained ultimate global slip corresponding to the maximum applied load is 
compared with the analytical predictions based on Equation (6.31). Generally, the mean value of 
the predicted-to-experimental ultimate slip ratio is 0.50 for the LWAC specimens, while for 
NWAC the average value of the predicted-to-experimental ultimate slip ratio is 0.54. Differences 
in the interfacial ultimate slip can be observed at the maximum load stage, this may be assigned to 
the fracture behaviour of the concrete. The higher energy released after concrete fracture leads to 
a higher interfacial slip between the concrete sample and CFRP reinforcement in the experimental 
physical test as well as a significant variance in results between the predicted ultimate slip and 
experimental recorded global slip. Generally, this model able to predict the maximum debonding 
design force, maximum debonding strain and strain profile along the length of the CFRP 
reinforcement for FRP/lightweight concrete joint with satisfactory precision.  
 
6.3. Second Proposed Model (Modified CEB-FIP 1990 Bond-Slip Models) 
 
The modelling of the bond of FRP-to-concrete includes many influencing variables on the overall 
interface response. The only method to minimise the complexity resulting from this increasing 
number of variables is through experimental research results that provide the basis for enhanced 
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understanding of the influences on the bond behaviour of critical parameters. Simplified models 
and design equations for designers can only be obtained by ignoring some variables, which needs 
a reasonable understanding of the role of each variable. The FRP-to-concrete bond modelling must 
fit into the total design philosophy of the RC elements. From the full load-slip response of a bond-
slip test, the design approach focuses only on the maximum load, while the full response behaviour 
of the model, for example, the bond-slip model between concrete steel and concrete based on CEB-
FIP model code 1990, needs simulating the full response of the bond-slip response (Eltayeb, 2006).  
 
6.3.1. Theoretical Derivation of the Second Proposed Model (Modified CEB-FIP 1990 
Bond-Slip Model) 
 
Modelling of the FRP-concrete interface has received much attention many years ago. Many 
theoretical models were developed to predict the characteristics of the FRP-concrete interface 
response. The available numerical method can be categorised into the following models: (i) 
empirical verified formulas, (ii) models derived based on theory of elasticity and (iii). a fracture 
approach models. Empirical verified formulas are employed based on specific experimental results 
of the single and double-lap shear tests by using simple statistical analysis or by fitting with these 
results to obtain general relationships able to predicate the interface characteristics with reliable 
accuracy. For mathematical methods, which are formulated based on the theory of elasticity, the 
main formulas are developed based on the boundary conditions of the examined models. In other 
studies, the fracture mechanics principle is used to model the FRP-concrete interface response 
(Hadigheh and Gravina, 2016). However, most of the design codes suggest the use of a 
combination of elastic-plastic models based on a fracture approach. The behaviour of adhesively 
bonded joints is described by the maximum bond strength capacity or by the interfacial shear 
stress-slip profiles. There are limited studies in the literature which derived the full loading 
response of the FRP-concrete interface.  
 
The interfacial shear stress-slip relationships proposed available in the literate are summarised in 
Figure (6.17). Based on these relations, the shear stress-slip can be obtained at any point along the 
FRP-concrete joint at the different level of loading and various stages of debonding process. The 
shear stress-slip trends can be expressed by various form and the principal variables, for example, 
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the peak or the maximum bond stress, ߬௠௔௫, the peak or the maximum interfacial slip, s୫ୟ୶, and 
ultimate interfacial slip, ݏ௨௟௧, (Hadigheh and Gravina, 2016).  
 
Most of the existing models to predict the bond strength and the effective bond length were 
developed using normal weight concrete. However, the experiments in this study (chapter three) 
indicate that the mode of failure between lightweight concrete (LWC) and normal weight concrete 
(NWC) are different. while the LWCs’ failure loads were slightly less than the NWC. Therefore, 
the effects of LWC should be considered in the theoretical models, such as the lower surface tensile 
strength which accelerates substrate failure as compared with NWC samples which show higher 
debonding forces. This study aims to develop an efficient and sound analytical model based on the 
shear stress-slip relation defined in the CEB model to describe the full range of behaviour of FRP- 
concrete joints cast with different types of concrete. 
 
 
  
 
 
 
 
 
 
 
 
 
Figure (6.17): The existing bond stress-slip models. 
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As mentioned in the first proposed models, the slip between FRP sheet and the concrete substrate 
at any point x along the bonded length of FRP sheet is expressed as the difference between the 
displacement of the FRP reinforcement and the displacement of a concrete sample. The interfacial 
slip between the FRP reinforcement and concrete substrate can be obtained by the following 
equation: 
ݏ = ݑ௙ − ݑ௖                                                                                                                                              (6.40) 
Where, ݑ௙ and ݑ௖ are the FRP and concrete displacement respectively. In elastic models the strain-
stress relationship for interface materials can be expressed in the following linear formulation: 
The axial stress in concrete can be written as (Equation (6.41)):    
 
ߪ௖ = ܧ௖. ߝ௖                                                                                                                                                 (6.41)  
And the axial stress in FRP reinforcement as (Equation (6.42)): 
 
ߪ௙ = ܧ௙. ߝ௙                                                                                                                                                 (6.42) 
Where, ܧ௖ and ܧ௙ are the modulus of elasticity for concrete and FRP reinforcement. ߝ௖ , is the 
concrete strain which is defined by the following equation (Equation (6.43)):  
 
ߝ௖ =
݀ݑ௖
݀ݔ
                                                                                                                                                  (6.43) 
 
And, ߝ௙ is the FRP strain is given by (Equation (6.44)): 
 
ߝ௙ =
݀ݑ௙
݀ݔ
                                                                                                                                                  (6.44) 
 
The total strain can be obtained by deriving the Equation (6.40) as (Equation (6.45)): 
  
݀ݏ
݀ݔ
=
݀ݑ௙
݀ݔ
−
݀ݑ௖
݀ݔ
  =  ߝ௙ − ߝ௖                                                                                                                (6.45) 
 
The stress-strain relation can be expressed by substituting Equation (6.41) and Equation (6.42) into 
Equation (6.45) as (Equation (6.46)): 
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݀ݏ
݀ݔ
=
ߪ௙
ܧ௙
−
ߪ௖
ܧ஼
                                                                                                                                          (6.46) 
 
Differentiating Equation (6.46) yields (Equation (6.47)): 
 
݀ଶݏ
݀ଶݔ
=
1
ܧ௙
.
݀ߪ௙
݀ݔ
−
1
ܧ஼
.
݀ߪ௖
݀ݔ
=  
݀ߝ௙
݀ݔ
−
݀ߝ௖
݀ݔ
                                                                                          (6.47) 
A differential section ݀ݔ can be cut from the FRP-to-concrete bonded sample as shown in Figure 
(6.18c). This is consisted of three materials: concrete, adhesive and FRP composite. In the this 
study, linear elastic response is assumed for all the three materials; the interfacial shear stresses 
developed in surface concrete will transfer through the adhesive to the FRP composite. The direct 
stress will act orthogonally to the plane of the adhesive layer and it does not alter through the 
thickness of the FRP-concrete joint. The interfacial shear and the axial stresses in the FRP 
reinforcement are denoted by ௙߬ , and ߪ௙, respectively. 
The equilibrium force in the FRP reinforcement in the x-direction gives (Equation (6.48)): 
 
௙߬ . ݀௫ . ௙ܾ = ݀ߪ௙ . ܣ௙                                                                                                                                  (6.48) 
Or, 
௙߬ = ݐ௙.
݀ߪ௙ 
݀ݔ
                                                                                                                                            (6.49) 
Where, 
 ܣ௙ = ௙ܾ . ݐ௙                                                                                                                                                (6.50) 
The equilibrium in the FRP-concrete joint in the x-direction gives (Equation (6.51)): 
 
݀ߪ௙. ݐ௙ . ௙ܾ = ݀ߪ௖ . ݐ௖ . ܾ௖                                                                                                                           (6.51) 
Or, 
݀ߪ௖ =
݀ߪ௙. ݐ௙. ௙ܾ
ݐ௖ . ܾ௖
                                                                                                                                     (6.52) 
By substituting Equation (6.52) into Equation (6.47) gives (Equation (6.53)): 
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݀ଶݏ
݀ݔଶ
=
1
ܧ௙
.
݀ߪ௙
݀ݔ
−
1
ܧ஼
.
݀ߪ௙
݀ݔ
. ቆ
ݐ௙. ௙ܾ
ݐ௖ . ܾ௖
ቇ                                                                                                   (6.53) 
Or, 
݀ଶݏ
݀ݔଶ
=
݀ߪ௙
݀௫
. ቆ
ܧ௖. ݐ௖ . ܾ௖ − ܧ௙. ݐ௙ . ௙ܾ
ܧ௙. ܧ௖. ݐ௖ . ܾ௖
ቇ                                                                                                   (6.54) 
Substituting  ௗఙ೑ 
ௗ௫
,  from Equation (6.49) in Equation (6.54) gives (Equation (6.55)):  
 
݀ଶݏ
݀ݔଶ
= ௙߬ . ቆ
ܧ௖ . ݐ௖. ܾ௖ − ܧ௙. ݐ௙ . ௙ܾ
ܧ௙. ݐ௙. ܧ௖ . ݐ௖ . ܾ௖
ቇ                                                                                                      (6.55) 
Or, 
݀ଶݏ
݀ݔଶ
= ܭ. ௙߬                                                                                                                                               (6.56) 
Where, 
ܭ =
ܧ௖ . ݐ௖ . ܾ௖ − ܧ௙. ݐ௙. ௙ܾ
ܧ௙. ݐ௙.ܧ௖ . ݐ௖ . ܾ௖
                                                                                                                     (6.57) 
Where, ߪ௖ , ܧ௖ , ݐ௖ and ߝ௖ are the axial stress, elastic Young’s modulus of elasticity, thickness of the 
half concrete prism and strain of concrete respectively. Moreover, ߪ௙, ܧ௙,  ݐ௙  and ߝ௙ are the axial 
stress, Young’s modulus of elasticity, thickness and strain of FRP reinforcement respectively. The 
differential equation of bond (Equation (6.56)) is general and can be solved for any local bond 
stress-slip law. This equation should be performed for each segment representing a particular ߬-s 
relation. 
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a) Two separate concrete blocks bonded together with FRP sheet; (b) Relative displacement 
between concrete and FRP reinforcement. 
 
 
 
 
 
 
 
(c) A differential segment of the adhesively bonded joint. 
Figure (6.18): Detail of FRP-concrete joint. 
6.3.2. CEB Model 
 
A more sophisticated bond stress-slip model was proposed by (CEB-FIB, 1992). The 
comprehensive bond-slip model for concrete and steel reinforcement, with four zones of 
behaviour, is described in the context of the different bond mechanisms in a CEB-FIB report. The 
equations of the CEB-FIB Bond–Slip model are successfully used to predict the full range of 
loading behaviour between steel reinforcement and concrete. The complete bond stress-slip 
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envelopes are divided into four main zones (primary zone, initial debonding zone, degradation 
zone and debonding zone) as shown in Figure (6.19).  
 
 
 
 
 
 
 
 
Figure (6.19): Analytical bond stress-slip relationship (monotonic loading) according to CEB-
FIP model code 1990. 
 
The full range of the bond stress-slip relationship is defined as (Equation (6.58)): 
 
௙߬ =
ە
ۖ
۔
ۖ
ۓ ߬௠௔௫. ൬
ݏ
ݏଵ
൰
ఈ
                                                                         ݂݋ݎ 0 ൑ ݏ ൑ ݏଵ
߬௠௔௫                                                                                       ݂݋ݎ ݏଵ < ݏ ൑ ݏଶ
߬௠௔௫ − (߬௠௔௫ − ߬௦). ൬
ݏ − ݏଶ
ݏଷ − ݏଶ
൰                                      ݂݋ݎ ݏଶ < ݏ ൑ ݏଷ
ߟ . ߬௠௔௫                                                                      ݂݋ݎ  ݏଷ < ݏ
                        (6.58) 
 
Where ݏଵ, ݏଶ and ݏଷ are the values of slip which demonstrate each region of behaviour, ߬௠௔௫ is the 
maximum bond stress and ߬௦ is the constant bond stress when the slip is greater than ݏଷ. The first 
section of this model is non-linear, which is a result of micro-cracking and local crushing of in the 
steel reinforcement-concrete interface. A peak plateau shear stress is included in the CEB models 
to reflect the initial debonding of the steel reinforcement from the concrete sample. The descending 
in the shear stress beyond the peak shear stress is attained shows the interfacial softening due to 
large-cracking developing at the steel-concrete interface. When the relative slip archives ݏଷ, a 
residual bond resistance keeps along the bond length, where ߟ is a constant assumed as 0.25. The 
CEB-FIB model allows to model the bond properties between the steel rebar and concrete under 
߬௠௔௫ ௙߬ 
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confined and unconfined conditions. This is achieved by modifying the maximum bond strength 
(CEB-FIB, 1992).  
 
6.3.3. Proposed Model 
   
The CEB-FIB model must be modified to exhibit the characteristics of FRP in retrofitted 
lightweight concrete beams. This is because the epoxy bonded FRP increases the confinement 
effect of concrete and the interlock between the crack face in lightweight concrete is not significant 
as the normal weight concrete. In this study, therefore, a new bond stress-slip model is developed 
based on the CEB-FIB bond-stress slip relation to describe the full zone of debonding between 
FRP reinforcement and both NWAC and LWAC. 
  
The debonding mechanism of the externally bonded FRP reinforcement from the concrete 
substrate can be summarised in the following three zones: (i) the linear/ elastic increase in bond 
stress till the maximum shear stress and the corresponding maximum relative slip at the loaded 
end of the FRP reinforcement (Primary zone), (ii) the incline or softening of the bond stress after 
achieving the maximum bond stress (degradation zone), and (iii) local debonding stage after 
achieving the ultimate relative slip at the loaded end (debonding zone). The bond stress differs 
along the length of the FRP reinforcement at various levels of loading. When the length of the FRP 
reinforcement is longer than the anchorage length required to achieve the maximum bond strength, 
the bond shear stress reaches the maximum value at the far end of the FRP reinforcement before 
the global debonding. Before achieving the maximum bond stress, which is related to the concrete 
tensile strength, the bond-slip section located within the primary zone or the elastic uncracked 
zone. After that, shear stress inclines into a softening region due to small cracks develops in the 
FRP-concrete joint within the degradation zone as specified by the bonded length ݈ௗ. When the 
length of the FRP reinforcement is equal to the required anchorage length, ݈௘, the maximum bond 
strength is attained and the relative slip between FRP and concrete substrate achieves the ultimate 
value at the loaded end and the debonding failure began within the debonding zone. When the 
bond length of FRP reinforcement is longer than the anchorage length, the maximum achievable 
shear stress attains the far end of the FRP reinforcement. The slip between FRP and concrete slip 
significantly increases and higher section of the FRP reinforcement was detached from the 
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concrete surface. The ultimate relative slip will be attained at a length of ݈௘ from the far end and 
thus global debonding failure occurs suddenly as brittle failure develops (Colalillo, 2012).  
 
In this study, the unconfined CEB bond stress-slip model was assumed based on the described 
debonding mechanism, the maximum slip is assumed as ݏଵ. The initial debonding zone was 
neglected (ݏଵ = ݏଶ) and the degradation zone starts to develop after point (A) (see Figure (6.20)) 
up to ultimate slip sଷ. At point (B) the debonding occurs and the bond stress reduced to zero. The 
full range of behaviour of the bond stress-slip relationship was reformulated according to the full 
FRP debonding process as per the following equation (Equation (6.59)): 
 
௙߬ =
ە
ۖ
۔
ۖ
ۓ ߬௠௔௫. ቀ
௦
௦భ
ቁ
ఈ
                                       ݂݋ݎ 0 ൑ ݏ ൑ ݏଵ                                                 
߬௠௔௫ − ߬௠௔௫ . ቀ
௦ି௦మ
௦యି௦మ
ቁ                             ݂݋ݎ ݏଶ < ݏ ൑ ݏଷ                                                (6.59)
0                                                       ݂݋ݎ ݏ > ݏଷ                                                         
 
 
 
 
 
 
 
 
 
 
 
Figure (6.20): Proposed bond stress-slip relationship based on CEB-FIP model code 1990. 
6.3.3.1. Case I (Primary Zone) 
 
When the slip between FRP and concrete occurs ൫ݏ௟௣ < ݏଵ൯ the primary zone is activated. The 
bond stress in the primary zone is defined by the following equation (Equation (6.60)): 
௙߬ = ߬௠௔௫. ൬
ݏ
ݏଵ
൰
ఈ
                                                                                                                                    (6.60) 
This equation can be simplified to: 
௙߬ = ߩଵ. ݏఈ                                                                                                                                                (6.61) 
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Where,  
ߩଵ =
߬௠௔௫
ݏଵఈ
                                                                                                                                                (6.62) 
By substituting Equation (6.61) into Equation (6.56) gives (Equation (6.63)): 
  
݀ଶݏ
݀ݔଶ
= ܭ. ߩଵ. ݏఈ                                                                                                                                       (6.63) 
Then Equation (6.63) can be solved as (Equation (6.64) and (6.65)) (see the derivation in Appendix 
D): 
 
݀ݏ
݀ݔ
= ඨ
2ߩଵܭ
(1 + ߙ)
 . ݏ
ଵାఈ
ଶ                                                                                                                            (6.64) 
ݏ = ቆ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
ቇ
ଵ
ଵିఈ
. ݔ
ଶ
ଵିఈ                                                                                                            (6.65) 
The primary slip (ݏ௟௣) can be written as a function of the bonded length in the primary zone by 
substituting (ݔ = ݈௣) into Equation (6.65) as follows (Equation (6.66)):  
ݏ௟௣ = ቆ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
ቇ
ଵ
ଵିఈ
. ݈௣
ଶ
ଵିఈ                                                                                                         (6.66) 
 
So, the length of the FRP composite (Primary length) in the primary zone can be written as 
(Equation (6.67)): 
݈௣ = ݏ௟௣
ଵିఈ
ଶ . ቆ
2(1 + ߙ)
ܭߩଵ(1 − ߙ)ଶ
ቇ
ଵ
ଶ
                                                                                                                (6.67) 
The maximum primary length of the FRP composite can be obtained from Equation (6.68): 
݈ଵ = ݏଵ
ଵିఈ
ଶ . ቆ
2(1 + ߙ)
ܭߩଵ(1 − ߙ)ଶ
ቇ
ଵ
ଶ
                                                                                                                (6.68) 
Where, ݏଵ is the maximum slip. To obtain the strain and the bonded length of FRP reinforcement 
in the primary zone the following boundary conditions are assumed (Equation (6.69) and (6.70)) 
(see Figure (6.21)): 
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Figure (6.21): Primary slip zone. 
ܽݐ ݔ = 0                                                                                                                                                               
݀ݏ
݀ݔ
= 0     and     ݏ = 0                                                                                                                           (6.69) 
ܽݐ ݔ = ݈௣                                                      
݀ݏ
݀ݔ
= ൬
݀ݏ
݀ݔ
൰ ௟௣   and    ݏ = ݏ௟௣                                                                                                                (6.70) 
 
By substituting the second boundary condition into Equation (6.64) gives (Equation (6.71)): 
 
൬
݀ݏ
݀ݔ
൰
௟௣
= ඨ
2ߩଵܭ
(1 + ߙ)
. ݏ௟௣
ଵାఈ
ଶ                                                                                                                     (6.71) 
The bond shear stress in the CFRP reinforcement as a function of the bonded length can be 
obtained by substituting Equation (6.65) into Equation (6.61) as (Equation (6.72)): 
௙߬ = ߩଵ. ቆ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
ቇ
ఈ
ଵିఈ
. ݔ
ଶఈ
ଵିఈ                                                                                                    (6.72)  
The primary debonding force zone can be obtained from Equation 6.73): 
ܨ௉ = ௙ܾ න ௙߬
ூ೛
଴
 . ݀௫                                                                                                                                 (6.73) 
 
The debonding primary force as a function of the FRP bonded length in the primary zone can be 
obtained by solving Equation (6.73) as (Equation (6.74)): 
ݔ = ݈௣ 
FRP 
Concrete 
݈௣ 
F 
F 
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ܨ௉ = ௙ܾ. ߩଵ ቈ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
቉
ఈ
ଵିఈ
.
ܫ௣
ቀଵାఈଵିఈቁ
ቀ1 + ߙ1 − ߙቁ
                                                                                          (6.74) 
The maximum debonding primary force can be obtained using the following equation (Equation 
(6.75)): 
ܨ௉,௠௔௫ = ௙ܾ . ߩଵ ቈ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
቉
ఈ
ଵିఈ
.
ܫଵ
ቀଵାఈଵିఈቁ
ቀ1 + ߙ1 − ߙቁ
                                                                                  (6.75) 
The FRP strain distribution as a function of the bonded length in the primary zone can be expressed 
by the following Equation (Equation (6.76)): 
ߝ௙ =
1
 ܧ௙. ݐ௙
න ௙߬
௫
଴
=
ܨ௉
௙ܾݐ௙ܧ௙
                                                                                                                  (6.76) 
Solving Equation (6.76) gives (Equation (6.77)): 
ߝ௙௣,௫ =
1
ܧ௙. ݐ௙
ߩଵ ቈ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
቉
ఈ
ଵିఈ
.
ݔቀ
ଵାఈ
ଵିఈቁ
ቀ1 + ߙ1 − ߙቁ
                                                                                 (6.77) 
The maximum achieved strain in the primary zone can be expressed by the following Equation 
(Equation (6.78)): 
ߝ௙௣,௠௔௫ =
1
ܧ௙. ݐ௙
ߩଵ ቈ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
቉
ఈ
ଵିఈ
.
ܫଵ
ቀଵାఈଵିఈቁ
ቀ1 + ߙ1 − ߙቁ
=
ܨ௉,௠௔௫
௙ܾݐ௙ܧ௙
                                                          (6.78) 
An alternative method can be used to obtain the FRP strain distribution in the primary zone if the 
value of ݏ is known by subsisting Equation (6.64) into Equation (6.45) as follows (Equation 
(6.79)):  
ߝ௙௣,௫ = ቎ඨ
2ߩଵܭ
(1 + ߙ)
. ݏூ௣
ଵାఈ
ଶ +
ܨ௣
ݐ௖ . ܾ௖ . ܧ௖
቏                                                                                               (6.79) 
Where the concrete strain in the primary zone is obtained from Equation (6.80): 
ߝ௖ =
ܨ
ݐ௖ . ܾ௖ . ܧ௖
                                                                                                                                          (6.80) 
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6.3.3.2. Case II (Primary Zone and Degradation Zone) 
 
When the available bond length is greater than the primary length, the degradation zone is activated 
and the stress softening start to develop. The primary zone moves along the FRP length. The slip 
between FRP and concrete exceeds ݏଵ. The primary length can be given as (Equation (6.81)): 
݈ଵ = ඨ
2(1 + ߙ)
ܭߩଵ(1 − ߙ)ଶ
. ݏଵ
ଵିఈ
ଶ                                                                                                                     (6.81) 
At the boundary between the primary zone and degradation zone: 
൬
݀ݏ
݀ݔ
൰
௟భ
= ඨ
2ߩଵܭ
(1 + ߙ)
. ݏଵ
ଵାఈ
ଶ                                                                                                                     (6.82) 
The equation for the degradation zone required to comply with the equilibrium and compatibility 
conditions is: 
݀ଶݏ
݀ݔଶ
= ܭ (ߩଶ − ߩଷ. ݏ)                                                                                                                             (6.83) 
Where, 
ߩଶ =
߬௠௔௫. ݏଷ
ݏଷ − ݏଶ
                                                                                                                                          (6.84) 
And, 
ߩଷ =
߬௠௔௫
ݏଷ − ݏଶ
                                                                                                                                            (6.85) 
Where, ݏଶ = ݏଵ. The bond shear stress in the degradation zone can be obtained from the following 
equation (Equation (6.86)): 
௙߬ = (ߩଶ − ߩଷ. ݏ)                                                                                                                                    (6.86) 
 
The Equation (6.83) can be solved using second-order nonlinear nonhomogeneous differential 
equation solution as (Equation (6.87) and (6.88)) (see the derivation in Appendix D): 
ݏ =   ܤଵ sin൫ݔඥܭߩଷ൯ + ܤଶ cos൫ݔඥܭߩଷ൯ +
ߩଶ
ߩଷ
                                                                               (6.87) 
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And, 
݀ݏ
݀ݔ
= ඥܭߩଷൣܤଵ cos൫ݔඥܭߩଷ൯ − ܤଶ sin൫ݔඥܭߩଷ൯൧                                                                          (6.88) 
Where, ܤଵ  and  ܤଶ are constant are for the continuity of  ݏ and 
ௗ௦
ௗ௫
 at the boundary with primary 
zone (ݔ = ݈ଵ) leading to (Equation (6.89) and (6.90)): 
ܤଵ = ඨ
2ߩଵ
ߩଷ (1 + ߙ)
. ݏଵ
ଵାఈ
ଶ ቆ
1 − sinଶ൫݈ଵඥܭߩଷ൯
cos൫݈ଵඥܭߩଷ൯
ቇ + (ݏଵ −
ߩଶ
ߩଷ
) sin൫݈ଵඥܭߩଷ൯                           (6.89) 
And, 
ܤଶ = (ݏଵ − ඨ
2ߩଵ
ߩଷ (1 + ߙ)
. ݏଵ
ଵାఈ
ଶ tan൫݈ଵඥܭߩଷ൯ −
ߩଶ
ߩଷ
) cos൫݈ଵඥܭߩଷ൯                                        (6.90) 
The ultimate slip between FRP and concrete can be obtained using the boundary condition at  
(ݔ = ݈௘) gives (Equation (6.91)) (see Figure (6.22)): 
ݏ =   ܤଵ sin൫݈௘ඥܭߩଷ൯ + ܤଶ cos൫݈௘ඥܭߩଷ൯ +
ߩଶ
ߩଷ
                                                                             (6.91) 
Where, ܫ௘, is the effective bond length required to attain the maximum debonding force at the end 
of the degradation zone.  
 
 
 
 
 
Figure (6.22): Degradation slip zone. 
 
The degradation force as a function of the bonded length can be obtained using the following 
equation (Equation (6.92)): 
ܨௗ = ௙ܾ න ௙߬
௫
ூభ
 . ݀௫ =  ௙ܾ න (ߩଶ − ߩଷ. ݏ)
௫
ூభ
 . ݀௫                                                                                   (6.92) 
 
ݔ = ݈௘ 
FRP 
Concrete 
݈ௗ ݈௣ 
F 
F 
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By substituting equation (6.86) into equation (6.92) and solving gives (Equation (6.93)) (see the 
derivation in Appendix D): 
ܨௗ =
௙ܾߩଷ
ඥܭߩଷ
൫ܤଵൣcos൫ݔඥܭߩଷ൯ − cos൫ܫଵඥܭߩଷ൯൧
− ܤଶൣsin൫ݔඥܭߩଷ൯ − sin൫ܫଵඥܭߩଷ൯൧൯                                                                     (6.93) 
 
The force in the degradation zone can be obtained as a function of degradation length ܫௗ by the 
following equation (Equation (6.94)): 
ܨௗ =
௙ܾߩଷ
ඥܭߩଷ
൫ܤଵൣcos൫ܫௗඥܭߩଷ൯ − cos൫ܫଵඥܭߩଷ൯൧
− ܤଶൣsin൫ܫௗඥܭߩଷ൯ − sin൫ܫଵඥܭߩଷ൯൧൯                                                                  (6.94) 
The bond length in the degradation zone  ܫௗ can be obtained by the following equation (Equation 
(6.95)): 
݈ௗ = ݈௙ − ݈ଵ                                                                                                                                            (6.95) 
Where, ݈௙ is available bonded length of the FRP reinforcement which is equal or less than the 
effective bond length. The maximum degradation force at the end of the degradation zone 
corresponding to the maximum available bonded length of the FRP reinforcement can be obtained 
by the following equation (Equation (6.96)): 
ܨௗ,௠௔௫ =
௙ܾߩଷ
ඥܭߩଷ
൫ܤଵൣcos൫݈௙ඥܭߩଷ൯ − cos൫ܫଵඥܭߩଷ൯൧
− ܤଶൣsin൫݈௙ඥܭߩଷ൯ − sin൫ܫଵඥܭߩଷ൯൧൯                                                                    (6.96) 
The maximum debonding force of the FRP-concrete joint can be calculated using the following 
equation (Equation (6.97)): 
ܨ௠௔௫ = ܨ௣,௠௔௫ + ܨௗ,୫ୟ୶                                                                                                                       (6.97) 
 
The FRP strain in the degradation zone can be obtained from the following Equation (Equation 
6.98)):   
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ߝ௙ௗ,௫ =
ߩଷ
ܧ௙ݐ௙ඥܭߩଷ
൫ܤଵൣcos൫ܫௗඥܭߩଷ൯ − cos൫ܫଵඥܭߩଷ൯൧
− ܤଶൣsin൫ܫௗඥܭߩଷ൯ − sin൫ܫଵඥܭߩଷ൯൧൯                                                                  (6.98) 
The maximum strain at the end of the degradation as a function of the available bonded length can 
be calculated as (Equation (6.99)): 
ߝ௙ௗ,௠௔௫ =
ߩଷ
ܧ௙ݐ௙ඥܭߩଷ
൫ܤଵൣcos൫݈௙ඥܭߩଷ൯ − cos൫ܫଵඥܭߩଷ൯൧
− ܤଶൣsin൫݈௙ඥܭߩଷ൯ − sin൫ܫଵඥܭߩଷ൯൧൯                                                                    (6.99) 
The maximum FRP strain can be obtained by the following equation (Equation (6.100)): 
ߝ௙,௠௔௫ =   
ܨ௠௔௫
௙ܾݐ௙ܧ௙
                                                                                                                                (6.100)  
Where, ܨ௠௔௫ is the maximum achieved force at the end of degradation zone. 
6.3.4. Validation and Discussion 
 
In this study, parameters for the proposed theoretical models are calculated using the indirect 
numerical approach for the shear stress-slip relationship of the adhesively bonded joints. When a 
bond-slip relationship including some unknown variables is given and bond shear test results are 
available, an unknown variable can be obtained with numerical identification methods. Therefore, 
the proposed theoretical bond-slip model for the FRP-lightweight /normal weight concrete 
interface with several unknown variables is chosen at first. These unknown variables such as the 
value of  ߙ is then determined by minimizing the error between experimental and theoretical 
results. The test results reported in Chapter 3 are used in this identification procedure. To verify 
this model, a new MATLAB code was written to provide the load-slip curves and the maximum 
debonding strain.  
The purpose of this code was to determine the unknown parameters for the load-slip relationship 
given in this model and to solve Equation (6.74) and Equation (6.94) at each small increment of 
slip to find the corresponding force and draw the full load-slip curve. Table (6.3) summarises the 
values of the main parameters assumed in this model. The following steps show the concept of this 
model: 
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Step (1):  
 
This step is to determine the unknown parameter  (ߙ). The maximum slip value was taken as 0.065 
mm based on the theoretical model developed by Nakaba (Nakaba et al., 2001). The α term is 
determined for the bond-slip relationship by minimizing the error between the experimental 
applied load-global slip curve (from zero load up to the load corresponding to 0.065 mm slip) and 
the total debonding force for double lap shear tests versus slip curve (see Equation (6.74)) using 
the following equation (Equation (6.101)) (Liu, 2011): 
ܯ݅݊. ܧݎݎ(ߙ) = ෍ൣܨா௫௣ − ܨ௣,஼ா஻൧
ଶ
௡
௜ୀଵ
                                                                                               (6.101) 
Where, ܨா௫௣ is the experimental force corresponding to 0.065 mm slip, and ܨ௣,஼ா஻ is the primary 
force calculated using Equation (6.80). Figure (6.23) summarises the steps of error minimizing in 
the primary zone. In this step, the initial value of ߙ was assumed as 0.35 for LWAC samples (CEB, 
1999) and 0.4 for NWAC samples (CEB-FIB, 1992). The initial assumed value of ߙ was 
substituted in Equation (6.73) to obtain ݈௣ as a function of the primary slip and the corresponding 
values were substituted in Equation (6.74) to plot the bond force F in the primary zone as a function 
of the primary slip ݏ௟௣. The total applied load versus slip obtained from Equation (6.80) is 
compared with experimental results and the step was repeated many times with various values of 
ߙ to find the optimum value of ߙ and to minimize the error between the proposed models and 
experimental trend.  
 
Step (2):   
This step will be created when the value of ݏ exceed ݏଵ. In this study, the ultimate slip between the 
FRP and concrete at the loaded end (centre of the sample) (ݏଷ) was calculated based on the 
Equation (2.27) (see chapter two (section 2.11)) which is developed by Pellegrino and Modena, 
(2008). This value was found to produce the most accurate results of the proposed model compared 
with other proposed models. Finally, the full envelope of load-slip was obtained and compared 
with experimental results to describe the full range of behaviour of FRP- lightweight and normal 
weight concrete interface based on shear stress- slip relation reported in the CEB model. The 
MATLAB code can also be summarised using the following flowchart (see Figure (6.24)): 
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Table (6.3): Parameters identification. 
Concrete Type ߬௠௔௫ 
(MPa) 
ߙ 
Normal weight concrete ඥ ௖݂
, 0.5 
Lightweight concrete 0.85ඥ ௖݂
, 0.45 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (6.23): Unknown parameter identification. 
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Figure (6.24): M.CEB solution steps. 
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ߩଶ
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6.3.5. Characteristics of the Load–Slip Curve 
 
The complete load–slip curve and the bond stress-slip of the FRP-concrete interface (Figure 6.25) 
consists of a number of points corresponding to the loading stages. The cracking stage starts at 
Point A and the initiation of debonding (ultimate load achieved at the corresponding ultimate slip) 
occurs at point B. As a result, this model provides a useful tool for the calculation of the complete 
load-slip behaviour of the FRP-concrete interface. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (6.25): Proposed model relationships. 
The total applied load versus slip curves for double lap specimens BL/N1-2 and BL/N1-3 are 
calculated using the proposed model corresponding to available bonded length of the FRP 
reinforcement and compared with the experimental load versus global slip results as shown in 
(a): Load versus slip relationship. 
ܨ௠௔௫ 
ݏଵ = ݏଶ ݏଷ 
Slip (mm) 
Load (kN) 
Primary Zone 
Degradation Zone 
A 
B 
(b): Bond stress versus relationship. 
߬௠௔௫ 
ݏଵ ܽݐ ݈ଵ ݏଷ ܽݐ ݈௘ 
Slip (mm) 
Bond Stress 
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 ݈௣ 
 ݈ௗ 
A 
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Required degradation bond 
length to achieve the maximum 
bond force 
Required primary bond length to 
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Chapter Six                                                                                                      New Design Proposal 
 
276 
 
Figure (6.26). The test results and the analytical results can be seen to be in good agreement. The 
match with experimental results further demonstrates the excellent performance of the analytical 
models developed in this work. 
 
 
 
 
Figure (6.26): Comparison of load-slip curves. 
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6.3.6. Validation of the Maximum Debonding Force  
 
Figure (6.27) compares the maximum debonding force values which are obtained based on 
Equation (6.97) for double-lap shear tests conditions for the LWAC and NWAC specimens. It can 
be noted that Equation (6.97) shows a very good agreement with the experimental test data. The 
overall mean value of the predicted-to-experimental maximum load ratio for LWAC samples is 
1.05 with a coefficient of variation (C.V) of 20.9% and a standard deviation (S.D) of 0.22 and 
While for NWAC samples, the average of the predicted-to-experimental maximum load ratio is 
1.01 with a coefficient of variation (C.V) of 16.8% and a standard deviation (S.D) of 0.17 and. 
The maximum load values obtained in this model are compared with the average prediction of the 
experimental bond strength of LWAC and NWAC samples calculated from other models and 
guidelines equations as shown in Figure (6.27) (see Table (6.1) and (6.2)). The results of this model 
(Modified CEB model) are in good agreement compared with the results of other models and 
guidelines which demonstrates the capability of the model to predict the interface behaviour of 
lightweight concrete/FRP joints. 
 
 
 
Figure (6.27): Theoretical prediction load versus experimental observation of the tested samples. 
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6.3.7. Validation of the Maximum Debonding Strain 
 
A comparison between the maximum debonding strains obtained using Equation (6.100) and those 
CFRP strains measurements collected from experimental test results at the centre of the LWAC 
and NWAC samples were presented in Table (6.4). A good agreement was obtained between the 
experimental test data and the theoretical value in the case of samples made with normal weight 
concrete. Generally, the average value of the predicted-to-average experimental maximum 
debonding strain ratio for NWAC samples is 1.15 while for LWAC samples, the average of the 
predicted-to- experimental maximum debonding strain ratio is 0.95. It can be also noted that there 
is a slight difference between the normal and lightweight concrete samples in maximum strain 
prediction. As previously discussed in section 6.2.5.2, this can be attributed to the clear variation 
of the strain reading in case of lightweight samples due to a lower stiffness and higher crack 
intensity at the centre of these samples.  
 
Table (6.4): Average prediction to test bond strength of NWAC samples. 
Specimen ID 
 
ቀ
ࢿ࢓ࢇ࢞,࢖
ࢿ࢓ࢇ࢞,ࢋൗ ቁࡺࢃ࡭࡯
  
 
 
ቀ
ࢿ࢓ࢇ࢞,࢖
ࢿ࢓ࢇ࢞,ࢋൗ ቁࡸࢃ࡭࡯
  
 
BL/N1-1 0.74 1.05 
BL/N1-2 0.86 1.04 
BL/N1-3 1.25 1.37 
Mean 0.95 1.15 
 
6.3.8. Validation of the Ultimate Slip 
  
Tables (6.5) and (6.6) compare the experimentally obtained ultimate global slip with the analytical 
values based on the modified CEB model. Close agreement is observed with the experimental data. 
The overall average value of the observed-to-predicted ultimate slip ratio is 1.03 for LWAC 
specimens while for NWAC the average value of the observed-to- predicted ultimate slip ratio is 
0.79. 
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Table (6.5): Average prediction of test slip values of LWAC samples. 
 
 
 
 
 
 
 
Table (6.6): Average prediction of test slip values of NWAC samples. 
Specimen 
ID 
 
Average Exp 
ultimate 
global slip 
(mm) 
 
 
Predicted to 
Experimental slip 
ratio 
BN1-1 0.30 0.43 
BN1-2 0.65 0.88 
BN1-3 0.82 1.21 
BN3-1 0.18 0.83 
BN4-1 0.55 0.97 
BN4-2 0.14 0.42 
Mean 0.79 
 
 
 
Specimen ID 
 
Average Exp 
ultimate 
global slip 
(mm) 
 
 
Predicted to 
Experimental 
slip ratio 
BL1-1 0.31 0.39 
BL1-2 0.43 1.21 
BL1-3 0.49 1.82 
BL3-1 0.15 0.85 
BL4-1 0.57 0.83 
BL4-2 0.046 1.09 
Mean 1.03 
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6.3.9. Parametric Study   
  
The influence of the FRP bond length and concrete strength on the maximum load capacity is 
shown in Figure (6.28). Figure (6.28a) shows a plot of maximum load capacity versus the bond 
length of the FRP reinforcement. It can be noted that the maximum load capacity of the 
FRP/concrete joint increases as the length of the FRP reinforcement increases till the maximum 
anchorage length or effective length of the FRP reinforcement ݈௘ is achieved which is 
approximately 107 mm based on the proposed model.  Increasing the length of the FRP 
reinforcement further than the effective length dose not lead to increase in the maximum load 
capacity of the FRP/concrete joint. 
 
It can be noted that the bond length of the FRP reinforcement is slightly less than the required 
length to achieve the full degradation zone based on the proposed degradation force (Equation 
6.94) which is calculated based on of the ultimate slip limit proposed by Pellegrino and Modena, 
(2008). The proposed model slightly overestimates the effective length of FRP. However, this 
model provides a useful and accurate approach to describe the debonding process and the load-
slip behaviour, maximum debonding force, maximum strain, slip during the debonding process. 
 
Figure (6.28b) shows the influence of the concrete strength on the maximum bond strength for 
both BL/N1-2 samples. The concrete compressive strength was changed from 10 to 50 MPa in the 
proposed analytical model. It can be observed that as the concrete compressive strength increases, 
the maximum bond strength increases. The same behaviour was observed in FE models simulated 
in chapter five (see section 5.4.7.1) and the experimental test results obtained by LópezGonzález 
et al., (2012). 
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Figure (6.28): Maximum bond strength versus (a) FRP bond length and (b) concrete 
compressive strength for the sample BL/N1-2. 
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6.4. A New Design Proposal for FRP Shear Strength  
An analytical model is developed in this section to predict the shear contribution of the FRP 
reinforcement used to retrofit reinforced normal/lightweight concrete beams. A new expression of 
the effective FRP debonding and rupture strain is suggested in this study. The proposed model and 
the design formulations are typically calibrated with the experimental results of LWRC and 
NWRC beams to assess the adequacy of the proposed and various shear prediction methods to 
estimate the shear strength gained due to FRP reinforcement. 
6.4.1. FRP Strain Distribution Factor  
 
The FRP measured strains differ along the length of the diagonal shear crack plane, this is may be 
attributed to the difference in the width of the shear crack and the bond length of FRP 
reinforcement at different locations along the length of the diagonal shear crack. For example, at 
the middle of the shear crack length, the width of crack and the bond length FRP reinforcement 
are higher compared with other locations such as the top and bottom ends of the shear crack, the 
width of the crack and the bond length of FRP reinforcement is small close this region (Colalillo, 
2012).  
For shear steel reinforcement, when the shear diagonal shear cracks are developed, the shear stirrup 
intersected by these cracks start yielding, with further loading the neighbouring shear stirrup 
begins to yield, etc. At the ultimate limit state, all shear links will be yielded and the shear strength 
provided by steel reinforcement can be defined as ௦ܸ, the design shear capacity ாܸௗ, is fulfilled 
(Al-Juboori, 2011). FRP is not ductile and it has linear elastic response. The strain distribution 
differs along the length of the crack plane, the strains of all FRP reinforcement crossing the 
diagonal shear crack should be included to obtain the shear contribution provided by FRP 
reinforcement. For design purposes, the effective FRP strain will consider to obtain the design 
shear strength provided by the FRP reinforcement which is defined as the average FRP strain along 
the length of the diagonal shear crack and should be less than the maximum debonding or rupture 
strain. The effective strain can be obtained by the following equation (Colalillo, 2012):  
 
ߝ௙௥௣,௘ = ߮௙௥௣. ߝ௙௥௣,௠௔௫                                                                                                                        (6.102) 
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Where ߝ௙௥௣,௠௔௫, is the maximum debonding or rupture strain, and ߮௙௥௣, is the strain distribution 
factor. The factor of the strain distribution of the FRP reinforcement can be assessed by summing 
all FRP strains along the length of the diagonal shear crack as shown in the following equation 
(Equation (6.103)) which is assumed by Cao et al., (2005):  
 
߮௙௥௣ =
∑ ߝ௙௥௣,௜௡௜ୀଵ
݊ ߝ௙௥௣,௠௔௫
  ≅
׬ ߝ௙௥௣,௫
௟
଴ . ݀ݔ
݈ ߝ௙௥௣,௠௔௫
                                                                                                 (6.103) 
 
Where ݈ is the length of the diagonal shear crack and ߝ௙௥௣,௫ is the strain along the length of the 
shear crack. The FRP strain distribution factor along the length of the diagonal shear crack can be 
assessed at the maximum limit state of debonding failure.  
 
Colalillo and Sheikh, (2014b) derived a new expression for the FRP strain distribution factor based 
on the closed-form solution developed by Mohamed Ali et al. (2006). Colalillo and Sheikh, 
(2014b) assumed that the maximum debonding FRP strain achieved at any point along the length 
of the crack when the length of the FRP reinforcement is larger than the anchorage length for 
samples strengthened with U-shaped or side-bonds strengthening system. This assumption is not 
reflecting the actual behaviour of the experimental tested samples as the concrete is non-
homogenous material and the crack widths differ along the length of the crack as well as the strain 
values will differ, but its represent an acceptable and simple assumption for design purposes in 
order to obtain a reliable expression for the shear strength provided by FRP reinforcement. 
 
According to the above assumption, a similar analysis was carried out based on the maximum 
debonding strain developed in this study to derive a simplified expression for the FRP strain 
distribution factor for samples retrofitted with U-wrapped or side-bond strengthening techniques. 
The triangular critical area from the crack plane to the top free end of the beam in case of samples 
with U-shaped reinforcement and from the crack plane to the top and bottom free ends of the beam 
in case of sample with side-bonds can be divided into two zones, the effective and ineffective shear 
zone as shown in Figure (6.29).  
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Figure (6.29): Typical bonded area for RC beams retrofitted with FRP reinforcement (adopted 
by Colalillo and Sheikh, (2014b)). 
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(b): Side bond wraps  
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The shear contribution of the FRP reinforcement to the total shear capacity of the beam in the 
ineffective shear zone is small compared with the effective shear zone, so its effect was ignored in 
the following equation: 
߮௙௥௣ =
sin ߠ
݀௙ߝ௙௥௣,௠௔௫
 න ߝ௙௥௣,௠௔௫
ௗ೑
ୱ୧୬ ఏ
௟೐
ୱ୧୬ ೑
ୱ୧୬ ఏ
݀௫                                                                                          (6.104) 
߮௙௥௣ =
sin ߠ
௙݀
  |ݔ|  
௟೐
ୱ୧୬ ఉ೑
ୱ୧୬ ఏ
ௗ೑
ୱ୧୬ ఏ                                                                                                                    (6.105) 
Where, ߝ௙௥௣,௠௔௫ is the maximum debonding FRP strain (Equation (6.109)). The FRP strain 
distribution factor for U-shaped can be calculated by Equation (6.106): 
߮௙௥௣ = ቆ
݀௙ − ݈௘ sin ߚ௙
݀௙
 ቇ                                                                                                                  (6.106) 
This expression (Equation (6.106)) is similar to the simplified terms that obtained by Colalillo and 
Sheikh, (2014b). For a side-shaped sample, the FRP strain distribution factor can be calculated by 
the following equation (Equation (6.107) (Colalillo and Sheikh, 2014b): 
߮௙௥௣ = ቆ
݀௙ − 2݈௘ sin ߚ௙
݀௙
 ቇ                                                                                                               (6.107) 
 
6.5.2. Suggested Effective FRP Debonding and Rupture Strain 
 
This model assumes that debonding develops within a thin layer of concrete underneath of the FRP 
reinforcement. This failure pattern is typical for most the experimental test results carried out so 
far. The effective FRP debonding strain was developed in this study based on simplified bond-slip 
model bond proposed in section 6.2.3. The loading arrangement of reinforced concrete beams 
retrofitted by FRP U-shaped or side-bonds can be implemented by an FRP reinforcement attached 
on both sides of concrete prisms as the same condition in the double-lap shear test (Dirar, 2009) 
as shown in Figure (6.30). The summation of the forces carried by the FRP reinforcement is equal 
to Vf. 
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Figure (6.30): Loading condition of the reinforced concrete beam strengthened with externally 
bonded FRP reinforcement. 
The maximum design force that can be carried by the one FRP reinforcement at the occurance of 
debonding is given by Equation (6.108): 
 
௙ܲௗ,௠௔௫ = ߝ௙,ௗ,௠௔௫. ݐ௙. ௙ܾ. ܧ௙                                                                                                              (6.108) 
 
In this study, the FRP debonding strain is developed based on the maximum debonding 
load  ௗܲ,௠௔௫ given by Equation (6.21). The maximum design debonding strain can be obtained by 
substituting Equation (6.21) into Equation (6.108): 
 
ߝ௙,ௗ,௠௔௫ =
ߚ௥. ߚ௪. ܴ. ܮ௘. ඥ ௖݂ᇱ
ݐ௙ܧ௙
                                                                                                             (6.109) 
 
ߝ௙௥௣,௘ = ߮௙௥௣.
ߚ௥. ߚ௪. ܴ. ܮ௘. ඥ ௖݂ᇱ
 ݐ௙ܧ௙
                                                                                                       (6.110) 
 
The strain distribution factor for the effective debonding strain ߮௙௥௣, can be obtained using 
equations (6.106) and (6.106). The equation (6.110) accounts only for the debonding mode of 
failure. For other modes of failure such as rupture of the RC beam strengthened externally with 
closed wrapped FRP composite, the following effective rupture strain is proposed in this study: 
ߝ௙௥௣,௘ = ߮௙௥௣. ߝ௨                                                                                                                                   (6.111) 
Le 
݂ܵ 
ߠ 
ℎ ௙ܲௗ,௠௔௫
 
௙ܲௗ,௠௔௫ 
௙ܲௗ,௠௔௫ 
௙ܲௗ,௠௔௫ 
௙ܾ  
݂ܵ 
௙ܾ  
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Where ߮௙௥௣  is taken as 0.5 for design according to (Chen and Teng, 2003a) (which assumed a 
linear strain distribution along the length of the crack in the case of RC beams strengthened with 
closed-shaped system) and ߝ௨ is ultimate FRP strain. the unfactored shear contribution of the FRP 
reinforcement can be obtained by the following equation (Equation (6.112)): 
 
௙ܸ = ߝ௙௥௣,௘ܧ௙ ܾ௪ ௙݀൫cot ߠ + cot ߚ௙൯ sin ߚ௙                                                                                     (6.112) 
 
Where ߩ௙ is the ratio of the FRP reinforcement, ܾ௪  is the width of beam, ௙݂௥௣,௘ is the effective 
stress developed in the FRP reinforcement, and θ is the compressive strut inclinations. For practical 
design, it can be assumed that θ=450. ߚ௙ is the angle of the FRP reinforcement. ݀௙ is the effective 
depth of the FRP reinforcement. The ratio of the FRP reinforcement can be calculated from the 
following equations (Equation (6.113)):  
 
ߩ௙ = ቆ
ܣ௙
௙ܾܵ௪
ቇ = ቆ
2ݐ௙ ௙ܾ
௙ܾܵ௪
ቇ                                                                                                                 ( 6.113) 
 
Where ܣ௙ is area of the FRP reinforcement. The shear contribution of the FRP reinforcement can 
be expressed as a function of the effective FRP strain by substituting Equation (6.113) into 
Equation (6.112)) as (Equation (6.114)): 
 
௙ܸ = ߝ௙௥௣,௘ܧ௙ ቆ
2ݐ௙ ௙ܾ
௙ܵ
ቇ ݀௙൫cot ߠ + cot ߚ௙൯ sin ߚ௙                                                                         (6.114) 
 
the nominal shear capacity of the reinforced concrete beam strengthened with FRP reinforcement 
in shear can be obtained by the following equation (Equation (6.115)): 
 
௡ܸ = ௖ܸ + ௦ܸ + ௙ܸ                                                                                                                                  (6.115) 
 
Where, ௖ܸ and ௦ܸ are the shear strength provided by concrete and steel reinforcement respectively.  
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6.4.3. Further Design Considerations   
 
The proposed model accounts the unfactored shear contribution of the FRP reinforcement applied 
externally to retrofit lightweight and normal weight concrete members. However, there are further 
design limitations that should be included in this model. This section addresses these 
considerations.  
  
6.4.3.1. FRP Effective Depth 
  
The effective depth of the FRP reinforcement can be obtained from the following equations: 
 
For U-wrap and side bond: 
݀௙ = ݀ − ݐ௔                                                                                                                                           (6.116)  
For closed wrap: 
 
݀௙ = ݀                                                                                                                                                     (6.117) 
 
Where, ݐ௔ is the distance from the top free ends of the FRP reinforcement to the top of the beam. 
    
6.4.3.2. Spacing of the FRP Reinforcement  
  
The FRP strips should be spaced adequately to achive the maximum shear strength provided by 
the strengthening system. For this purposes, the following equation proposed by the UK concrete 
society (TR 55, 2013) may be used (Equation (6.118)):   
 
ݏ௙ = ݉݅݊ ൝ ௙ܾ +
݀
4
0.8 ݀
                                                                                                                                (6.118) 
 
6.4.4. Model Validation Compared with Design Codes and Guidelines 
  
The trustworthiness of the proposed model to predict the shear contribution of CFRP reinforcement 
in the case of beams cast with lightweight concrete and beams cast with normal weight concrete 
was evaluated and compared with current design codes and guidelines such as (ACI 440.2R, 2008), 
(TR 55, 2013) and (CAN/CSA S6, 2006), as summarised in Table (6.7). In this study, the nominal 
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predicted contribution of FRP reinforcement for the purpose of comparison was used in this study 
as summarised in Table (6.7).  
 
From Table (6.7), the shear strength model suggested by the proposed model to predict the 
contribution of FRP reinforcement resulted incomparably higher mean predicted-to-experimental 
ratio in the case of samples with closed-shaped, particularly for LWAC samples. In contrast, TR55 
(2013), ACI 440.2R (2008) and CSA S6 (2006) showed the lower mean predicted-to-experimental 
ratio. This may be attributed to the limit of the maximum FRP effective strain to 0.004 in some of 
these models, which results in overly conservative failure predictions for closed-shaped samples 
and the highest coefficients of variation. The experimental test results carried out by Colalillo and 
Sheikh, (2014a) showed  that  the rupture strains at failure were more than the design effective 
strain limit of 0.004 as suggested by TR55 (2013), ACI 440.2R (2008) and CSA S6 (2006) 
(Colalillo and Sheikh, 2014a). The higher value of the mean predicted-to-experimental load ratio 
in the proposed model in the case of lightweight and normal weight samples retrofitted with closed 
wrapped CFRP reinforcement is attributed to the value of the strain distribution factor which is 
assumed in this study as 0.5, based on Chen and Teng (2003b).  
 
Generally, the predictions of the ACI 440.2R (2008), TR 55 (2013) and CAN/CSA S6 (2006) 
overestimate the contributions of FRP reinforcement for LWAC retrofitted with U-shaped CFRP 
reinforcement. It can be noted that the prediction of lightweight samples are statistically better than 
normal weight samples, this is probably due to the premature failures of LWAC due to the lower 
bond between CFRP reinforcement and beam concrete surface which is accelerating CFRP 
debonding or rupture. 
A database of NWRC beams retrofitted with a different configuration of FRP reinforcement listed 
in Appendix E (Table 1) was used to assess the accuracy of the proposed FRP shear models 
compared with ACI 440.2R (2008) model. The diagonal shear crack angle was assumed as θ=450 
in this analysis. The predictions of the proposed model is shown in Figure (6.31). The average 
predicted- to- the experimental ratio of 0.60 and a standard deviation of 0.17 resulted in 28.3% 
coefficients of variation. Comparison with test results of the LWAC deep beams strengthened by 
FRP reinforcement carried by Asghari et al., (2014) also summarised in Appendix E (Table 2). 
The average predicted to the experimental ratio of 0.97 and a standard deviation of 0.21 resulted 
in 22% coefficients of variation. 
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In contrast, the ACI 440.2R (2008) design model has an average predicted-to- experimental load 
ratio of 0.58 and a standard deviation of 0.38 resulting in 65.5% coefficients of variation as 
illustrated in Figure (6.30). The higher coefficient of variation is probably because the bond model 
proposed in the ACI 440.2R (2008) design model is derived based on a specific experimental data 
(Belarbi et al, 2007). 
Table (6.7): Predicted-to-experimental CFRP shear contribution for strengthened samples. 
Sample FRP shear 
Strength 
(kN) 
Predicted-to experimental strength ratio ( ௣ܸ௥௘/ ௘ܸ௫௣) 
Proposed 
model 
ACI 440.2R 
(2008) 
 
TR-55 
(2013) 
CAN/CSA S6 
(2006) 
BL-UST 66.60 0.75 1.1 1.2 1.08 
BL-CST 115.36 0.98 0.68 0.7 0.62 
Mean  0.86 0.89 0.95 0.85 
BN-UST 84.51 0.75 0.86 0.94 0.84 
BN-CST 156.70 1 0.5 0.46 0.46 
Mean  0.87 0.68 0.7 0.65 
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Figure (6.31): Predictions of the proposed model. 
6.5. Summary 
 
Appropriate shear stress transference in the FRP/concrete joint is needed to achieve the required 
bond strength between FRP reinforcement and the surface of concrete. A significant amount of 
research has been carried out to model the response of the FRP-normal weight concrete joints. 
However, the bond-slip relationships of FRP-to-lightweight concrete joints and the maximum 
shear strength provided by FRP reinforcement in RC beam are not investigated yet. In this chapter, 
new methods were derived for the determination of the interface characteristics of the FRP-
concrete joints. Based on these models, new equations are proposed to estimate the load-slip 
relationships, the maximum debonding load, ultimate slip, FRP strain and shear stress of the FRP-
lightweight /normal weight joints.  
 
In the first proposed model (simplified model), the FRP strain distribution along the bonded length 
was defined by a fourth-degree polynomial formula. In this model, new expressions were proposed 
and verified for the interface characteristics such as bond strength, strain distribution and ultimate 
slip. The influence of different variables was considered in these relationships. The analytical 
results of this model showed closer agreement with the experimental results.  
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Based on this maximum bond strength equation developed in the simplified model, a new model 
to predict the shear contribution provided by FRP reinforcement were derived and verified in this 
chapter. The effect of the bond between FRP reinforcement and the lightweight substrate was 
considered in this model which is one of the most important goals of this study. The predictions 
of this model reveal a reasonable agreement with the experimental contribution of the FRP 
reinforcement and when compared with some available design codes and guidelines.  
  
The second proposed model (modified CEB-FIP 1990 Bond-Slip models) is a more sophisticated 
load-slip model which has been proposed in this study. The complete model for lightweight and 
normal concrete, with the full range of loading behaviour between FRP reinforcement and 
concrete, is developed based on the shear stress-slip relation reported in the CEB model to describe 
the full range of behaviour of the FRP- concrete interface. To verify this model, a new MATLAB 
code was written to provide the bond force-slip curves, and the maximum FRP reinforcement strain 
predictions. The results of this model showed reasonable agreement with experimental results. 
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CHAPTER SEVEN 
  CONCLUSION AND RECOMMENDATIONS 
 
7.1. Summary 
 
Epoxy bonded fibre reinforced polymer (FRP) composites are widely used for the retrofit of ailing 
reinforced concrete structures, for both shear and flexure. The behaviour of retrofitted concrete 
structures is governed by the bond strength and the material characteristics of the epoxy bonded 
FRP and the concrete. Previous studies show that lightweight aggregate concrete (LWAC), which 
uses Pulverised Fuel Ash (Lytag) instead of coarse normal weight aggregates, has significantly 
lower tensile strength and aggregate interlock compared to normal weight concrete. The 
performance of shear retrofitted concrete elements is primarily governed by the aggregate interlock 
and tensile strength. Thus, the study of FRP enhancement techniques in LWAC is paramount for 
limit state design. 
 
Many studies have been conducted to understand the bond-slip behaviour between normal weight 
aggregate concrete (NWAC) and FRP composites and the shear behaviour of the normal weight 
concrete beams strengthened with FRP system, where the increasing interfacial (shear) and normal 
stresses with increasing plastic deformation leads to FRP debonding and/or FRP rupture failures. 
However, the bond between the lightweight concrete and FRP and the shear behaviour of 
reinforced concrete beams strengthened with FRP composite have not received much attention. 
Hence, this research has investigated the bond behaviour between the CFRP and concrete 
substrates cast with LWAC and NWAC and the shear behaviour of LWRC and NWRC beams 
retrofitted with CFRP reinforcement. 
 
An extensive literature review was carried out in this study and a new test arrangement of the 
double-lap shear test was developed to investigate the behaviour of the CFRP/lightweight concrete 
joint. In addition, the beam shear tests were also carried out to investigate the shear behaviour and 
failure patterns of LWRC beams retrofitted with CFRP reinforcement.  
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7.2 Conclusions 
From the experimental model tests, the finite element analyses and analytical models, a number of 
conclusions are summarised in the following section. 
 
7.2.1. Bond-Slip Tests 
  
The interfacial behaviour of LWAC was studied in this research. For this purpose, 55 concrete 
blocks (34 LWAC prisms and 21 NWAC prisms) were cast and tested using the modified double-
lap shear test set-up. The effect of different variables, such as the bonded length, thickness, width 
and direction of unidirectional bonded CFRP sheets were studied in order to understand the 
fracture of concrete and the effectiveness of CFRP. Overall, the experimental results show that the 
crack propagation occurred within the LWAC specimens while peeling of CFRP was the main 
cause of failure in NWAC specimens. The effectiveness of using FRP to retrofit RC structures is 
mainly affected by the concrete properties. Since the existing design codes and numerical models 
were developed based on test data of normal weight concrete, the performance of FRP with LWAC 
was investigated.  
 
A new FEA and analytical models were developed in this thesis to investigate the response of the 
FRP/lightweight concrete joints. The outcomes of the FEA and the analytical proposed models 
demonstrate the ability of these models to predict the characteristics of the FRP/concrete joint with 
reasonable accuracy. From the experimental model tests, the finite element analyses and analytical 
models, a number of conclusions can be derived 
  
7.2.1.1.  Conclusions from experimental works 
 
1. The effect of concrete type on bond strength and slip at failure was examined in this study. In 
general, LWAC bond test samples revealed considerably lower bond strength and slightly 
lower slip at failure than those of NWAC of similar strength grade and identical CFRP 
retrofitting configurations. The results of the double-lap shear tests presented in chapter three 
of this thesis showed that the average bond strength between CFRP reinforcement and the 
lightweight concrete substrate is 85% of those samples cast with normal weight concrete and 
having the same strengthening configurations of CFRP reinforcement. This is attributed to 
lower tensile strength of concrete and aggregate interlocks for LWAC which significantly 
influence the performance of FRP used to strengthen lightweight concrete members. 
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2. The results of this study showed that the increase of CFRP sheet length further than 75 mm 
does not lead to higher load capacity in both samples cast with LWAC and NWAC. However, 
a larger bond length leads to a longer deformation process as debonding propagates along the 
interface, the effective bond length was assumed about 75 mm for LWAC and NWAC samples 
which showed similar behaviour. Hence it can be concluded that the effective bond length is 
not influenced by concrete type. 
3. The orientation of the CFRP sheet is one of the parameters that most influences the behaviour 
of the CFRP-to-concrete interface which is critical in the shear retrofitting system. Therefore, 
if there is an angle between the load and the fibre direction, this tends toward a lesser 
contribution of the CFRP sheet to the strength.  No significant difference in response was 
noticed between LWAC and NWAC specimens. However, the LWAC samples with 450 fibre 
orientation were failed by concrete failure close to the centre of the samples. While the NWAC 
samples were failed by adhesive debonding close to the centre of the samples.   
4. The effects of increasing the CFRP thickness from one layer to two parallel or perpendicular 
layers were investigated in this study. It can be concluded that the maximum debonding load 
for samples with double-parallel layers of CFRP sheets is higher than the load capacity for 
samples with double-perpendicular layers of CFRP sheets. This may be attributed to the higher 
axial rigidity of samples with two parallel layers of CFRP sheets. A similar response was 
noticed for both LWAC and NWAC samples. However, LWAC samples showed lower 
debonding load and extremely brittle failure of the interfacial joints compared with NWAC 
samples.   
5. If there is an increase in the CFRP-to-concrete width ratio from width ratio 0.25 to 0.5, the 
maximum bond strength of the FRP/concrete joint is increased. While, the bond strength was 
significantly reduced for samples with width ratio of 0.75, especially for LWAC specimens 
which failed at lower load. This is attributed to the small width of the concrete prism compared 
with the width of the CFRP reinforcement thereby accelerating joint failure.   
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7.2.1.2. Conclusions from the Finite Element Analysis works 
 
The interface behaviour of the CFRP-lightweight/ normal weight concrete joints was modelled 
using three-dimensional nonlinear FE models and smeared crack approaches were undertaken to 
simulate the behaviour of the tested specimens. On the basis of the FE results, the following 
conclusions are drawn: 
1. Several approaches were used in this study to simulate the behaviour of the CFRP/lightweight 
concrete joint. The use of SOLID46 layered elements showed the best method to simulate the 
adhesive and the CFRP reinforcement.  
2. The qualitative results, which explicate the response of the FEA models, are much critical than 
the quantitative results. For instance, the failure pattern, the load-slip curve and the load-strain 
trend which shows that the non-linear response is much important than the maximum load and 
slip. 
7.2.1.3. Conclusions from Analytical works 
 
A new analytical approach was developed to define the interfacial behaviour of the adhesively 
bonded joints: 
 
1. In the simplified model, the strain distribution along the bonded length of the CFRP 
reinforcement was defined by a polynomial formula. In general, new the simplified equations 
were proposed to obtain the interface relationships (bond strength, strain distribution and slip) 
of FRP-lightweight/normal weight joints. The analytical results showed close agreement with 
the experimental results. 
2. The CEB-FIB model was modified to include the characteristic of FRP in retrofitted 
lightweight concrete beams. The complete model for concrete, with full zones of behaviour, 
was developed based on shear stress slip relations reported in the CEB model to describe the 
full range behaviour of FRP- lightweight/ normal weight concrete interface. The prediction of 
the load-slip response and the maximum strain, stress and slip showed good agreement which 
indicates the successfully proposed models of the modified CEB models based on the full 
debonding process of the FRP debonding from the concrete substrate of LWAC and NWAC 
samples. 
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7.2.2. Beam Shear Tests 
  
The experimental test program consisted of loading of six reinforced lightweight and normal 
weight concrete beams without shear reinforcement under monotonic loads to evaluate the 
performance and shear strengthening gained from using the CFRP to retrofit LWRC beams 
compared with companion NWRC beams. Samples were divided into two series based on the 
concrete type, and the strengthening configurations. Lightweight and normal weight samples 
strengthened with U-shaped CFRP reinforcement failed in shear by CFRP debonding while the 
samples strengthened with closed-shaped failed in shear due to CFRP reinforcement rupture. 
Finite element analysis using ANSYS software was employed to predict the experimental 
behaviour of the test samples and a new analytical model was presented in the study to calculate 
the effective FRP debonding and rupture strain taking into consideration the effect of the 
lightweight concrete properties on the shear contribution of CFRP reinforcements. From the 
experimental model tests, the finite element analyses and analytical models, a number of 
conclusions can be drawn. 
7.2.2.1. Conclusions from experimental works: 
 
1. The load-deflection trends for LWRC beams are flatter than those of NWAC beams with 
identical CFRP retrofitting techniques after the initiation of diagonal shear cracks. The 
retrofitting techniques had a noticeable influence in the shear stiffness zone, the LWAC and 
NWAC samples retrofitted with closed-shaped revealed stiffer response compared with U-
shaped samples. 
2. In this test, the shear strength provided by CFRP reinforcement for LWAC samples is less than 
the NWAC. This is probably due to lower concrete surface tensile strength and aggregate 
interlock at the crack faces in LWAC.  
3. The test results show that there was virtually no difference between the LWAC samples and 
their NWAC companions regarding failure patterns and the inclination of diagonal shear 
cracks. The failure pattern of LWAC samples was the same as the NWAC samples. It can be 
also concluded that the LWAC samples had higher cracks width compared with NWAC 
specimens. This is attributed to lower friction and aggregate interlock at the interface of the 
primary shear crack.  
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4. The influence of concrete type on the longitudinal steel straining was considered in this test. It 
can be concluded that the reading of strain gauges in LWAC samples is slightly higher 
compared with NWAC samples. The longitudinal steel reinforcements tend to increase the 
shear strength of the LWAC specimens due to the lower modulus of rupture for lightweight 
concrete. 
5. Comparison between LWAC and NWAC samples reveals a significant variance in maximum 
recorded CFRP strains. The maximum recorded CFRP strains for the LWAC sample was 
significantly lower than the NWAC samples. This is attributed to higher normal and interfacial 
shear stress developed in CFRP-concrete interface at the cracks interface leading to premature 
debonding or rupture of the CFRP reinforcements from the concrete surface which accelerated 
sample failure. 
6. For the closed-shaped test samples, the average recorded CFRP strains are higher than those 
of samples with U-shaped reinforcement due to CFRP strips debonding at lower applied load.  
7.2.2.2. Conclusions from Finite Element Analysis work: 
 
3D finite element models were implemented to predict the shear response and failure patterns of 
the LWRC and NWRC beams strengthened in shear with CFRP strips. The general response of 
the FE models shows acceptable agreement in the predictions with the experimental test results. 
 
In general, the finite element models have a stiffer response compared with experimentally loaded 
samples. This attributed to the loss of the bond between the longitudinal steel reinforcement and 
the concrete in the real case which is not replicated in the finite element models simulated in this 
study. Furthermore, the difficulty to simulate concrete discrete cracks mathematically which 
increases the stiffness of the FEA models compared with actual physical models. 
 
The shear failure mechanisms of the RC beams are very complex especially for samples retrofitted 
with FRP reinforcement. There are many factors that affect the shear behaviour of the RC beams 
such as aggregate interlock, aggregates size, aggregate distribution along the crack faces, etc., 
these factors are not included in the FE models and this leads to significant increase in the FE 
models stiffness compared with the actual physical model. 
 
It can be concluded that the 3D cracking FE models created in this study provide an additional tool 
to investigate the shear mechanism and the influence of various variables on the shear behaviour 
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of LWRC beams retrofitted with CFRP reinforcement. It can be concluded that the FE modelling 
philosophy will be useful for CFRP reinforcing in general.   
 
7.2.2.3. Conclusions from Analytical work: 
 
A new expression for the effective debonding strain and FRP rupture strain as well the shear 
contribution of the FRP reinforcement based on the maximum bond strength equation was 
developed in this study (Simplified Model). The effect of lightweight concrete was considered in 
this model by introducing a new reduction factor based on the MDLS test results. The outcomes 
of this model show a good agreement with the experimental shear strength of CFRP reinforcement 
compared with available design codes. 
 
7.3. Recommendations for Future Work 
   
Valuable conclusions concerning the response of the lightweight concrete retrofitted in shear with 
CFRP reinforcement were presented in this thesis. However, there are still areas where more 
studies are required. Research on the performance of FRP-strengthened reinforced concrete 
structural elements under repeated cyclic load has received little attention. Many existing 
reinforced concrete members are insufficiently designed for shear and they are exposed to millions 
of cycles of loading during their service life, particularly for those elements constructed from 
lightweight concrete. The expected life of FRP used for shear retrofitting of concrete members 
such as bridges under repeated cyclic loading is uncertain. A vital concern regarding FRP shear 
strengthening systems is the potential debonding caused by cyclic loads and extending cracks with 
time. In addition to this, the design code equations are based on static tests, their validity and the 
performance of FRP strengthened lightweight concrete beams and the bond performance under 
repeated cyclic loading is still an area which needs an investigation to assess the FRP performance 
under repeated cyclic load. 
  
Testing large-size samples have not studied compressively to investigate the influence of this 
variable on the shear response. Further study is necessary to assess the behaviour of CFRP used to 
strengthen practical sizes of beams. The effect of different parameters such as the effect of the 
internal steel reinforcement and the concrete compressive on the behaviour of reinforced 
lightweight concrete beams should be considered to provide more information about their effect 
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on the maximum shear capacity, failure modes and crack pattern of the lightweight concrete 
structures. 
 
The current design code and guidelines for FRP shear retrofitting system are emerging. However, 
the available models such as (ACI 440.2R, 2008), (TR 55, 2013) and (CAN/CSA S6, 2006) have 
not given an accurate perdition for the available database. Additional analytical studies are 
required in this research area to develop new design proposals that can estimate the shear strength 
provided by the FRP reinforcements with reliable precision. 
The effect of lightweight concrete should receive more attention in the current design codes and 
guidelines. Since most of the design codes and guidelines formulae which are used to evaluate the 
FRP performance are derived and verified with data from testing normal weight concrete. Further 
research was recommended by ACI 440.2R to investigate the effect of lightweight concrete on the 
performance of FRP strengthened members which is addressed in Appendix C of this code (ACI 
440.2R, 2008). Further analytical and experimental studies are required to include the 
characteristics of the FRP/ lightweight joints in current codes and guidelines to evaluate the bond 
between the lightweight concrete substrate and the FRP reinforcement. This will also assess the 
validity of the proposed reduction factor derived in this study with large data set. It is also 
recommended to explore the use of other FE codes to compare with ANSYS or create simple 
purpose written programmes to address CFRP behaviour, specifically to better finite element 
predictions and facilitate the non-linear analysis of the reinforced concrete members retrofitted 
with FRP reinforcement subject to various types of loading conditions.  
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APPENDIX A 
The load -CFRP strains collected from individual gauges for each of the instrumented CFRP 
strips in the LWRC and NWRC series 
 
 
 
 
Figure (1): Load- CFRP strains for specimen BL-UST. 
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Figure (2): Load- CFRP strains for specimen BL-CST. 
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Figure (3): Load- CFRP strains for specimen BN-UST. 
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 Figure (4): Load- CFRP strains for specimen BN-CST. 
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APPENDIX B 
 
Database of the Experimental Results of the Effective Bond Length Available in the 
Literature (Most of these data are cited by Ouezdou, (2008). 
 
Reference Sample ID ௖݂ᇱ 
(MPa) 
ܧ௙ 
(GPa) 
ݐ௙ 
(mm) 
ܮ௘ 
(mm) 
Sato et al, 1997 - 37.6 236 0.115 45.2 
Bizindavyi and 
Neale, 1999 
 
- 42.5 29.2 1.00 75 
- 42.5 29.2 2.00 100 
- 42.5 75.7 0.33 55 
- 42.5 75.7 0.66 70 
De Lorenzis et 
al. 2001 
- 47.3 227 0.16 93 
Nakaba et al. 
2001 
C5-ARF 57.6 124.5 0.193 65.9 
C5-SCF 57.6 261.1 0.167 95.7 
C5-SCFL 57.6 261.1 0.167 63.5 
C5-SCFH 57.6 261.1 0.167 133.5 
C5-HCF 57.6 425.1 0.165 120.3 
M5-ARF 47.1 124.5 0.193 70.3 
M5-SCF 47.1 261.1 0.167 96.6 
M5-SCFL 47.1 261.1 0.167 67.0 
M5-SCFH 47.1 261.1 0.167 134.1 
M5-HCF 47.1 261.1 0.167 121.2 
C2-SCF 23.8 261.1 0.167 99.1 
Foster and 
Khomwan, 2005 
BS37 37 160 1.4 270 
BS53 53 160 1.4 240 
Boshetto et al. 
2006 
2 C2 a 58 390 0.33 112 
2 C1 a 58 230 0.33 85 
2 C2 c 58 390 0.33 115 
3 C2 a 58 390 0.495 115 
1 C1 b 58 230 0.165 80 
2 C2 d 40 390 0.33 130 
1 C2 c 58 390 0.165 95 
3 C2 b 58 390 0.495 130 
3 C1 a 58 230 0.495 115 
3 C1 b 58 230 0.495 106 
Iwashita et 
al.2007 
CS- 1 36.8 235 0.128 130 
CS- 2 36.8 235 0.128 125 
CS- 3 36.8 235 0.128 95 
CF-20-1 36.8 235 0.128 120 
Yang et al. 2007 D21-20 21 173 1.3 204 
D21-25 21 173 1.3 204 
D28-20 28 173 1.3 196 
D28-25 28 173 1.3 196 
Hosseini and 
Mostofinejad, 
2014 
EBR-20-1 36.8 238 0.13 35 
EBR-20-2 36.8 238 0.13 35 
EBR-35-1 36.8 238 0.13 35 
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EBR-35-2 36.8 238 0.13 35 
EBR-50-1 36.8 238 0.13 35 
EBR-50-2 36.8 238 0.13 35 
EBR-75-1 36.5 238 0.13 35 
EBR-75-2 36.5 238 0.13 35 
EBR-100-1 36.5 238 0.13 35 
EBR-100-2 36.5 238 0.13 35 
EBR-125-1 36.5 238 0.13 35 
EBR-125-2 39.1 238 0.13 35 
EBR-150-1 39.1 238 0.13 35 
EBR-150-2 39.1 238 0.13 35 
EBR-175-1 39.1 238 0.13 35 
EBR-175-2 41.1 238 0.13 35 
EBR-200-1 41.1 238 0.13 35 
Pellegrino et. al, 
2008 
S1C5c 58 230 0.165 87.5 
S2C1a 64 230 0.165 77.5 
S2C1c 58 230 0.165 77.5 
S3C1c 58 230 0.165 107.5 
S2C5b 58 230 0.165 100 
S3C1a 63 230 0.165 106 
S3C1b 58 230 0.165 108 
S1C1a 58 230 0.165 72.5 
S3C1c 58 230 0.165 107.5 
S3C5a 63 230 0.165 107.5 
S3C5b 58 230 0.165 130 
S3C5c 63 230 0.165 120 
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APPENDIX C 
 
Database of Shear Bond Tests (Serbescu et.al., 2013) 
Author, 
test type 
Sample ID ாܲ௫௣ 
(kN) 
This Study TR-55 FIB 14 
ܮ௘ 
(mm) 
௧ܲ௛௘ 
(kN) 
ܮ௘ 
(mm) 
௧ܲ௛௘ 
(kN) 
ܮ௘ 
(mm) 
௧ܲ௛௘ 
(kN) 
Tan 
(2002), 
DLS 
 
PG1-12 7.13 55.34 4.95 52.63 6.67 37.21 4.51 
PG1-12 7.13 55.34 4.95 52.63 6.67 37.21 4.51 
PG1-1W1 10.07 55.34 6.98 52.63 8.89 37.21 6.02 
PG1-1W2 10.07 55.34 6.98 52.63 8.89 37.21 6.02 
PG1-1L11 7.13 55.34 4.95 52.63 6.67 37.21 4.51 
PG1-1L12 7.13 55.34 4.95 52.63 6.67 37.21 4.51 
PG1-1L21 7.13 55.34 4.95 52.63 6.67 37.21 4.51 
PG1-1L22 7.13 55.34 4.95 52.63 6.67 37.21 4.51 
PG1-21 10.09 76.85 6.86 74.43 9.44 52.63 6.38 
PG1-22 10.09 76.85 6.86 74.43 9.44 52.63 6.38 
PC1-1C1 9 68.92 6.15 66.39 8.42 46.94 5.69 
PC1-1C2 9 68.92 6.15 66.39 8.42 46.94 5.69 
Bilotta 
et.al, 
2011, SLS 
C1A-1 41.13 207.22 25.70 197.39 39.03 139.58 28.49 
C1A-2 37.94 207.22 25.70 197.39 39.03 139.58 28.49 
C1B-1 48.4 251.76 31.21 240.53 47.56 170.08 34.72 
C1B-2 35.9 251.76 31.21 240.53 47.56 170.08 34.72 
C1B-3 53.64 251.76 31.21 240.53 47.56 170.08 34.72 
C1C-1 33.18 215.54 17.60 205.45 27.63 145.28 20.17 
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C1C-2 29.86 215.54 17.60 205.45 27.63 145.28 20.17 
C1C-3 31.88 215.54 17.60 205.45 27.63 145.28 20.17 
C2-1 49.41 195.01 24.19 185.57 36.69 131.22 26.79 
C2-2 39.26 195.01 24.19 185.57 36.13 131.22 26.38 
C3-1 49.85 207.22 25.70 197.39 38.43 139.58 28.06 
C3-2 52.6 207.22 25.70 197.39 38.43 139.58 28.06 
C3-3 52.55 207.22 25.70 197.39 38.43 139.58 28.06 
C4-1 54.79 226.86 28.13 216.41 42.14 153.03 30.76 
C4-3 54.57 226.86 28.13 216.41 42.14 153.03 30.76 
Guadagnin
i et. al, 
2012, DLS 
C1A 39.6 191.33 27.91 192.80 39.35 136.33 28.06 
C1B 50.7 232.40 33.89 234.94 47.95 166.13 34.19 
C1C 30.42 199.00 19.12 200.67 28.07 141.90 20.01 
C2 49.2 180.08 26.27 181.26 36.99 128.17 26.38 
C3 37.2 191.33 27.91 192.80 39.35 136.33 28.06 
C1B 28.2 217.35 36.32 214.88 52.43 151.94 34.19 
C1C 19.98 186.15 20.49 183.54 30.69 129.78 20.01 
C2 30 168.47 28.16 165.78 40.45 117.23 26.38 
C4 30.3 195.90 32.74 193.33 47.17 136.71 30.76 
Mazzotti 
et.al, 
2012, SLS 
C1A-1 54.56 207.22 25.70 197.39 39.03 139.58 28.49 
C1A-3 52.22 207.22 25.70 197.39 39.03 139.58 28.49 
C1B-2 56.58 251.76 31.21 240.53 47.56 170.08 34.72 
C1B-3 46.87 251.76 31.21 240.53 47.56 170.08 34.72 
C1C-1 35.19 215.54 17.60 205.45 27.63 145.28 20.17 
C1C-2 38 215.54 17.60 205.45 27.63 145.28 20.17 
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C1C-3 34.17 215.54 17.60 205.45 27.63 145.28 20.17 
C2-1 50.44 195.01 24.19 185.57 36.69 131.22 26.79 
C2-2 54.62 195.01 24.19 185.57 36.69 131.22 26.79 
C2-3 54.02 195.01 24.19 185.57 36.69 131.22 26.79 
C3-1 53.69 207.22 25.70 197.39 39.03 139.58 28.49 
C3-2 55.2 207.22 25.70 197.39 39.03 139.58 28.49 
C3-3 54.94 207.22 25.70 197.39 39.03 139.58 28.49 
C4-2 56.76 226.86 28.13 216.41 42.79 153.03 31.24 
C4-3 55.89 226.86 28.13 216.41 42.79 153.03 31.24 
Czaderski 
et.al, 
2012, DLS 
C1A-1 56.05 179.50 29.83 164.16 46.21 116.08 28.06 
C1A-2 53.45 179.50 29.83 164.16 46.21 116.08 28.06 
C2-1 43.5 168.96 28.08 156.52 42.84 110.68 26.38 
C2-2 46.1 168.96 28.08 156.52 42.84 110.68 26.38 
C3-1 45.45 181.13 29.55 166.49 45.57 117.73 28.06 
C3-2 47.8 181.13 29.55 166.49 45.57 117.73 28.06 
C4-1 54.6 198.26 32.34 187.99 48.51 132.93 30.76 
C4-2 52.5 198.26 32.34 187.99 48.51 132.93 30.76 
Zhao et al. 
(2000), 
SLS 
NJ2 11 70.03 8.20 68.50 11.14 48.44 8.90 
NJ3 11.25 70.03 8.20 68.50 11.14 48.44 8.90 
NJ4 12.5 61.00 9.57 58.32 13.09 41.24 8.90 
NJ5 12.25 61.00 9.57 58.32 13.09 41.24 8.90 
NJ6 12.75 61.00 9.57 58.32 13.09 41.24 8.90 
Takeo et 
al. 
1-11 8.75 83.46 6.02 81.12 8.47 57.36 5.77 
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(1997), 
SLS 
1-12 8.85 85.08 5.90 82.88 8.29 58.60 5.77 
1-00 9.3 83.46 6.02 81.12 8.47 57.36 5.77 
1-22 8.5 85.08 5.90 82.88 8.29 58.60 5.77 
1-31 9.3 83.46 6.02 81.12 8.47 57.36 5.77 
1-32 8.3 85.08 5.90 82.88 8.29 58.60 5.77 
1-41 8.05 83.46 6.02 81.12 8.47 57.36 5.77 
1-42 8.05 83.46 6.02 81.12 8.47 57.36 5.77 
1-51 8.45 85.23 5.89 83.03 8.28 58.71 5.77 
1-52 7.3 85.23 5.89 83.03 8.28 58.71 5.77 
2-11 8.75 86.41 5.80 84.43 8.14 59.70 5.77 
2-12 8.85 86.41 5.80 84.43 8.14 59.70 5.77 
2-13 7.75 85.46 5.87 83.34 8.25 58.93 5.77 
2-14 7.65 85.46 5.87 83.34 8.25 58.93 5.77 
2-15 9 86.91 5.76 84.92 8.10 60.05 5.77 
2-21 12 120.80 8.10 119.41 11.51 84.43 8.16 
2-22 10.8 120.80 8.10 119.41 11.51 84.43 8.16 
2-31 12.65 147.18 9.86 146.24 14.10 103.41 10.00 
2-32 14.35 147.18 9.86 146.24 14.10 103.41 10.00 
2-41 11.55 109.11 7.23 107.49 10.25 76.01 7.31 
2-42 11 109.11 7.23 107.49 10.25 76.01 7.31 
2-51 9.85 85.46 5.87 83.34 8.25 58.93 5.77 
2-52 9.5 85.46 5.87 83.34 8.25 58.93 5.77 
2-61 8.8 85.46 5.87 83.34 8.25 58.93 5.77 
2-62 9.25 85.46 5.87 83.34 8.25 58.93 5.77 
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2-71 7.65 85.46 5.87 83.34 8.25 58.93 5.77 
2-72 6.8 85.46 5.87 83.34 8.25 58.93 5.77 
2-81 7.75 73.21 6.95 69.74 9.86 49.31 5.77 
2-82 8.05 73.21 6.95 69.74 9.86 49.31 5.77 
2-91 6.75 86.91 5.76 84.92 8.10 60.05 5.77 
2-92 6.8 86.91 5.76 84.92 8.10 60.05 5.77 
2-101 7.7 71.08 4.77 68.84 6.64 48.68 4.71 
2-102 6.95 70.30 4.83 67.94 6.73 48.04 4.71 
Ren 
(2003), 
SLS 
DLUT15-
2G 
5.81 92.44 3.11 90.83 4.58 64.23 3.34 
DLUT15-
5G 
10.6 92.44 7.20 90.83 10.46 64.23 7.62 
DLUT15-
7G 
18.23 92.44 10.71 90.83 15.21 64.23 11.08 
DLUT30-
1G 
4.63 82.84 3.51 80.04 5.20 56.59 3.34 
DLUT30-
2G 
5.77 82.84 3.51 80.04 5.20 56.59 3.34 
DLUT30-
3G 
9.42 82.84 8.11 80.04 11.88 56.59 7.62 
DLUT30-
4G 
11.03 83.29 8.06 80.04 11.88 56.59 7.62 
DLUT30-
6G 
11.8 83.29 8.06 80.04 11.88 56.59 7.62 
DLUT30-
7G 
14.65 83.29 12.00 80.04 17.26 56.59 11.08 
DLUT30-
8G 
16.44 83.29 12.00 80.04 17.26 56.59 11.08 
DLUT50-
1G 
5.99 79.25 3.68 75.70 5.50 53.52 3.34 
DLUT50-
2G 
5.9 79.25 3.68 75.70 5.50 53.52 3.34 
DLUT50-
4G 
9.84 79.25 8.51 75.70 12.56 53.52 7.62 
DLUT50-
5G 
12.28 79.25 8.51 75.70 12.56 53.52 7.62 
DLUT50-
6G 
14.02 79.25 12.67 75.70 18.25 53.52 11.08 
DLUT50-
7G 
16.71 79.25 12.67 75.70 18.25 53.52 11.08 
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DLUT15-
2C 
5.48 117.84 3.90 115.71 5.84 81.82 4.26 
DLUT15-
5C 
10.02 117.84 9.01 115.71 13.33 81.82 9.71 
DLUT15-
7C 
19.27 117.84 13.41 115.71 19.37 81.82 14.11 
DLUT30-
1C 
5.54 105.16 4.40 101.96 6.63 72.09 4.26 
DLUT30-
2C 
4.61 105.16 4.40 101.96 6.63 72.09 4.26 
DLUT30-
4C 
11.08 105.16 10.17 101.96 15.13 72.09 9.71 
DLUT30-
5C 
16.1 105.16 10.17 101.96 15.13 72.09 9.71 
DLUT30-
7C 
22.64 105.16 15.14 101.96 21.98 72.09 14.11 
DLUT50-
1C 
5.78 100.03 4.64 96.42 7.01 68.18 4.26 
DLUT50-
4C 
12.95 100.03 10.73 96.42 16.00 68.18 9.71 
DLUT50-
5C 
16.72 100.03 10.73 96.42 16.00 68.18 9.71 
Chajes et 
al.,1996, 
SLS 
 
C1 8.462 132.08 6.97 133.30 10.39 94.26 6.86 
C2 9.931 123.80 7.47 121.99 11.35 86.26 6.86 
C3 10.638 123.80 7.47 121.99 11.35 86.26 6.86 
C4 10.638 123.80 7.47 121.99 11.35 86.26 6.86 
C5 10.531 126.15 7.32 125.13 11.06 88.48 6.86 
C7 9.61 126.15 7.32 125.13 11.06 88.48 6.86 
C8 10.518 126.15 7.32 125.13 11.06 88.48 6.86 
C9 11.199 126.15 7.32 125.13 11.06 88.48 6.86 
C10 9.869 145.91 6.28 152.59 9.07 107.89 6.86 
C11 9.343 139.44 6.59 143.59 9.64 101.53 6.86 
C12 11.204 126.08 7.32 124.95 11.08 88.35 6.86 
C13 8.094 131.81 6.99 132.86 10.42 93.95 6.86 
C14 12.811 131.81 6.99 132.86 10.42 93.95 6.86 
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C15 11.917 131.81 6.99 132.86 10.42 93.95 6.86 
C16 11.57 131.81 6.99 132.86 10.42 93.95 6.86 
Yao 
(2005), 
SLS  
I-1 4.75 92.56 3.85 96.12 5.35 67.97 4.12 
I-2 5.69 92.56 3.85 95.91 5.37 67.82 4.12 
I-3 5.76 92.56 3.85 95.91 5.37 67.82 4.12 
I-4 5.76 92.56 3.85 95.91 5.37 67.82 4.12 
I-5 6.17 92.56 3.85 95.91 5.37 67.82 4.12 
I-6 5.96 92.56 3.85 95.91 5.37 67.82 4.12 
I-7 5.95 92.56 3.85 95.91 5.37 67.82 4.12 
I-8 6.68 92.56 3.85 95.91 5.37 67.82 4.12 
I-9 6.35 92.56 3.85 95.91 5.37 67.82 4.12 
I-10 6.17 92.56 3.85 95.91 5.37 67.82 4.12 
I-11 5.72 92.56 3.85 95.91 5.37 67.82 4.12 
I-12 6 92.56 3.85 95.91 5.37 67.82 4.12 
I-13 6.14 92.56 3.85 95.91 5.37 67.82 4.12 
I-14 6.1 92.56 3.85 95.91 5.37 67.82 4.12 
I-15 6.27 92.56 3.85 95.91 5.37 67.82 4.12 
I-16 7.03 92.56 3.85 95.91 5.37 67.82 4.12 
II-1 5.2 92.65 3.84 95.91 5.37 67.82 4.12 
II-2 6.75 92.65 3.84 95.91 5.37 67.82 4.12 
II-3 5.51 92.65 3.84 95.91 5.37 67.82 4.12 
II-4 7.02 92.65 3.84 95.91 5.37 67.82 4.12 
II-5 7.07 92.65 3.84 95.91 5.37 67.82 4.12 
II-6 6.98 92.65 3.84 95.91 5.37 67.82 4.12 
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III-1 5.94 88.97 4.02 90.81 5.67 64.21 4.12 
III-2 11.66 88.97 7.53 90.81 10.50 64.21 7.64 
III-3 14.63 88.97 10.63 90.81 14.55 64.21 10.58 
III-4 19.07 88.97 13.38 90.81 17.82 64.21 12.96 
III-8 8.02 73.78 6.36 74.69 8.78 52.81 6.39 
IV-1 5.86 97.04 3.66 102.24 5.03 72.30 4.12 
IV-2 5.9 97.04 3.66 102.24 5.03 72.30 4.12 
IV-3 5.43 95.96 3.70 100.73 5.11 71.22 4.12 
IV-4 5.76 95.96 3.70 100.73 5.11 71.22 4.12 
IV-5 5 97.04 3.66 102.24 5.03 72.30 4.12 
IV-6 7.08 95.96 3.70 100.73 5.11 71.22 4.12 
IV-7 5.5 97.04 3.66 102.24 5.03 72.30 4.12 
IV-8 5.93 95.96 3.70 100.73 5.11 71.22 4.12 
IV-9 5.38 97.04 3.66 102.24 5.03 72.30 4.12 
IV-10 6.6 95.96 3.70 100.73 5.11 71.22 4.12 
IV-11 5.51 97.04 3.66 102.24 5.03 72.30 4.12 
IV-12 5.67 95.96 3.70 100.73 5.11 71.22 4.12 
IV-13 6.31 97.04 3.66 102.24 5.03 72.30 4.12 
IV-14 6.19 95.96 3.70 100.73 5.11 71.22 4.12 
V-1 3.81 94.50 2.32 98.58 3.23 69.70 2.55 
V-2 4.41 94.50 2.32 98.58 3.23 69.70 2.55 
V-3 6.26 94.50 3.76 98.58 5.22 69.70 4.12 
V-4 12.22 94.50 7.05 98.58 9.67 69.70 7.64 
V-5 14.29 94.50 9.96 98.58 13.40 69.70 10.58 
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V-6 15.58 94.50 12.54 98.58 16.42 69.70 12.96 
VI-1 6.01 93.66 3.80 97.44 5.28 68.90 4.12 
VI-2 5.85 93.66 3.80 97.44 5.28 68.90 4.12 
VI-3 5.76 93.66 3.80 97.44 5.28 68.90 4.12 
VI-4 5.73 93.66 3.80 97.44 5.28 68.90 4.12 
VI-5 5.56 93.66 3.80 97.44 5.28 68.90 4.12 
VI-6 5.58 93.66 3.80 97.44 5.28 68.90 4.12 
VI-7 5.91 93.66 3.80 97.44 5.28 68.90 4.12 
VI-8 5.05 93.66 3.80 97.44 5.28 68.90 4.12 
VII-1 6.8 90.80 3.93 93.45 5.51 66.08 4.12 
VII-2 6.62 90.80 3.93 93.45 5.51 66.08 4.12 
VII-3 7.33 90.80 3.93 93.45 5.51 66.08 4.12 
VII-4 6.49 90.80 3.93 93.45 5.51 66.08 4.12 
VII-5 7.07 90.80 3.93 93.45 5.51 66.08 4.12 
VII-6 7.44 90.80 3.93 93.45 5.51 66.08 4.12 
VII-7 7.16 90.80 3.93 93.45 5.51 66.08 4.12 
VII-8 6.24 90.80 3.93 93.45 5.51 66.08 4.12 
Toutanji et 
al, 2007, 
SLS 
I-3 11.64 144.34 9.66 155.46 13.51 109.93 11.47 
I-4 12.86 157.79 10.56 170.30 14.79 120.42 12.56 
II-1 12.55 88.43 9.77 86.21 14.61 60.96 8.88 
II-2 14.25 101.58 11.22 99.54 16.87 70.39 10.26 
II-3 17.72 113.17 12.49 111.29 18.87 78.70 11.47 
II-4 18.86 123.65 13.65 121.92 20.67 86.21 12.56 
III-1 13.24 82.56 10.53 78.41 16.07 55.44 8.88 
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III-2 15.17 94.81 12.08 90.54 18.55 64.02 10.26 
III-3 18.86 105.59 13.45 101.22 20.74 71.58 11.47 
III-4 19.03 115.35 14.69 110.88 22.72 78.41 12.56 
Ueda et al. 
(1999), 
DLS 
A1 6.25 72.41 5.65 69.72 7.77 49.30 5.61 
A2 9.2 63.10 6.58 59.69 9.08 42.20 5.61 
A3 11.95 63.10 6.58 59.69 9.08 42.20 5.61 
A4 10 86.56 9.29 82.99 13.06 58.68 7.93 
A5 7.3 62.52 6.65 59.01 9.18 41.73 5.61 
A7 16.25 86.85 9.26 83.34 13.01 58.93 7.93 
A8 11 62.41 6.66 58.93 9.20 41.67 5.61 
A9 10 63.48 6.54 60.12 9.01 42.51 5.61 
A10 2.4 71.95 1.26 69.18 1.85 48.92 1.32 
A11 5.35 71.95 2.46 69.18 3.55 48.92 2.54 
A12 9.25 122.14 4.17 119.83 6.15 84.73 4.40 
A13 11.75 155.22 5.39 153.23 8.02 108.35 5.69 
Ueda et al. 
(1999), 
SLS 
B1 20.6 71.29 10.22 69.05 16.31 48.83 11.65 
B2 38 106.73 19.77 103.23 32.73 72.99 20.19 
B3 34.1 103.75 20.38 100.12 33.75 70.80 20.19 
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APPENDIX D 
Derivation of the Modified CEB Model  
 
1. DERIVATION OF EQUATION (6.69) 
The general First-order nonlinear ordinary differential equation solution of the Equation 
(6.69) is: 
݀ݏ
݀ݔ
= ඨ
2ߩଵܭ
(1 + ߙ)
 . ݏ
ଵାఈ
ଶ                                                                                                                                   
Prove: 
݀ଶݏ
݀ݔଶ
= ܽ. ݏ௕                                                                                                                                              (1) 
Where,  
ܽ = ߩଵܭ, ܾ = ߙ                                                                                                                                       (2)  
The First-order nonlinear ordinary differential equation solution of the Equation (1) is 
(Equation (3)): 
݀ݏ
݀ݔ
= ඨ
2ܽ
1 + ܾ
. ݏ
ଵା௕
ଶ                                                                                                                                (3) 
Using the general solution of the First-order nonlinear ordinary differential equation solution 
as addressed in Equation (1) to solve Equation (6.69) gives:  
݀ݏ
݀ݔ
= ඨ
2ߩଵܭ
(1 + ߙ)
 . ݏ
ଵାఈ
ଶ                                                                                                                           (4) 
݀ଶݏ
݀ݔଶ
= ඨ
2ߩଵܭ
(1 + ߙ)
 . ൬
1 + ߙ
2
൰ . ݏ
ఈିଵ
ଶ .
݀ݏ
݀ݔ
                                                                                               (5) 
݀ଶݏ
݀ݔଶ
= ඨ
2ߩଵܭ
(1 + ߙ)
 . ൬
1 + ߙ
2
൰ . ݏ
ఈିଵ
ଶ . ඨ
2ߩଵܭ
(1 + ߙ)
 . ݏ
ଵାఈ
ଶ                                                                       (6) 
݀ଶݏ
݀ݔଶ
=
2ߩଵܭ
(1 + ߙ)
 . ൬
1 + ߙ
2
൰ . ݏቀ
ఈିଵାఈାଵ
ଶ ቁ                                                                                              (7) 
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The form of Equation (6.69) is: 
݀ଶݏ
݀ݔଶ
= ܭ. ߩଵ. ݏఈ                                                                                                                                          
 
2. SOLUTION OF EQUATION (6.70) 
݀ݏ
݀ݔ
= ඨ
2ߩଵܭ
(1 + ߙ)
 . ݏ
ଵାఈ
ଶ                                                                                                                                
Or,  
݀ݏ
݀ݔ
= ܽ. ݏ௕                                                                                                                                                (1) 
Where,  
ܽ = ඨ
2ߩଵܭ
(1 + ߙ)
, ܾ =
1 + ߙ
2
                                                                                                           (2) 
Divided both sides by ݏ௕ gives (Equation (3)): 
݀ݏ
݀ݔ
 ݏ௕
= ܽ                                                                                                                                                     (3) 
By integrating both sides of Equation (3) with respect x and solving it gives (Equation (4) and 
(5)): 
න
݀ݏ
݀ݔ
ݏ௕
݀௫ = න ܽ ݀௫                                                                                                                                (4) 
ݏି௕ାଵ
−ܾ + 1
= ܽݔ + ܿଵ                                                                                                                                  (5) 
Solving for ݏ gives (Equation (6)): 
ݏ = ሾ(ܾ − 1)(ܿଵ − ܽݔ)ሿ
ቂ ଵଵି௕ቃ                                                                                                                (6) 
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3. DERIVATION OF EQUATION (6.71): 
The general solution of the first-order nonlinear ordinary differential equation solution is 
(Equation (1)): 
ݏ = ሾ(ܾ − 1)(ܿଵ − ܽݔ)ሿ
ቂ ଵଵି௕ቃ                                                                                                                (1) 
Boundary condition 
ݔ = 0, ݏ = 0 → ൜ ݔ = 0ݏ(ݔ) = 0                                                                                                     (2) 
Subsisting the boundary condition into the Equation (2) gives: 
0 = ሾ(ܾ − 1)(ܿଵ − 0)ሿ
ቂ ଵଵି௕ቃ                                                                                                                  (3) 
0 = ሾ(ܾ − 1)(ܿଵ)ሿ
ቂ ଵଵି௕ቃ                                                                                                                          (4) 
0 = ൤൬
1 + ߙ
2
− 1൰ (ܿଵ)൨
ቂ ଵଵି௕ቃ
                                                                                                               (5) 
0 = ൤൬
ߙ − 1
2
൰ (ܿଵ)൨
ቂ ଵଵି௕ቃ
                                                                                                                       (6) 
∴  ܿଵ = 0                                                                                                                                                   (7)  
ݏ = ሾ(ܾ − 1)(−ܽݔ)ሿቂ
ଵ
ଵି௕ቃ                                                                                                                     (8) 
ݏ = ሾ(1 − ܾ)(ܽݔ)ሿቂ
భ
భష್ቃ                                                                                                                          (9)  
ݏ = ቎൬1 −
1 + ߙ
2
൰ ቌඨ
2ߩଵܭ
(1 + ߙ)
ݔቍ቏
ቂ ଵଵି௕ቃ
                                                                                         (10) 
Or, 
ݏ = ቎൬
1 − ߙ
2
൰ ቌඨ
2ߩଵܭ
(1 + ߙ)
ݔቍ቏
ቂ ଵଵି௕ቃ
                                                                                                 (11) 
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ݏ = ቎ቌඨ
(1 − ߙ)ଶߩଵܭ
2 (1 + ߙ)
ݔቍ቏
ቂ ଶଵିఈቃ
                                                                                                       (12) 
The final form of Equation (6.71) is: 
ݏ = ቆ
ܭߩଵ(1 − ߙ)ଶ
2(1 + ߙ)
ቇ
ଵ
ଵିఈ
. ݔ
ଶ
ଵିఈ                                                                                                                   
 
4. DERIVATION OF EQUATION (6.93) 
The full derivation of this equation (Equation (6.93)) was obtained using wolfram alpha 
software as shown: 
݀ଶݏ
݀ݔଶ
= ܭ (ߩଶ − ߩଷ. ݏ)                                                                                                                            (1) 
Or, 
݀ଶݏ
݀ݔଶ
= ܭߩଶ − ܭߩଷ. ݏ                                                                                                                             (2)  
The Equation (2) can be written as: 
݀ଶݏ
݀ݔଶ
= ܽ − ܾ. ݏ                                                                                                                                        (3) 
Where,  
ܽ = ܭߩଶ, ܾ = ܭߩଷ                                                                                                                                  (4) 
The general solution of the second-order nonlinear nonhomogeneous differential equation 
solution of (4) 
ݏ =  ܤଵ sin൫ݔ√ܾ൯ + ܤଶ cos൫ݔ√ܾ൯ +
ܽ
ܾ
                                                                                            
Prove: 
݀ଶݏ
݀ݔଶ
= ܽ − ܾ. ݏ                                                                                                                                        (1) 
The general solution will be the sum of the complementary solution and particular solution:    
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complementary solution: 
݀ଶݏ
݀ݔଶ
+ ܾ. ݏ = 0                                                                                                                                        (2) 
Assume a solution will be proportional to ݁ఒ௫ for some constant: 
Substitute ݏ = ݁ఒ௫ into the differential equation (Equation (2)) gives (Equation (3)): 
݀ଶ
݀ݔଶ
൫݁ఒ௫൯ + ܾ. ݁ఒ௫ = 0                                                                                                                        (3) 
Where, 
݀ଶ
݀ݔଶ
൫݁ఒ௫൯ = ߣଶ݁ఒ௫                                                                                                                              (4) 
 
Substitute Equation (4) into Equation (3) gives (Equation (5)): 
ߣଶ݁ఒ௫ + ܾ. ݁ఒ௫ = 0                                                                                                                                (5) 
Or,  
(ߣଶ + ܾ)݁ఒ௫ = 0                                                                                                                                     (6) 
Since ݁ఒ௫ ് 0  for any finite ߣ, the zero must come from the polynomial: 
ߣଶ + ܾ = 0                                                                                                                                               (7) 
Solving for ߣ: 
ߣ = ݅√ܾ or ߣ = −݅√ܾ                                                                                                                            (8) 
The root ߣ = −݅√ܾ gives (Equation (9)): 
 ݏଵ = ܿଵ݁ି௜√௕௫                                                                                                                                          (9) 
Where, ܿଵ is constant. 
The root ߣ = ݅√ܾ gives (Equation (10)): 
 ݏଶ = ܿଶ݁௜√௕௫                                                                                                                       (10) 
Where, ܿଶ is constant. 
The general solution is the sum of the Equation (9) and Equation (10) as (Equation (11)): 
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ݏ = ݏଵ + ݏଶ =
ܿଵ
݁௜√௕௫
+ ܿଶ݁௜√௕௫                                                                                                         (11) 
Applying Euler’s identity (Equation (12)): 
 ݁ఈା௜ఉ = ݁ఈ cos  (ߚ) + ݅ sin(ߚ)                                                                                            (12) 
ݏ = ܿଵ (cos(√ܾ ݔ) − ݅ sin(√ܾ ݔ) ) + ܿଶ (cos(√ܾ ݔ) + ݅ sin(√ܾ ݔ))                                       (13) 
Regroup terms as (Equation 14)): 
ݏ = (ܿଵ + ܿଶ) cos(√ܾ ݔ) + ݅ (−ܿଵ + ܿଶ) sin(√ܾ ݔ)                                                            (14) 
Redefine  (ܿଵ + ܿଶ) as ܤଵ and ݅ (−ܿଵ + ܿଶ) as ܤଶ, Sine these are the constant. By Substituting 
these constant in Equation (14) gives (Equation (15)): 
ݏ௖ = ܤଵ cos(√ܾ ݔ) + ܤଶ sin(√ܾ ݔ)                                                                                                  (15) 
Particular solution: 
Determinate the particular solution to (Equation (16)) 
݀ଶݏ
݀ݔଶ
+ ܾ. ݏ = ܽ                                                                                                                                      (16) 
By using the method of undetermined coefficient as (Equation (17)): 
 
 ݏ௉ = ଵܲ                                                                                                                                                  (17) 
Where,  
݀ଶݏ௣
݀ݔଶ
=
݀ଶ
݀ݔଶ
 ( ଵܲ) = 0                                                                                                                         (18) 
Substitute Equation (17) into Equation (16) gives (Equation (19)): 
ܾ. ଵܲ = ܽ                                                                                                                                                (19) 
Or,  
ଵܲ =
ܽ
ܾ
                                                                                                                                                    (20) 
Substitute Equation (20) into Equation (17) gives (Equation (21)): 
ݏ௉ =  
ܽ
ܾ
                                                                                                                                                   (21) 
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The general solution of Equation (6.93) is (Equation (22)): 
ݏ = ݏ௖ + ݏ௣ = ܤଵ cos(√ܾ ݔ) + ܤଶ sin(√ܾ ݔ) +
ܽ
ܾ
                                                                       (22) 
So,  
The final form of Equation (6.93) is: 
ݏ = ܤଵ sin൫ݔඥܭߩଷ൯ + ܤଶ cos൫ݔඥܭߩଷ൯ +
ߩଶ
ߩଷ
                                                                                 
 
5. DERIVATION OF EQUATION (6.99) 
ܨௗ = න ߬௙
௫
௟ଵ
. ݀௫                                                                                                                                         (1) 
ܨௗ = ௙ܾ න (ߩଶ − ߩଷݏ). ݀௫
௫
௟ଵ
                                                                                                                   (2) 
ܨௗ = ௙ܾ ቊߩଶݔ|௟ଵ௫ − ߩଷ න ݏ
௫
௟ଵ
. ݀௫ቋ                                                                                                          (3) 
By subsisting Equation (6.93) into Equation (3) gives: 
ܨௗ = ௙ܾ ቊߩଶ(ݔ − ݈ଵ) − ߩଷ න ܤଵ
௫
௟ଵ
sin൫ݔ√݇ߩଷ൯ + ܤଶ cos൫ݔ√݇ߩଷ൯ +
ߩଶ
ߩଷ
. ݀௫ቋ                            (5) 
ܨௗ = ௙ܾ ൝ߩଶ(ݔ − ݈ଵ) − ߩଷ ൭
−ܤଵ cos൫ݔ√݇ߩଷ൯
√݇ߩଷ
+
ܤଶsin൫ݔ√݇ߩଷ൯
√݇ߩଷ
ቤ
௟ଶ
௫
+
ߩଶ
ߩଷ
ݔ|௟ଵ௫ ൱ൡ                     (6) 
ܨௗ = ௙ܾߩଶ(ݔ − ݈ଵ) +
௙ܾߩଷ
√݇ߩଷ
cos൫ݔ√݇ߩଷ൯ቤ
௟ଶ
௫
− ௙ܾ
ߩଷ
√݇ߩଷ
sin൫ݔ√݇ߩଷ൯ቤ
௟ଶ
௫
− ௙ܾߩଶ(ݔ − ݈ଵ)             (7) 
The final from of Equation (6.99) is: 
ܨௗ =
௙ܾߩଷ
ඥܭߩଷ
൫ܤଵൣcos൫ݔඥܭߩଷ൯ − cos൫ܫଵඥܭߩଷ൯൧ − ܤଶൣsin൫ݔඥܭߩଷ൯ − sin൫ܫଵඥܭߩଷ൯൧൯        
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APPENDIX E 
Data of Externally Bond of FRP Shear Strengthening for RC Beams 
Table (1) 
Reference No. Name FRP FRP shear strength 
Exp 
 
This 
study 
 
ACI 
2008 
 
Khalifa et al, 
2000 
1 BT2 CS-U 65 29.42 76.8 
2 BT4 S50 mm@125-U 72 29.50 30.7 
3 BT5 S50 mm@125-S 31.5 21.52 23.6 
Khalifa et al, 
2002 
4 SW3-2 CS- U/S 50.5 33.67 53.1 
5 SW4-2 CS-U/S 80.5 33.67 53.1 
6 SO3-3 S75 mm @125-U 56.5 25.69 40.4 
7 SO3-4 CS-U 67.5 33.76 67.3 
8 SO3-5 CS- U/S 92.5 39.05 67.3 
Barros et al, 2006 9 A10_M S25 mm@190-U 10.8 10.67 21.2 
10 A12_M S25 mm@95-U 31.5 19.79 42.5 
Diagana et al, 
2003 
11 PU1 S40mm@200-U 32 25.17 30.7 
12 PU2 S40mm@250-U 20 20.65 24.6 
13 PU3 S40mm@300-U 44.5 20.13 29 
14 PU4 S40mm@350-U 40 17.52 24.8 
Pellegrino et al, 
2002 
 
15 TR30C2 CS-S 45.3 18.39 44.2 
16 RS90-1 S50@100-U 34.25 22.72 34.4 
17 RS90-2 S50@100-U 41.75 22.72 34.4 
18 RS45-1 S50@100-U 40.75 27.94 43.3 
Carolin and 
Täljsten, 
2005 
19 A145 CS-S 128 144.37 57.56 
20 A245a CS-S 138 89.73 90.44 
21 A245b CS-S 186 81.09 90.44 
22 A245Ra CS-S 187 87.96 90.44 
23 A245Rb CS-S 132 77.74 90.44 
24 A290a CS-S 137 75.25 41.32 
25 A290b CS-S 179 72.01 41.32 
26 A290W CS-W 248 116.66 41.32 
27 A290WR CS-W 269 116.66 41.32 
28 B290 CS-S 61 49.94 33.06 
Bousselham and 29 SBS01L CS-U 23.2 16.43 8.08 
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Chaallal, 
2006a 
30 SBS02L CS-U 32.4 17.51 9.16 
Feng et a, 2004  
Cited in Sas 
(2011) 
31 SB1_3 CS-U 63.5 57.83 43.39 
32 SB1_4 CS-U 76.5 57.83 43.39 
33 SB1_6 CS-U 53.5 28.45 14.46 
34 SB1_7 CS-U 63.5 28.45 14.46 
35 SB1_8 S40@100-U 62.5 28.45 14.46 
36 SB1_9 S40@100-U 63.5 33.33 16.20 
37 SB1_10 S40@100-U 66.5 33.33 16.20 
38 SB2_3 S40@100-U 52 28.45 14.46 
39 SB3_2 S40@100-U 35 28.45 14.46 
40 SB3_3 S40@100-U 54 28.45 14.46 
Beber, 2005 
 
41 V17_A S50@100-U 45.87 24.49 12.30 
42 V11_A S50@100-U 41.51 24.49 12.30 
43 V17_B S50@100-U 36.01 24.49 12.30 
44 V18_A S50@100-W 70.37 53.50 12.30 
45 V20_A S50@100-W 83.2 53.50 12.30 
46 V12_B S50@141.4-S 44.73 32.19 26.84 
47 V16_B CS-U 55.51 36.51 24.59 
Note: CS= continuous FRP sheet, S= FRP strips, U= U strengthening shape, S=side bonds, 
W=closed strengthening shape 
  
Data of Externally Bond of FRP Shear Strengthening for lightweight RC Beams 
Table (2)   
Asghari, 2014 N0. Name 
 
FRP Ex FRP 
Shear 
strength 
This study 
1 CONa-VW(C) CS50-S 155 109.46 
2 CONa-DW(C) CS50-5 194 176.66 
3 CONa-VS2 CS50-S 104 111.78 
4 CONa-DS CS50-S 130 156.46 
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